Die Friedmann-Gleichungen

FLRW-Metrik

a={t, r, th, ph};

g=a[t]nr2{{1/a[t]A2,0,0,0}, {0, -1/(1-KrA2), 0,0},
{0, 0, -rn2, 0}, {0, 0,0, -rA2sin[th]A2}};

MatrixForm [g]

1 0 0
aft]?
0 T1-Kr2 0
0 0 -r?a[t]? 0
0 0 0 -r?a[t]?sin[th]?

dg={dt, dr, dth, dph};

FullSimplify [dq.g.dq]

2

dt?+a[t]? |-dth?r?+ —-dph?r?g8in[th]?

-1+Kzr?

gcontra = Inverse[qg];

Christoffelsymbole:

christ=Table[Table[Sum [1/2gcontra[[id][[mi |] (D[

g
b[g[[mi ]][[14]]. q[[ki]]]-D[g[[ki]%

{mi, 1,4}], {ki, 1, 4}, {14, 1, 4}], {14 1, 4

Do[Print[MatrixForm [christ[ [11] ] ] ] , {ij, 1, 4}]
0 0 0
altla [t
1-Kr? 0 0
0 r2aft]a’[t] 0
0 0 0 r2af[t] sin[th]?a’[t]
alt]
alt Kr
alt] 1-Kr? 0 0
0 0 -r(l-Kr?) 0
0 0 0 -r (1-Kr2) sin[th]?
alt]
o o * 0
r
gltl Lo 0
alt] r
0 0 0 -Cos[th]sin[th]
a' [t
0 0 0 )
0 0 0 i
r
0 0 0 Cot[th]
a'lt 1
s ¢ cotlth] 0

Daraus ergibt sich sofort fiir den Ricci-Tensor (vollstandig kovariante Komponenten) und der Ricci-
Skalar
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RicciTen= -FullSimplify [
Table[Sum [D[Ichrist[[li]] [[ij]] [[.ki]],.clz[[li].]] —D[c.hrist[.[li]] [[Ii:i]] [ El.i]

a[[k1]]] +sum [ehrist[[15]][[14]][ki]] christ][mi |][[13]][[ni ]

christ[[mi |][[id]][[14]] christ[[14]][[ki]][[mi ]]. {mi . 1, 4}

{14, 1, 4}], {ii 1, 4}, {xdi, 1, 4}]]:

4
I

]
]
]

MatrixForm [RicciTeri

3arft] 0 0 0
alt]
2 (K+a'[t]?)+a[t]a”[t]
0o - P 0 0
0 0 -r? (2 (K+a’[t]?) +a[t]a” [t]) 0
0 0 0 -r?8in[th]? (2 (K+a’[t]?) +a[t]

RScal =FullSimplify [
Sum [RicciTer{ [al]] [[be] ] gcontra[[al]] [[be] ] ’ {al, 1, 4}, {be, 1, 4}]]

6 (k+a'[t]?+alt]a”[t])

a[t]?
Energie-Impuls-Tensor (vollstdndig kontravariante Komponenten)
u={1,0,0,0};

Tcontra = FullSimplify [Table [—P [t] gcontra[ [al] ] [ [be] ] +
(eps[t]+P[t])u[[al]]u[[be]], {al, 1, 4}, {be, 1, 4}]]:

MatrixForm [Tcontra]

eps[t] 0 0 0
0 1-Kx2 f t 0 0
aft]
r2aft]?
0 0 0 Csc[th]?P[t]
r2aft]?

T=Sum [(Tcontra.g)[[mu ]J][[mu ]], {mu , 1, 4}]
eps[t]-3P[t]

T

Einstein - Gleichungen

MatrixForm [RicciTeri

3av[t 0 0 0
alt]
0 _2(K+a’[t]2)+a[t]a”[t] 0 0
1-Kr2
0 0 -r? (2 (K+a’[t]?) +a[t]a” [t]) 0
0 0 0 -r?Sin[th]? (2 (K+a’'[t]?) +a[t]
Tcov =g.Tcontra.qg;
MatrixForm [Tcov]
eps[t] 0 0
0 alt]?p[t 0
1-Kr2
0 0 r?aft]?P[t] 0
0 0 0 r?a([t]?P[t] Sin[th]?
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MatrixForm [FullSimplify [—ka (Tcov-T/2qg) +Lag]]

La-+ka (eps[t]+3P[t]) 0 0
alt]? (2La+kaeps[t]-kaP[t])
0 -2+2Kr? 0
0 0 ->r?a[t]? (2La+kaeps[t]-kaP[t])
1
0 0 0 -7T

Lokale Energieerhaltung

Table[Sum [D[Tcontra[[mu ]][[nu]], g[[mu ]]], {mu , 1, 4}]+
Sum [christ[ [nu]] [[mu ]] [[al]] Tcontra[[mu ]] [[al]] +
christ[[mu ]][[mu ]][[al]]Tcontra[[al]][[null,
{mu , 1, 4}, {a1, 1, 4}], {nu, 1, 4}]

{3eps[t} a’[t] 3P[t]la’[t]
+

+eps’[t], 0,0, o}
alt] alt]

Table[Sum [D[gcontra[[mu ]][[nu]], g[[mu ]]], {mu , 1, 4}]+
sum [christ[[nu]][[mu ]][[al]]gcontra[[mu ]][[al]]+
christ[[mu ]][[mu ]][[al]]gcontra[[al]][[nu]],
{mu , 1,4}, {al, 1, 4}], {nu, 1, 4}]

{0,0,0,0}



