
 

1. Use Cartesian vectors in two-space to prove that the line segments joining midpoints of 

the consecutive sides of a quadrilateral form a parallelogram. 

Let 𝑎     𝐴 = [𝑎1 , 𝑎2] 

Let 𝑏     𝐵 =  𝑏1, 𝑏2  

Let 𝑐    𝐶 = [𝑐1, 𝑐2] 

Let 𝑑     𝐷 = [𝑑1, 𝑑2] 

Midpoint of AB = E: 

E : 

(
𝑥1 + 𝑥2

2
,
𝑦1 + 𝑦2

2
) 

(
𝑎1 + 𝑏1

2
,
𝑎2 + 𝑏2

2
) 

Midpoint of BC: F 

(
𝑥1 + 𝑥2

2
,
𝑦1 + 𝑦2

2
) 

(
𝑏1 + 𝑐1

2
,
𝑏2 + 𝑐2

2
) 

Midpoint of CD : G 

(
𝑥1 + 𝑥2

2
,
𝑦1 + 𝑦2

2
) 

(
𝑐1 + 𝑑1

2
,
𝑐2 + 𝑑2

2
) 

Midpoint of DA : H 

(
𝑥1 + 𝑥2

2
,
𝑦1 + 𝑦2

2
) 

(
𝑑1 + 𝑎1

2
,
𝑑2 + 𝑎2

2
) 



We must now find the slopes of segments EF, FG,FH, and EH 

𝐸𝐹      : 

 
𝑏1 + 𝑐1

2
−

𝑎1 + 𝑏1

2
,
𝑏2 + 𝑐2

2
−

𝑎2 + 𝑏2

2
  

 
𝑏1 + 𝑐1 − 𝑎1 − 𝑏1

2
,
𝑏2 + 𝑐2 − 𝑎2 − 𝑏2

2
            (simplify like terms) 

 
𝑐1 − 𝑎1

2
,
𝑐2 − 𝑎2

2
         (divide) 

𝐸𝐹      =  
𝑐1 − 𝑎1

2
,
𝑐2 − 𝑎2

2
  

𝐹𝐺      : 

     
𝑐1 + 𝑑1

2
−

𝑏1 + 𝑐1

2
,
𝑐2 + 𝑑2

2
−

𝑏2 + 𝑐2

2
  

=  
𝑐1 + 𝑑1 − 𝑏1 − 𝑐1

2
,
𝑐2 + 𝑑2 − 𝑏2 − 𝑐2

2
   

=  
𝑑1 − 𝑏1

2
,
𝑑2 − 𝑏2

2
  

𝐹𝐺      =   
𝑑1 − 𝑏1

2
,
𝑑2 − 𝑏2

2
  

𝐸𝐻       = 

     
𝑑1 + 𝑎1

2
−

𝑎1 + 𝑏1

2
,
𝑑2 + 𝑎2

2
− 

𝑎2 + 𝑏2

2
  

=  
𝑑1 + 𝑎1 − 𝑎1 − 𝑏1

2
,
𝑑2 + 𝑎2 − 𝑎2 − 𝑏2

2
   

𝐸𝐻       =  
𝑑1 − 𝑏1

2
,
𝑑2 − 𝑏2

2
  

𝐻𝐺       : 

     
𝑐1 + 𝑑1

2
−

𝑑1 + 𝑎1

2
,
𝑐2 + 𝑑2

2
−

𝑑2 + 𝑎2

2
  



=  
𝑐1 + 𝑑1 − 𝑑1 − 𝑎1

2
,
𝑐2 + 𝑑2 − 𝑑2 − 𝑎2

2
  

  

𝐻𝐺       =  
𝑐1 − 𝑎1

2
,
𝑐2 − 𝑎2

2
  

Now we check the values of the vectors: 

𝐸𝐹      =  
𝑐1 − 𝑎1

2
,
𝑐2 − 𝑎2

2
  

𝐹𝐺      =   
𝑑1 − 𝑏1

2
,
𝑑2 − 𝑏2

2
  

𝐸𝐻       =  
𝑑1 − 𝑏1

2
,
𝑑2 − 𝑏2

2
  

𝐻𝐺       =  
𝑐1 − 𝑎1

2
,
𝑐2 − 𝑎2

2
  

As you can see: 

𝐸𝐹      = 𝐻𝐺        

𝐸𝐹      is parallel to 𝐻𝐺        

𝐹𝐺      = 𝐸𝐻        

𝐹𝐺       is parallel to 𝐸𝐻        

As you can see, joining the midpoints of consecutive sides of a quadrilateral forms a 

parallelogram. 

 


