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Section 4-2 : Iterated Integrals
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1 Compute the following double intepral over the indicated rectangle (a) by integrating with respect to
x first and (k) by integrating with respect to y first,

[[162y -9 ~1ad R=[2,3]x[-11]

&

2. Compuite the feliowing double iritegral over the indicated rectangfe (a) by integrating with respect to
¥ first and (b) by integrating with respect to p first,

'”‘GDS {tJ 50 [v:] fd = [f ; f.]x[.g : a]

i

For prabiems 3 — 16 compute the given double integral over the indicated rectangle.

3. _D-Hx" - dlA f?-_[—_'§1—]_rxl'|::|1,r,l]

4, ﬂli_r" -|--i-.;IA | R=[1,2]=[t,4]

X
&
K 5 2x o
5. ” dysec’ (x)+-—dd R =] 0,2 ]x]1.5]
A ¥
6. [ ~x'e! da R=[1,2]x[-3,3]
it
ey | ;
7. JJ w ;:Td-"f ﬁ- ]- LD]H[U,#]
8 [[xe” —12x'sin(mp)itd R -[-2.0]xfL.1
M
9, mez&{-!ly+3x:}f.-’d s |--|:]__~._-"E_|;.¢:r.a:~}.;'|
# . - = -
oo (1 {4y
o [["9 g

o
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Sectmn 4 4: Doub.‘e Integrals in Polar Cunrdmates

i
R R A R T e A
L - b S T .

T8 Do VL T T e R 1 e TR

t

S T, | ]

7 b
T RIS ' is the unit circle centered at the origi
1. Evaluate || 3x) 2dA where O

- 2 2
i ior en X"+ =4 ahd ¥+ " =25,
2. Evaluate ”—L\; —~2yvd4d where D is the top half of region betwe ¥

-

3. Bvaiuate []‘{1{15 + 45" dA where D is the portion of x¥* + y* =9 in the 2™ quadrant,

o F = ] ¥ 2 2 ey
4. Evaluate ”‘sint'.%:c’ 473}"\]{154 where [J is the region between x° +y’ =land x* + p* =7,

5. Evaluate Htl_f ¥ dA where Dis the region inthe 4" quadrant between x° +3* =16 and

A Tyr= 36,

6. Use a double integral to determine the area of the region that is inside r = 6 — 4cosd .

7. Use a double integral 1o determin

€ the area of the region that is inside » = 4 ang autside
r=8-+6sind.

8. Bvaluate the following integral by first converting to an integral in polar coordinates,

=1 |.|-$ |'
J [ T X dedy

W

b ey gl
r 3 gy
Ty £ X

10. Use a douhle integral to determine

the volume of the solid that is below g = 94y —4y* and
above the xy-plane.

1. Use a double integral to determing the volume of the

. solid that is bounded by z=12~33% .32
and 2= x" 4 o -8,

12. Use a double integral to deterrming the volume of the solid that js inside hoth
¥ vy 9 and the sphere 17 ,u" e H

the cylinder

13. Use a doubie integral to derive the areq of a circle of radiug o

@@ F0LE Faul aowlkins
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Section 4 5 TT’IPIE Integrals

. e A S | R
.

1. Fualuate i I E Y4z - xydedidy

U ek xE o
2. Evaluate f .[E L v —6zdvdzdx

-

2l J-.?.:'_r 5
3. Evaluate I_IIH]!: Ix—~1+2° dedzdy
4. Evaluate ﬂj | 2y dV where E is the region below 6x + 4y <3z = 12 in the first octant
i

5. Evaluate jj x eV where £ is the region I::elclw x+2y+4z =8 inthe first octant.

6. Evaluate h F 102"~ xd ¥ where Eis the region below z =8 -y and above the region in the xy-plane

bourded by y =2x, X =3 and yp=0.

5 . ; i 2
7. Evaluate deh 4V where Eis the region below Z = =3 --3)?2 and above z = —12
g

I

8. Evaluate ﬁ[ijs — Oz AV where Eis the region behind 6x + 3+ 3z =15 front of the triangle in the

xz-plane with vertices, in {LE) form :(E}q U'} ' (ﬂ: 4} and (214)-

9. Evaluate ]H] 8yl where Fis the region behind the surface _}f =4 - x* that is in front of the region

in the xz-plane bounded by = = Ay, r=Tr and 2 =2

10. Evaluat [i[g{]l of ¥ where £ is the region bounded by IZZ"'_}‘E 'EE and X 5_]# +52° -6
i

11 Evaluate Hj Oz" oV where £ is the region behind x4+ 6y + 2z = 8 that is in front of the region in the
k

yz-plane bounded by = = 2y and 2=4/¢4y

12, Evaluate HIH-""W where £is the region belween v+ vz =6 and x 0 b= - I} above the
triangle in the xy-plane with vertices, in {.h',j-']l farm ({] 0) (I 2) and {[ 4

© 2018 Paul D aasicins
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n Cylindrical Coordinates
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Section 4-6 : Triple ln_tgfg.r?l_shi

2 S gt L ] g
]’ﬁnﬁ' where £ is the region bounded by 7 - 2x°+2y" —4 and £=5—x" -} inthe

1. Ewgiuate j

1* actant.,

2. Bvaluate J}'J‘m}.d}/ where [ is the region above 7 = 2x- 10, below 7 = 2 and inside the cylincer

{ T " 2 Bl
3. Evaluate H_F'E&yz" dV where E js the region between x = - § +0z* and x=+p" +2° inside the
oylinder "+ 2° =1.

