First we determine our center of mass locations for the first arm with respect to the
immovable pivot:

T = 51 sin « (1)

l
Y1 = —— cos (2)

2

We repeat for the second arm:
[
To :llsina+§2sinﬁ (3)
[

Yo = —lycosa — 520085 (4)

We now solve for the first derivative (velocity) of the x and y coordinates of the CM for
the first arm:

l

I = Elo'c oS o (5)
l

= %a sin @ (6)

Taking these two equations, we can now solve for the magnitude of the velocity vector of
the first arm’s CM:

or* = &Y + 9 (7)
aly
o] = (7)2 (8)
We now solve for the velocity of the x and y coordinates of the CM for the second arm:
I .
Tg = lldcosoz+§2ﬂcosﬁ (9)
I .
o = Lidsin o + Ezﬁsinﬁ (10)

We can now combine these to find the magnitude of the velocity vector of the second
arm’s CM:

[va]* = @3 + 913 (11)
(22)? = (Liécos a)® + (%Bcos B)2 + L1y cos o cos B (12)
(1) = (Liasino)? + (%B sin 3)? + L1163 sin o sin 3 (13)
af? = (18)? + ()2 + o cos(a — ) (14



Having solved for the velocity squared of both CMs, we can derive the kinetic energy of
each arm:
1

T, = 511a2 (15)
15, 1 o o
Ty = 5125 +5me (ly&)” + (26) + lyly63 cos(a — 3) (16)
After solving for velocities of the CM of both arms, we can now define the Lagrangian:

L=T-V (17)

Which is the difference in kinetic (T), and potential (V) energies. In this horizontally
planar structure, the potential energy term is zero. The Lagrangian is therefore the sum of
only the kinetic energy terms:

1 1. 1 l
L= 5Nhé? + 5L+ my {(zla)Z +(50) + LiladF cos(a — ) (18)
Ild2 12/62 mgl%dQ m21562 mglllgdﬁl COS(O! - ﬁ)
= 1
L 2 + 2 + 5 + 3 + 5 (19)
The next step is to actually solve for the angular accelerations about each pivot using
the following equations:
0 (0L oL
— — = XM, 20

Where ¢; is « and (3, and the right hand side is the sum of moments about the joint in
question. Solving for the various partial derivatives and moments:

% . —mzlllgd/B Sil’l(O& — ﬁ)

da 2 2
0L malilhafsin(a — )
% = . (22)
gg = L&+ molicr + mahilaf C;)S(a L) (23)
oL mQZZﬁ malylace cos(a — 3)
0 = LA+ + 5 (24)
2 (6_5) = L&+ mal2a + malilzff cos(x — ) — mshbfsin(a = §)(é - 5) (25)
ot \ 0 2 2
g (oL\ mglzﬁ malilaécos(a — B)  malilsasin(a — B) (& — ﬁ)
S
ZMQ = lvFl - /JqOé (27)
Mg = 1,F5 — pof3 (28)



Solve for a by plugging equations (21), (25), and (27) into Lagrange’s equation (20):

malylyf cos(a — 3) N malylo 2 sin(or — )

= lvFl - ,uloz (29)

Solve for (3 by plugging equations (22), (26), and (28) into Lagrange’s equation (20):

mgl%} malilacicos(a — f3) B malyl26? sin(a — (3)
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