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Abstract—A system of differential equations describing the problem of brachistochrone with allowance for
Coulomb friction forces is derived using the moving-basis method. An exact analytical solution of this system
is obtained in the parametric form; a particular case of this solution in the limit  is transformed into
the equation of classical brachistochrone.
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1. INTRODUCTION
Although the problem of brachistochrone, which

was stated by J. Bernoulli in 1696, has been developed
for more than three centuries and many studies in this
field have been published, an exact analytical solution
to this problem with allowance for the Coulomb fric-
tion force has not been found to the best of our knowl-
edge (see, for example, [1–8]).

The purpose of this Letter is to fill this small gap in
the theory of brachistochrone in a nonideal case in
which the Coulomb friction force is also taken into
account.

We assume that the system under study (a chute +
a sphere rolling over it without slip under gravity) is in
vacuum and the sphere is decelerated only by the force
of interaction with the chute according to the Cou-
lomb law. A schematic of the forces and geometric
statement of the problem are given in Fig. 1.

It should be stated that brachistochrone properties
are generally investigated using four main approaches:
variational calculus principles [1–5], the theory of
optimal control [9], the moving-basis method [10, 11],
and an approach based on the solution of integral
equations [12].

We present a solution of this problem using the mov-
ing-basis method, which is widely used and has been well
approbated when solving a number of problems related to
studying brachistochrone properties ([10, 11]).

PROBLEM SOLUTION
As can be seen in Fig. 1, the equation of motion can

always be written as Newton’s second law:

(1)

where m is the sphere mass, Ffr is the Coulomb friction
force, N is the chute reaction force, and g is the accel-
eration of gravity.

At curvilinear motion, the acceleration is

(2)

where τ – n is the moving basis shown in Fig. 1, R is
the radius of curvature of the motion path, τ is the unit
vector of the tangent directed along the velocity, and n
is the normal vector. From here on, a dot above a vari-

able means time differentiation, i.e., , and it is

assumed that .
Since

(3)

where obtuse angle α(t) belongs to the segment

, with allowance for (2) and (3), Eq. (1) can

be written as

(4)

Having projected this equation to the basis τ – n, we
arrive at the following system of equations:
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Fig. 1. Schematic image of the statement of the problem.
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It follows from the lower equation that the reaction
force is

(6)

When considering brachistochrone, the following
condition should be satisfied (as was demonstrated
in [12]):

(7)

(Note that, if  , the trajectory is a parab-

ola.) Therefore, according to (6), the reaction force is

(8)

Therefore, the friction force is

(9)

This means that system of equations (5), with allow-
ance for (7) and (9), can be written in the form

(10)

Since

(11)

we arrive at the following system (instead of (10)),
which is much simpler:

(12)

Having divided the upper equation by the lower, we
obtain

 = − α 
 

2v cos .N m g
R

= − α
2v cos .g

R

= α
2v cosg

R

= − α ≥2 cos 0.N mg

= μ = − μ αfr 2 cos .F N mg

( )= + α

 = − α

�

2

v sin α 2μ cos ,

v cos .

g

g
R

= α�v ,R

( )= + α
 α = − α

�

�

v sin α 2μ cos ,
v cos .

g
g

= − α − μ
α
v tan 2 .

v
d
d

TECHNICAL PHYSICS LETTERS  Vol. 49  No. 3  202
After elementary integration, we find that

where C1 is the integration constant. Since angle α is
obtuse, we have

(13)
Afterwards, using the equations

we directly obtain

(14)

Since, according to Eqs. (12),

we find with allowance for solution (13) that

(15)

A solution to this equation can be written as

where it is taken into account that . Hence,

(16)

Substituting now (15) and (13) into solution (14), we
obtain

(17)

It follows from the law of conversation of energy

that

(18)
After simple integration, we arrive at the final analyti-
cal solution of the problem of brachistochrone with
allowance for the Coulomb friction force:
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(19)

It follows from solution (19) that, in the ideal-case
limit (where the friction coefficient is ), we
obtain the parametric equation of classical brachisto-
chrone

(20)

The fact that solution (20) describes specifically bra-
chistochrone can easily be verified by calculation of
the time of ball rolling from the upper chute point

(where ) to the lower one (where ).For the

classical brachistochrone, this time is

(21)

Indeed, according to solution (20), we have

Taking into account expression (13), according to
which , we find directly the desired roll-
ing time:

which coincides with (21), as was to be proved.

CONCLUSIONS
(i) Equations of slip-free motion of a ball over a

chute with allowance for the Coulomb friction force
were obtained using the moving-basis method.

(ii) An exact solution of the problem in parametric
form was found for the case of .
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Translated by A. Sin’kov
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