4, Evaluate Jﬂ? +2dV where Eis the region bounded by x = 18- 4p° —4z% and x =2 with 220,

5. Evaluate [”x+2a'i" where Eis the region between the two planes 2x+ y+z =6 and

fx-+3y 32 =12 inside the cylinder 4zt =18,

6. Evaluate J"J-J._x! dV where £ is the region bounded by v - 42" =4 and y=8- 5x° ~-5z2° with
"

=4,

7. Use a triple integral to determine the volume of the ragion bounded by z = 4/x° +_:u2 , and

z=x +)° inthe 1* octant.

8. Use a triple integral to determine the volume of the region bounded by 3 =+f9x* +92% | and
y=-3x"—3z" in the 1" octant.

9. Use a triple integral to determine the volume of the region behind x=2+3, infrontof x = -2 -6
and inside the cylinder p° +2° =4,

10. Evaluate the following integral by first converting ta an integral in cylindrical coprdinates.
RE o R R
_J JH {I__ O™ ofz ebe cy

11. Evaluate the following integral by first converting to an integrat in cylindrical coordinates,

A ety
LR T, r[‘:l-.'.':l I...‘.'l K
P e e
[}

@ 2018 Paul Dawki i
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Section 4-7 : Triple Integrals in Spherical Coordinates

|h4_1*? dl where £ is the sphere x° 4+ 3 = 22 =9,

: ol : T Z
T HJ-?”' =2y dV where £ is the region between the spheres x* + 31 + 22 = | and

i

ot

]

z -y

n the 1¥ pctant,

i
Lo T
—F =
Sl

x' =y 427 = 25 and inside z - -
5. Evaluate H S_Jzﬁ' oI where £is the portion of 1 -|-y: ‘+z° =4 with x=10,
.

&. Evaluate Jﬂ 20 16xdV whare £is the region hetween the sphores y*

!

¥+ 3+ 2 = 4 with valand 20 .
S o efye el

7. Bvaluate the fallowing integral by first converting to an integral
2 g .
r.ll‘-'-.f 1
Jl'- 'j‘—"ﬂl.'i—.i: e ".'I;:'-r'{"j‘_;' 'I
8. Evaluate the following integral by first converting to
.-.J"S- ',l".'_— f‘T _"‘IG_-'_.'TI'J' I
3 sk 1
.-;_l‘.-. j. i .,‘_,* L5 oy ':'7:1'

‘cal coordinates to darive the volume of a sphere with radius a.

9. Use 3 triple integral in spher

5 2018 Payl Dawelsins

4 Evaluate J‘Hzl AV where Eis the region between the spheres x° 'r_:l-fz +z° =4 and

1. Evaluate j
Evaiuate jHE_yzﬂ’F where £ is the region below x° | ¥ +z" =16 and inside z2=1f3x* +31® that

I _].-":I! + .Z':l =] and

in eylindrical coordinates,

an integral in eylindrical coordihates.

h !‘[.p.,."'.."".'utc:lrl'..-lI.IT'Ich.[
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Section 4 8 Change of U’arrabfes

I it SR

t cabian of each transformation,
For problems 1 -4 compute the Ja

1, ¥ = 'y y=bv-Tu
2 _'t:\ﬂr;. _}‘:1{}1{4’”
2
U
3. x=vu S

4. x=e"cosy  y=e'siny

2

X - ! -
5. If Ris the region inside 2—5+ 49" =1 determine the region we would get applying the

l
transformation ¥ =5u, p=—vytg g,

. If Ris the triangle with vertices {2,1]}, [[}, éi} and (I 4} determine the region we would get appli.n'ng

the transformation x = l_{;w = u} P o= S {u l- 2 l-.fj to R,
2

7. W R is the parallelogram with vertices {[J ﬂ} {{P 4 and [:—4,2} determine the region we

would get applying the transformation x = 5 - V, = —{u-{- v) to A,
v R

8. 1 A is the square definad by S x<3 apd  « i

=3 determine the region we would get applying the
transformation x =3y y= F{E o+ } ;

o A,

3. If R is the parallelagram with vertices (J, E) P {5_. }]} {3, H] and (41 6) determine the region we wouyld
get applying the transformation x = E{

i
- I'II"L,}_. I :?{H]:u---_?]-'} to R,

101 R is the region bounded by xp =

"1, XY = [l[]r

& oand = Gy determine the region we waoylg
Bet applying the transformation x = EJ: J

