2.
The proof for part two is similar to that of part 1.

Since 11_131 f(z} - A, it actually means that flz) — A =ar,

Also, since

iﬂ g{:::] - B, from the definition it means that Q{I] —B= ﬁ(:ﬂ] Where both
ﬂ-’(-’”] and ﬁ(-’ﬂjare infinitesimals.

In order to prove this par of the theorem, we need to show that:

[flz) — glz)] — [A — Bl = ~(z) 777 Where T(-’E]is also an infinitesimal. In other words we
need to show that the difference [flz) — glz]] — [A - B]is actually an infinitesimal. Let that
infinitesimal be any T'[-T-':

So,
[f(z)—g(z)]-[A—B] = [f(z)—A]-[g(z)—B] = a(z)—8(z) = v(z). we know from e

previous theorem that the difference of two infinitesimals is again an infinitesimal.
So we proved this part of the theorem too.

3.
Since 511—131-: f{z} - A, it actually means that flz) — A =a(z),
Also, since

iﬂ g{:::] - B, from the definition it means that Q{I) —B= ﬁ(-’”] Where both
ﬂ-’(-’”) and ﬁ(-’”]are infinitesimals.

In order to prove this par of the theorem, we need to show that:
[f(z) * glz)] — [A* B] = ~(z) 777
Where Y(Tis an arbitrary infinitesimal.

So,

[f(z)*g(z)]—[A%B] = f(z)*g(z)—g(z)* A+g(z)*A—A+B = g(z)|f(z)— A+ Alg(z)—B] = g(z)*alz)+A+8(z) = o/(z)+5'(z) = v(x).

From the above theorems we know that the product of any infinitesimal with a function that
[ Al
has limit at a point is also an inﬁnitesimal.(H'i-'h"]| *alz) = a '[-T’];, also the product of a
!
constant and an infinitesimal is also an infinitesimal (A * :5("‘7]' =4 |i-'l*"))

This way we have proved part 3 of the theorem.

4.

Since lﬂ f{z} - A, it actually means that flz) — A =alz)

1
f@)_A_ Bf(@) - Agle) _ Bf(z) ~ AB+ AB ~ Ag(a) _ Blf(x) ~ A~ Alo(s) = B] _ Balz) ~ Aflx)

glz)) B Bglz) B Bg(z) B Bg(z) Bg(z)



Also, since
i_lﬂ. grl[..":] - B, from the definition it means that Q(I} —B= ﬁ(-ﬂ Where both
ﬂ-"[-'ﬂ} and ﬁ'[-'ﬂ]are infinitesimals.

In order to prove this par of the theorem, we need to show that:

; E] £ =ola) 77

Where ¥{(Tlis an arbitrary infinitesimal.

This way:

Now using the results othhe above thForems and corollaries we get:
Balz)— Aflx o (T 1 o'z 1
( ) ﬁl: } _1 ( ::I - s |-r. } _2) _*E(I] _3) "fl:.'IF:
Bg(z) Bg(z) B g(z) B

1) From a theorem before we know that any linear combination of the infinitesimals is still an
I I
infinitesimal: Ba(z) — Af(z) = o '[-'1?], where ¢ (Z)is also an infinitesimal.

2) As a result of Corollary 1.
3) Corollary 3.

This way the part 4 of the theorem is proved.



5. The proof for this part is rather trivial. However, I am going to prove it here again.
I =A

Since e f(z} , it actually means that flz) — A =ar,

Also, since

iﬂ g{:::] - B, from the definition it means that Q{I] —B= ﬁ(:ﬂ] Where both
ﬂ-’(-’”] and ﬁ(-’ﬂjare infinitesimals.

In order to prove this par of the theorem, we need to show that:
ef(z) — cA = ~(z)r7977

4
Where T{I;is an arbitrary infinitesimal.

So: cf(z) — cA = c(f(z) — A) = c a(z) = 7(z)
1)As a consequence of corollary 3.

This way part 5 is proved.

