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The Dirac Delta Function, 6(x-x,)

Dirac Delta Function

In one dimension, d(x-x,) is defined to be such that:

0 if x, is not in [a,b].

f atob f(X) O(x-x,)dx f(x,) 1fx,=aorb;
f(x,) ifx, € (a,b).

Properties of 6(x-X,): (you should know those marked with *)
*1.9(x-X,) =0 ifx # x,

%, f e S(x)dx =1
3. 8(ax) = d(x)/|a|

%4, §(-x) = 8(x)

5. 8(x2-a%) = [3(x-a) + 8(x+a)]/(2a); a>0

6. f o4 O(X-2)0(x-b)dx = 5(a-b)

|
- | *7.8(g(x)) =Y, 8(x-x,)/|dg/dx| i where g(x,;) = 0 and dg/dx exists at and in a region around X, ;.
L

;‘8. f(x)d(x-a) = f(a)o(x-a)

9. 8(x) is a "symbolic" function which provides convenient notation for many mathematical expressions. Often
one "uses" d(x) in expressions which are not integrated over. However, it is understood that eventually
these expressions will be integrated over so that the definition of 6 (box above) applies.

10. No ordinary function having exactly the properties of 6(x) exists. However, one can approximate 5(x) by the
limit of a sequence of (non-unique) functions, §,(x). Some examples of §,(x) which work are given below.
In all these cases, f

e 8.()dx =1V nand limit, __ f o 8 (xx )f(x)dx = f(x,). ¥ n.

.
|0 for x <-1/(2n)

(a) 8,(x) = n for -1/(2n) < x < 1/(2n)
0 for x>1/(2n)

(b) 5,(x) = nAm exp[-n2x?]

(©) 8,(x) = A m)- 1/(1 + n2x?)
(d) 6,(x) = sin(nx)/mx = [1/(211)][ on EXp(ixt)dt
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r (D" d'f7dx,, if x, € (a,b)
11. f atop (X)) d7dx" 8(x-x,) dx = \1/2[(-1)rdrf/dxr\xo ifx,=aorb
L0 otherwise

f(x) is arbitrary, continuous function at x = x,

12. f atob X d7dx" d(x-x,)dx = f a0 DT 3(x-x,) dx where x, € (a,b).

important expressions involving o(x-x,)

13. 6(x-x,) =[1/2m] f o €O

13 8(r_ro) = S(X'XO)S(Y'YO)S(Z'ZO): [1/2n]3fffallk space eXp[ik.(r_ro)]dkxdkydkz

15.8(g(x)) = Zn 5(X—Bn)/|dg/dx|xzﬁ“ where g(B,) = 0.

16. 8(r-r,) =8(q'-q',)8(q*q%)d(q’-q* )/ g in general system.

Dirac Delta Function in 3 Dimensions: 0 (I - r,) = 5(x-x,)(y-y,)8(z-z,)
17 8(k-k,) =[1/2a] f » e » Nl v explir(k - k,)] dxdydz
18 8(r-r,) = 8(q"-q')3(q*q’)3(a-q’)V g
derivation: f f f 3(r - r)f(r) d’x =f(r,) = f f f 8(q'-q')8(q*-q%,)d(q*-q* )W g f(r(q")) v gdq'dq*dq’
19 8(r - ¥ ) pherical coordinates = O(ITo)3(9-0,)3(6-6,)/(1*sinb)
20, A[d(x-a)+d(xta)] = [1/a] / oo cos(ka) cos(kx) dk
Exercises: Evaluate the following integrals.

a) f 05 0(2x-) exp[ sin’(x-m) | dx

oyl

all space

3(r-r-a%)8(cos0-1/42)5(sing-"2)exp[ik-r]d*x



proof:

Helmholtz Theorem

(a) V-F(r) = p(r) everywhere for finite t;
b)VxFr) =J) "

(c) limit,___p(r) =0;

(d) limit,___|J(r)| =0;

F(r)=-VO(r) + Vx A(r)

where @ and A are determined from p and J as shown below.

1. Define ®@ and A as follows:

2. Let F(r) = -V®(r) + VxA(r); we shall show that this F satisfies the conditions (a) and (b) if (¢) and (d) hold:

3.V'F

4. But

5 What happens if r = r'? We shall see that the expression --> «, but with a crucial additional property!

D(r) [1/471][[[\,: al space P(X)/|1 - 1| &x" + @ (r), where V*® (r)=0;

A(r)

V-F = V:[-VO(r) + VXA(r)] = -V2O(r)
VxF = VX[-VO(r) + VXA(r)] = Vx[VXA(T)].
= -V2D(r) = -[1/47t]fffV: atspace PXDVZ[1/]r - 1'[] dx'+0
VA Ur-1] =VV[lr-r]] =V[-(r-r)|r-r]

=[B/r-rP+[-3/r-rI(r-r)y@r-r)r-r|]
=B/ - v+ [-3/r-r]]
=0 ifr=r

CLAIM: V?

Derivation:
(a) Consider the following integral, f f f v VV[1/r] &x = f f f v V2[1/r] &*x

where V = all space and V' = all space except a sphere of radius 6 centered on the origin and

a "funnel" extending from r = 0 to r = «. See figure below.

We shall show that this integral = -4n if r =0 is in V.
Note: V contains r = 0 and V' does not.

[1/4n]f I/ vt JEVIE - P &X'+ A(r), where Vx(VxA(r)) = 0;
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