— 1

o
V

e
dofuip 10 8

¥ 2 & Paul |i'a'.'..'.-'|l!ir|<,
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Section 5-7 : Green's Theorem

v el S

LT R A g T Y. T B e g r Sl e i ke

1. Use Green's Theorem to evaluate f{y_r? - y} dx + (x’ + 4}dy where Cis shown below,
-

R e

o

2. Use Green's Theorem to evaluate J-[:Tx + _]J:}dy—{;r: = }!y) dx where Cis are the two circles as

e

shown below.

il( - 3
/ N

4 : |
J > | W 1
J- i

o e e g e ..-_,?__. '{

: ! !
' ¥, o "
1 - Y

_ /

3. Use Green's Theorem to evaluate J-(1' —Gy}dx t (_].P] -+ Iﬂyl]aj; where Cis shown below.
3,

© 2018 Paul Dawlking http://tutarial math lamar.edu
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Section 6-3 : Surface Integrals

AT

10 T kit i oz = gt is in the 17 octant.
1. Evaluate H 2x=3p+zdS where 5is the portion of x + i 2= 2 that isi
x.

2. Evaluate ”~r+ }-'! F 2t dS where § s the F"EIH'I'BH of ¥x=4 —J"z z* that lies in front of x =—2.
s ;

3. Evaluate Hﬁcr’S where 5 is the portion of y=4z 4 %' + 6 that lies over the region in the xz-plane

with bounded by = =x11 x =1 and the x-axis.

4. Evaluzte ”xyzdS where 5 is the portion of x* + y* =36 between z = —3

and z=1.
b
5. Evaluate “ z' +xdS where 5is the portion of x* +y3 +z =4 with z20,
N
6. Evaluzte ”-4 1§ where 5 is the portion of x° + 2% =9 hetween ¥=2and y=10-x.

7. Fvaluate “ 74 3dS where 5 is the surface of the solid bounded by z = 27 + 2" -3 and z =1

K

Mote that bath swfaces of this solid are included in 5,

8. Bvaluate |}z whera 5 is the surf i 2 pp?
H urface of the solid bounded by " +2° =4, x= ¥-3,and

X=0-z_ Natethat 3l three surfaces of this solid are inciuded in 5.

9. bvaluate || 4+ 24 where 51 i i
H Is the portion of the sphere of radius 1 with z = {} ang

XE0, Note
that ail three surfaces of this salid are ineluded in 5

2038 peay) ivwking
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Section 6-6 : Divergence Theorem

e " Ay VR TN T P TR T i L T I

1. Use the Divergence Theorem to evaluate H F+d8§ where
N

F={3x- =+ Ea l)j - (4_}1; + :r‘ﬁ'zz).l’f:h and 5is the surface of the box with 0 =x =1,

-3« p=0 and =2 £z 21, Notethat all six sides of the box are inciuded in 5.

2. Use the Divergence Theorem to evaluate H F.dS where F=4xi+ (] —ﬁ.l’);‘?zﬁ'f and 5 is the
N

surface of the sphere of radius 2 with z =0, p =0 and x 2 (). Note that all four surfaces of this solid
are included in 5.

3. Use the Divergence Theorem to evaluate ” FodS where F = —xyi +{z-1)j+2’ k and S is the
N

1 il
surface of the solid bounded by } = 43" +4z° -1 and the plane y = 7. Note that both of the surfaces
of this solid included in 3,

4 Use the Divergence Theorem to evaiuvate H}i"-dff where F = {4x—z“}:" +{.‘-.' - Hz]f-i-(ﬁ —z};ﬁ:-

and 5 is the surface of the solid bounded by the eylinder 5 +_|r"1 =30 and the planes z =—2 and
z =73, Mate that both of the surfaces of this solid included in 5.

B 2018 Payl Dawkins
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5ectmn 6- 5 Stukes Theurem NS i e e R S )

L s
e R T

I svmern

e Tl N

b taRe a 1 t T i{'i - - Pt ;
: : |£I (4 "-'n"h ("'_]-"' Z' v }_.ir l-lc.-'!. af !15|5 EIlE
i 14 k ."J Heprel 1to E"ﬂ'ﬂluﬂ e J-J':-U ! erg i' l

tiori of 2 v! —3 below z = with orientation in the negative z-axis directian.
portion ar < -

2. Use Stokes’ Theorem to evaluate chrl;r S where F o 2yi+3xj | JL}R and §is the

o

portionof y=11- 1x! — 328 infrontof y =35 with orientation in the positive y-axis direction.

3. Use Stokes' Theorem to evaluate jﬁ'-ﬂ’r_" where F =(sz -—2:}:’ +qz f o+ pxk and Cis the triangle

with vertices {[L(L4] ; ({}._ 2, [J] and {?_, (, L'l}. € has a clockwise rotation if you are above the triangle

and looking down towards the xy-plane. See the figure helow for a sketch of the curve. %

4. Use Stokes’ Theorem to cvaluate IF-(J."F where F = x" 7 --43‘,.': + .x'yft‘- and Cis is the circle of radius

1at x = ~3 and perpendicular to the x-axis. C has a counlear ¢lockwlse rotation if you are looking down
the x-axis from the positive x-axis to the negative x-axis. See the fizure below for a sketch of the curve,

B 3056 St Dl Bttofftutarial. math lamar.edu
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