6. I will approach this proof in a slightly different manner than the other ones.

Since }:ﬂ flz) = A, it actually means that flz)— A= alz]
Also, since

il_lﬂ. g{:::] - B, from the definition it means that Q'[-T} —B= ﬁ(-ﬂ Where both
ﬂ-’(-'ﬂ] and ﬁ{l’]are infinitesimals.

In order to prove this par of the theorem, we need to show that:

)
Where T{I;is an arbitrary infinitesimal.

Now, lets approach this problem this way:

YF(@) = [flz))r = en*inlfE),

Also:
A 1 Lingay o
A= Ar = en"™Y This way now we have:

Y Fla)— VA = en "V E_gxtn) — o[ f(z)— A] = e alz) =" 4(z)

1) From corollary 3.

This way part 6 of the theorem is proven.



I can also prove this way, using infinitesimals, all other theorems that have been previously
proven using the Cauchy’s or Heine’s definition of the limit of a function.

For example let’s prove one more important thing.

1

. 1
I — A lm — = —.
Let's prove that if: zl—lﬂg f{z} then also ¥~ f(-'l-'] ?7?7?

Proof:

From the definition of the limit, using infinitesimals, we have:
f(-'ﬂ] —A= ﬂ-"[-'l'], where IC1‘3'[-'1?]is an infinitesimal.

To prove this we need to show that:

1 1
@ a9,

So, we have:

1 1 A-— f(z)

A =

. _1a(a)
i@ AT Af@

A'f(@),
Now using the fact that f(z) — A = alz) => flz) = A+ alz)so:

L, a1 a(x) o1

.ﬂ{-'l'] is an infinitesimal.
1) Corollary 3.

1 1
lim —— = —.
This actually means that : I—*ﬂf{:ﬂj A

Now, let's try to prove The Squeeze theorem using our definition of limit in terms of
infinitesimals.

Theorem: Let I be an interval containing the point a. Let f, g and h be functions defined on I,
except possibly at a itself. Suppose that for every x in I not equal to a, we have:

Q"[-'l—"] =< f':-'ﬂ]' = h'[-"v"j, and also suppose that:

lim g(z) = lim h(z) = L.

T.—=rT.



lim f(z) = L.

Then: z—a
Proof:
Since l.lﬂgl{zr] = ll_.ﬂl h(I] = Lfrom the definition we have:

glz) — L = a1(z), alse h(z)— L = as(z).
Now, from the conditions of the theorem we also have:

Q'[-'ﬂ} =< f':-'ﬂ]' = h'[-"v"j. Let's subtract L from this expression, so we get:

glz)—L £ flz)-L < h(z)-L => ai(z) £ f(x)-L < as(z).
From here we can reason in two ways:

1. First, since f(-'ﬂ] — Lis between two infinitesimals, it must also be itself equal to an
infinitesimal. That is,

a1(z) € flzr)—L < as(z) => flz)—L = az), where az) is an infinitesimal.

2. We may use the definition of infinitesimals to show our point. Let's go back to this
expression again for a few moments:

a(e) < &) = L < anf@) = —— — = —— — (=),
since ﬂ'E[-T)is an infinitesimal, from the definition we have:

WYe > 0,3d(e) > 0, such that |as(z)| < e, whenever 0 < |z—al < 4.

i) Let's further suppose that on(z) = 0.

This way from (*) we have

|f(z)—L| < |aa(z)| <€, == |flz)—L| <e => flz)—L = ¥(z), 50 it yields that f(x)-L is
also an infinitesimal.

ii)Now, let's suppose that az(x) <0, 50 this way now we have:

Ve > 0,3d(e) > 0, such that |on(x)| < e, whenever 0 < |z—al < d. Now from (*) we
have:

|f(z) — L] < |an(z)| <e => flz)— L =0(z) so f(x)-L is also an infinitesimal, what

proves our point.

iii) Now the other two possibilities fall in one of the above categories that we already proved.
That is



f{.’l-’]l—L*‘-f.U, '1'3{1"}:}0 and QI(I}{D? f{zj_L}D.

This way we have proved the Squeeze Theorem using the definition of the limit of a function
in terms of infinitesimals.
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