
Conformal Transformation of the Ricci
Scalar

The condition for a transformation to be a conformal transformation

gab → Ω2gab

gab → Ω−2gab,

implies that the determinant of the metric transforms as

g = εµ0..µD−1g0µ0 ..g(D−1)µ(D−1)
→ Ω2Dg

so that the volume element transforms as

√
−g → ΩD√−g.

and we note the partial derivative of the metric is

∂agbc = Γb ac + Γc ba

where the Christoffel symbol is defined by

Γabc = gadΓd bc

=
1

2
gad(∂bgcd + ∂cgbd − ∂dgbc)

under a conformal transformation it transforms as

Γabc → Γa′bc =
1

2
Ω−2gad[∂b(Ω

2gcd) + ∂c(Ω
2gbd)− ∂d(Ω2gbc)]

= Γabc +
1

2
Ω−2[gadgcd∂bΩ

2 + gadgbd∂cΩ
2 − gadgbc∂dΩ2]

= Γabc + Ω−1[δac∂bΩ + δab∂cΩ− gbc∂aΩ].

We can now simply use the conformal transformation of the Christoffel symbols to compute the conformal
transformation of the Riemann tensor Rabcd defined such that the a is upper and the b is the last index in
each term if we can’t contract the last index with another (non-derivative) term

Rabcd = 2∂[cΓ
a
d]b + 2Γa[c|p|Γ

p
d]b

= ∂cΓ
a
db − ∂dΓacb + ΓacpΓ

p
db − ΓadpΓ

p
cb
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[note we contracted the last index in the first term of the (anti-symmetric) product of Christoffel’s via p]
directly

Ra′bcd = 2∂[cΓ
a′
d]b + 2Γa′[c|p|Γ

p′
d]b

= 2∂[c{Γad]b + Ω−1(δa|b|∂d]Ω + δad]∂bΩ− gd]b∂aΩ)}
+ 2Γa′[c|p|Γ

p′
d]b

= 2∂[c{Γad]b + Ω−1(δa|b|∂d]Ω + δad]∂bΩ− gd]b∂aΩ)}
+ 2{Γa[c|p| + Ω−1[δap∂[cΩ + δa[c∂|p|Ω− g[c|p|∂aΩ]}{Γpd]b + Ω−1[δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ]}
= 2∂[cΓ

a
d]b + 2∂[c{Ω−1(δa|b|∂d]Ω + δad]∂bΩ− gd]b∂aΩ)}

+ 2Γa[c|p|{Γpd]b + Ω−1[δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ]}
+ 2Ω−1[δap∂[cΩ + δa[c∂|p|Ω− g[c|p|∂aΩ]{Γpd]b + Ω−1[δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ]}
= 2∂[cΓ

a
d]b + 2∂[c{Ω−1(δa|b|∂d]Ω + δad]∂bΩ− gd]b∂aΩ)}

+ 2Γa[c|p|Γ
p
d]b + 2Γa[c|p|{Ω−1[δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ]}

+ 2Ω−1[δap∂[cΩ + δa[c∂|p|Ω− g[c|p|∂aΩ]Γpd]b

+ 2Ω−1[δap∂[cΩ + δa[c∂|p|Ω− g[c|p|∂aΩ]{Ω−1[δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ]}
= Rabcd

+ 2∂[c{Ω−1(δa|b|∂d]Ω + δad]∂bΩ− gd]b∂aΩ)}
+ 2Γa[c|p|Ω

−1[δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ]

+ 2Ω−1[δap∂[cΩ + δa[c∂|p|Ω− g[c|p|∂aΩ]Γpd]b

+ 2Ω−1[δap∂[cΩ + δa[c∂|p|Ω− g[c|p|∂aΩ]Ω−1[δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ]

We could simplify further, but our goal is to compute the conformal transformation of the Ricci scalar

R = gbdRxbxd,

and since the Ricci scalar involves g−1 we expect each term to be weighted by Ω−2, and since the Ricci
scalar involves two derivatives we expect it to schematically take the form

