Definition. Amapg¢ : V — Wiscalled a morph:is‘mk (or polynomial map or regular

map) of algebraic sets if there are polynomials ¢y, . .., ¢, € k[x1, X2, . .., x,] such that
‘P((al, sy an)) = (gol(ala ey an)v e Qom(al, e an))
forall (a;,...,a,) € V. Themap ¢ : V — W is an isomorphism of algebraic sets if

there is a morphism ¢ : W — V withp oy = ly and y o = 1y.

Note that in general @1, ¢s, ..., ¢, are not uniquely defined. For example, both
f =xand g = x + (xy — 1) in the example above define the same morphism from
V=Zxy—DtoW =Al

Suppose F is a polynomial in k[xi, ..., x,]. Then F o = F(ei, 02, ..., ¢m)
is a polynomial in k[xy, ..., x,] since @1, ¢2, ..., @, are polynomials in xy, ..., x,.
If F € Z(W), then F o ¢((a;,as,...,ay)) = 0 for every (aj,az,...,a,) € V
since ¢((ay, az,...,a,)) € W. Thus F o ¢ € Z(V). It follows that ¢ induces
a well defined map from the quotient ring k[xi,...,Xs]/Z(W) to the quotient ring
k(X1 ..., x /Z(V)

@ k[W] — k[V]
frfogp
where f o ¢ is given by F o ¢ + Z(V) for any polynomial F = F(x,,..., x,) wWith
f = F +Z(W). Itis easy to check that ¢ is a k-algebra homomorphism (for example,
P+ =(f+gop=fop+gop=0(f) + @(g) shows that ¢ is additive).
Note also the contravariant nature of ¢: the morphism from V to W induces a k-algebra
homomorphism from k[W] to k[V].

Suppose conversely that @ is any k-algebra homomorphism from the coordinate
ring k(W1 = k[x1, ..., xul/Z(W) t0 k[V] = k[x1, ..., x,]/Z(V). Let F; be a repre-
sentative in k[x|, ..., x,] for the image under @ of x; € k[W] (i.e., @ (x; mod Z(W))
is F;modZ(V)). Then ¢ = (Fy,..., F,) defines a polynomial map from A" to A™,
and in fact ¢ is a morphism from V to W. To see this it suffices to check that ¢ maps a
point of V to a point of W since by definition ¢ is already defined by polynomials. If
g € Z(W) C k[xy, ..., x,], then in k[ W] we have

gxi +I(W), ..., xm +I(W)) = g(x1, ..oy xm) + Z(W) = L(W) = 0 € k[W],

and so
D(gx; +IZ(W),...,xy +IT(W))) =0€k[V]

Since @ is a k-algebra homomorphism, it follows that
g@x1 +ZW)), ..., P(xm + Z(W)) =0 € k[V].
By definition, @ (x; + Z(W)) = F; mod Z(V), so
g(FimodZ(V), ..., Fy,modZ(V)) =0 € k[V],

ie.,

g(Fy,..., Fy) € I(V).
It follows that g(Fi(ai,...,an), ..., Fp(ai, ..., a,)) = 0 for every (a, ..., a,) in
V. This shows that if (a1,...,a,) € V, then every polynomial in Z(W) vanishes
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