R = gbdRxbxd → R′ = Ω−2R+ λ1Ω
−3gabDa∂bΩ + λ2Ω

−4gab(∂aΩ)(∂bΩ)

We fix the coefficients λ1, λ2 by contracting indices in the Ricci tensor to get the Ricci scalar

R = gbdRxbxd → R′ = Ω−2gbdRx′bxd

= Ω−2gbd{Rabxd
+ 2∂[x{Ω−1(δx|b|∂d]Ω + δxd]∂bΩ− gd]b∂xΩ)}
+ 2Γx[x|p|Ω

−1[δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ]

+ 2Ω−1[δxp∂[xΩ + δx[x∂|p|Ω− g[x|p|∂xΩ]Γpd]b

+ 2Ω−1[δxp∂[xΩ + δx[x∂|p|Ω− g[x|p|∂xΩ]Ω−1[δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ]}
= Ω−2R

− Ω−4gbd2{∂[xΩ}(δx|b|∂d]Ω + δxd]∂bΩ− gd]b∂xΩ) I

+ Ω−3gbd2∂[x{(δx|b|∂d]Ω + δxd]∂bΩ− gd]b∂xΩ)} II

+ 2Γx[x|p|Ω
−3gbd[δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ] III

+ Ω−3gbd2[δxp∂[xΩ + δx[x∂|p|Ω− g[x|p|∂xΩ]Γpd]b IV

+ Ω−4gbd2[δxp∂[xΩ + δx[x∂|p|Ω− g[x|p|∂xΩ][δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ] V.
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We now evaluate each non-trivial line, first evaluating I

I = −2Ω−4gbd{∂[xΩ}(δx|b|∂d]Ω + δxd]∂bΩ− gd]b∂xΩ)

= −Ω−4gbd{∂xΩ}(δxb∂dΩ + δxd∂bΩ− gdb∂xΩ) + Ω−4gbd{∂dΩ}(δxb∂xΩ + δxx∂bΩ− gxb∂xΩ)

= −Ω−4{∂xΩ}∂xΩ− Ω−4{∂xΩ}∂xΩ +DΩ−4{∂xΩ}∂xΩ + Ω−4{∂xΩ}∂xΩ +DΩ−4{∂xΩ}∂xΩ− Ω−4{∂xΩ}∂xΩ

= 2(D − 1)Ω−4{∂xΩ}∂xΩ

then evaluating II

II = Ω−32gbd∂[x{(δx|b|∂d]Ω + δxd]∂bΩ− gd]b∂xΩ)}
= Ω−3gbd∂x{(δxb∂dΩ + δxd∂bΩ− gdb∂xΩ)} − Ω−3gbd∂d{(δxb∂xΩ + δxx∂bΩ− gxb∂xΩ)}
= Ω−3gbd∂b∂dΩ + Ω−3gbd∂d∂bΩ− Ω−3gbd∂x[gdb∂

xΩ]− Ω−3gbd∂d∂bΩ−DΩ−3gbd∂d∂bΩ + Ω−3gbd∂d∂bΩ

= −(D − 2)Ω−3gbd∂b∂dΩ− Ω−3gbd∂x[gdb∂
xΩ]

= −(D − 2)Ω−3gbd∂b∂dΩ− Ω−3gbd∂x[gdbg
xe∂eΩ]

= −(D − 2)Ω−3gbd∂b∂dΩ− Ω−3gbd[∂xgdb]g
xe∂eΩ− Ω−3gbdgdb[∂xg

xe]∂eΩ− Ω−3gbdgdbg
xe∂x∂eΩ

= −(D − 2)Ω−3gbd∂b∂dΩ− Ω−3gbd[∂xgdb]g
xe∂eΩ− Ω−3D[∂xg

xe]∂eΩ−DΩ−3gxe∂x∂eΩ

= −2(D − 1)Ω−3gbd∂b∂dΩ− Ω−3gbd[∂xgdb]g
xe∂eΩ− Ω−3D[∂xg

xe]∂eΩ

= −2(D − 1)Ω−3gbd∂b∂dΩ− Ω−3gbd[Γd xb + Γb dx]∂xΩ− Ω−3D[∂xg
xe]∂eΩ

= −2(D − 1)Ω−3gbd∂b∂dΩ− Ω−3gbd[Γd xb + Γb dx]∂xΩ + Ω−3D[Γxx
e + Γexx]∂eΩ

= −2(D − 1)Ω−3gbd∂b∂dΩ− Ω−3Γbxb∂
xΩ− Ω−3Γddx∂

xΩ +DΩ−3Γxx
e∂eΩ +DΩ−3Γexx∂eΩ

= −2(D − 1)Ω−3gbd∂b∂dΩ− 2Ω−3Γbxb∂
xΩ +DΩ−3Γxx

e∂eΩ +DΩ−3Γexx∂eΩ,

where we used

gabb
bc = δa

c

∂dgab = Γa db + Γb ad

0 = ∂d(gabg
bc)

= (∂dgab)g
bc + gab(∂dg

bc) = (Γa db + Γb ad)g
bc + gab(−Γbd

c − Γcbd) = (Γa db + Γb ad)g
bc − (Γad

c + Γcad)

= (Γa db + Γb ad)g
bc − (Γadb + Γb ad)g

bc

∂dg
bc = −(Γbd

c + Γcbd)

then evaluating III

III = Ω−32gbdΓx[x|p|[δ
p
|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ]

= Ω−3gbdΓxxp[δ
p
b∂dΩ + δpd∂bΩ− gdb∂pΩ]− Ω−3gbdΓxdp[δ

p
b∂xΩ + δpx∂bΩ− gxb∂pΩ]

= Ω−3Γxxp[∂
pΩ + ∂pΩ−D∂pΩ]− Ω−3Γxdp[g

pd∂xΩ + δpx∂
dΩ− δxd∂pΩ]

= (2−D)Ω−3Γxxp∂
pΩ− Ω−3Γxd

d∂xΩ− Ω−3Γxxp∂
pΩ + Ω−3Γxxp∂

pΩ

= (2−D)Ω−3Γxxp∂
pΩ− Ω−3Γxd

d∂xΩ

then evaluating IV

IV = Ω−32gbd[δxp∂[xΩ + δx[x∂|p|Ω− g[x|p|∂xΩ]Γpd]b

= Ω−3gbd[δxp∂xΩ + δxx∂pΩ− gxp∂xΩ]Γpdb − Ω−3gbd[δxp∂dΩ + δxd∂pΩ− gdp∂xΩ]Γpxb

= Ω−3∂pΩΓpd
d +DΩ−3∂pΩΓpd

d − Ω−3∂pΩΓpd
d − Ω−3∂dΩΓpp

d − Ω−3∂pΩΓpd
d + Ω−3∂xΩΓpxp

= DΩ−3∂pΩΓpd
d − Ω−3∂dΩΓppd − Ω−3∂pΩΓpd

d + Ω−3∂dΩΓppd

= −(1−D)Ω−3∂xΩΓxd
d
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then evaluating V

V = Ω−42gbd[δxp∂[xΩ + δx[x∂|p|Ω− g[x|p|∂xΩ][δp|b|∂d]Ω + δpd]∂bΩ− gd]b∂pΩ]

= Ω−4gbd[δxp∂xΩ + δxx∂pΩ− gxp∂xΩ][δpb∂dΩ + δpd∂bΩ− gdb∂pΩ]

− Ω−4gbd[δxp∂dΩ + δxd∂pΩ− gdp∂xΩ][δpb∂xΩ + δpx∂bΩ− gxb∂pΩ]

= Ω−4[δxp∂xΩ + δxx∂pΩ− ∂pΩ][∂pΩ + ∂pΩ−D∂pΩ]

− Ω−4[δxp∂dΩ + δxd∂pΩ− gdp∂xΩ][gpd∂xΩ + δpx∂
dΩ− δdx∂pΩ]

= −(D − 2)Ω−4[∂pΩ∂
pΩ +D∂pΩ∂

pΩ− ∂pΩ∂pΩ]

− Ω−4{δxp∂dΩ[gpd∂xΩ + δpx∂
dΩ− δdx∂pΩ] + δxd∂pΩ[gpd∂xΩ + δpx∂

dΩ− δdx∂pΩ]

− gdp∂xΩ[gpd∂xΩ + δpx∂
dΩ− δdx∂pΩ]}

= −D(D − 2)Ω−4∂pΩ∂
pΩ

− Ω−4{∂xΩ[∂xΩ +D∂xΩ− ∂xΩ] + ∂xΩ[∂xΩ + ∂xΩ−D∂xΩ]

− ∂xΩ[D∂xΩ + ∂xΩ− ∂xΩ]}
= −D(D − 2)Ω−4∂pΩ∂

pΩ− Ω−4{D∂xΩ∂xΩ + (2−D)∂xΩ∂xΩ−D∂xΩ∂xΩ}
= −D(D − 2)Ω−4∂pΩ∂

pΩ− Ω−4(2−D)∂xΩ∂xΩ.

This results in

R′ = Ω−2R+ I + ...+ V

= Ω−2R

+ 2(D − 1)Ω−4{∂xΩ}∂xΩ

− 2(D − 1)Ω−3gbd∂b∂dΩ− 2Ω−3Γbxb∂
xΩ +DΩ−3Γxx

e∂eΩ +DΩ−3Γexx∂eΩ

+ (2−D)Ω−3Γxxp∂
pΩ− Ω−3Γxd

d∂xΩ

− (1−D)Ω−3∂xΩΓxd
d

−D(D − 2)Ω−4∂pΩ∂
pΩ− Ω−4(2−D)∂xΩ∂xΩ

= Ω−2R

+ Ω−3{−2(D − 1)gbd∂b∂dΩ− 2Γbxb∂
xΩ +DΓxx

e∂eΩ +DΓexx∂eΩ + (2−D)Γxxp∂
pΩ− Γxd

d∂xΩ

− (1−D)∂xΩΓxd
d}

+ Ω−4{2(D − 1)−D(D − 2)− (2−D)}∂xΩ∂xΩ

= Ω−2R

+ Ω−3{−2(D − 1)gbd∂b∂dΩ +DΓexx∂eΩ− Γxd
d∂xΩ− (1−D)∂xΩΓxd

d}
+ Ω−4{2(D − 1)−D(D − 2) + 1(D − 2)}∂xΩ∂xΩ

= Ω−2R

+ Ω−3{−2(D − 1)gbd∂b∂dΩ +DΓexx∂eΩ− (2−D)Γxd
d∂xΩ}

+ Ω−4{2(D − 1)− (D − 1)(D − 2)}∂xΩ∂xΩ

= Ω−2R+ gbd{−2(D − 1)∂b∂dΩ + 2(D − 1)Γxd
d∂xΩ} 1

Ω3
− (D − 1)(D − 4)

∂xΩ∂xΩ

Ω4

= Ω−2R− 2(D − 1)gbd{∂b∂dΩ− Γcbd∂cΩ}
1

Ω3
− (D − 1)(D − 4)

∂xΩ∂xΩ

Ω4

= Ω−2R− 2(D − 1)gbdDb∂dΩ
1

Ω3
− (D − 1)(D − 4)

∂xΩ∂xΩ

Ω4

= Ω−2R− 2(D − 1)gbdDbDdΩ
1

Ω3
− (D − 1)(D − 4)

∂xΩ∂xΩ

Ω4
.

The conformal transformation of the Ricci tensor is

R′bd = Rbd − [(D − 2)δxbδ
y
d + gbdg

xy]
Dx∂yΩ

Ω
+ [2(D − 2)δxbδ

y
d − (D − 3)gbdg

xy]
(∂xΩ)(∂yΩ)

Ω2

4


