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Chapter 1

Homework 1

1.1 Problem 1

1.1.1 Part a)

Number of objects N 1
Number of Dimensions D 3

Number of translation D.O.F Ntrans = ND 3
Object dimensionality C 0

Number of rotational D.O.F Nrot = 1
2D(D − 1)− 1

2 (D − C)(D − C − 1) 0
Number of constraints M 0

Number of D.O.F f = Ntrans +Nrot −M 3

• Cartesian Coordinates

Since there are 3 D.O.F and no constraints, I will choose X, Y , Z as the
G.Cs. First, focus on getting the potential. Let

R =
(
x̂X + ŷY + ẑZ

)
be the position of the particle relative to the origin O.Let

σ =
(
x̂σx + ŷσy + ẑσz

)
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.

Now, the momentum of the particle is just.

P = m
(
x̂Ẋ + ŷẎ + ẑŻ

)
The angular momentum is about the origin; thus,

Li = εijkXjpk

This is the ith component of the angular momentum given Xj is the jth
component of the position of the particle relative to the origin and pk is
the kth component of the linear momentum of the particle.

Li = mεijkXjẊk

L1 = m
[
X2Ẋ3 −X3Ẋ2

]
We can permute indices in order to get both L2 and L3.

L2 = m
[
X3Ẋ1 −X1Ẋ3

]
L3 = m

[
X1Ẋ2 −X2Ẋ1

]
So, 

Lx = m
[
Y Ż − ZẎ

]
Ly = m

[
ZẊ −XŻ

]
Lz = m

[
XẎ − Y Ẋ

]
Now,

σ · L = σiLi = σiεijkXjpk

Thus, the potential becomes

U = V (X,Y, Z)) +m
(
σx

[
Y Ż −ZẎ

]
+ σy

[
ZẊ −XŻ

]
+ σz

[
XẎ − Y Ẋ

])

U = V (X,Y, Z) +m
(

[σyZ − σzY ]Ẋ + [σzX − σxZ]Ẏ + [σxY − σyX]Ż
)

Now using

Qi = −∂U
∂qj

+
d

dt

(∂U
∂q̇j

)
6
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QX = − ∂V
∂X

+m
[
σzẎ − σyŻ

]
+m

d

dt

(
σyZ − σzY

)
Assuming σ is a constant vector, since it is fixed in space

QX = − ∂V
∂X
−m

[
σzẎ − σyŻ

]
+m

[
σyŻ − σzẎ

]
Permuting indices

QY = −∂V
∂Y
−m

[
σxŻ − σzẊ

]
+m

[
σzẊ − σxŻ

]
QZ = −∂V

∂Z
−m

[
σyẊ − σxẎ

]
+m

[
σxẎ − σyẊ

]
Equivalently

QX = − ∂V
∂X

+ 2m[σ × Ṙ]X

Thus, in cartesian coordinates

Qi = ∂iV + 2mεipqσpẊq

In Vector form

Q = −∇V + 2mσ × Ṙ

• Spherical coordinates

This time choose R, Φ, Θ as the G.Cs and again focus on getting the
potential

R = r̂(Φ,Θ)R

And, choose

σ = ẑσ

From part a)

Q = −∇V + 2mσ × Ṙ

Since V (R) is a function of only R, then from A.9 we know that

−∇V = −R̂
dV

dR

Now,

7
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mσ×Ṙ = mσ
[
Ṙ cos(Φ) sin(Θ)−R sin(Φ)Φ̇ sin(Θ)+R cos(Φ) cos(Θ)Θ̇

]
(ẑ× x̂︸ ︷︷ ︸

ŷ

)

+mσ
[
Ṙ sin(Φ) sin(Θ) +R cos(Φ)Φ̇ sin(Θ) +R sin(Φ) cos(Θ)Θ̇

]
(ẑ× ŷ︸ ︷︷ ︸
−x̂

)

From A.11 and A.10

mσ × Ṙ = mσ
[
Ṙ cos(Φ) sin(Θ)−R sin(Φ)Φ̇ sin(Θ) +R cos(Φ) cos(Θ)Θ̇

]
[
R̂ sin(Φ) sin(Θ) + Φ̂ cos(Φ) + Θ̂ sin(Φ) cos(Θ)

]
+mσ

[
−Ṙ sin(Φ) sin(Θ)−R cos(Φ)Φ̇ sin(Θ)−R sin(Φ) cos(Θ)Θ̇

]
[
R̂ cos(Φ) sin(Θ)− Φ̂ sin(Φ) + Θ̂ cos(Φ) cos(Θ)

]

mσ×Ṙ = mσ
[
−R̂R sin2(Θ)Φ̇+Φ̂

(
Ṙ sin2(Θ)+R sin(Θ) cos(Θ)Θ̇

)
−Θ̂RΦ̇ sin(Θ) cos(Θ)

]
So, we now have

QR = −dV
dR
− 2σmR sin2(Θ)Φ̇

QΦ = 2σmṘ sin(Θ) + 2σmR cos(Θ)Θ̇

QΘ = −2σmRΦ̇ sin(Θ) cos(Θ)

1.1.2 Part b)

We want to show

(1.1) Qj =
∑
i

Fi ·
∂ri
∂qj

is true.
Compare to the expression from cartesian coordinates with σx = σy = 0 and

σz = σ.

Cartesian Spherical

QX = − ∂V
∂X − 2σmẎ QR = −dVdR − 2σmR sin2(Θ)Φ̇

QY = −∂V∂Y + 2σmẊ QΦ = 2σmṘ sin(Θ) + 2σmR cos(Θ)Θ̇

QZ = −∂V∂Z QΘ = −2σmRΦ̇ sin(Θ) cos(Θ)
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Starting with QR

QR =
(
− ∂V

∂X
− 2σmẎ

)∂X
∂R

+
(
− ∂V

∂Y
+ 2σmẊ

)∂Y
∂R

+
(
− ∂V

∂Z

)∂Z
∂R

QR = − ∂V
∂X

∂X

∂R
− 2σmẎ

∂X

∂R
− ∂V

∂Y

∂Y

∂R
+ 2σmẊ

∂Y

∂R
− ∂V

∂Z

∂Z

∂R

QR = −dV
dR
− 2σmẎ

∂X

∂R
+ 2σmẊ

∂Y

∂R

QR = −dV
dR
−2σm

(
Ṙ sin(Φ) sin(Θ)+R cos(Φ) sin(Θ)Φ̇+R sin(Φ) cos(Θ)Θ̇

)∂X
∂R

+2σm
(
Ṙ cos(Φ) sin(Θ)−R sin(Φ) sin(Θ)Φ̇ +R cos(Φ) cos(Θ)Θ̇

)∂Y
∂R

QR = −dV
dR
−2σm

(
Ṙ sin(Φ) sin(Θ)+R cos(Φ) sin(Θ)Φ̇+R sin(Φ) cos(Θ)Θ̇

)(
cos(Φ) sin(Θ)

)
+2σm

(
Ṙ cos(Φ) sin(Θ)−R sin(Φ) sin(Θ)Φ̇+R cos(Φ) cos(Θ)Θ̇

)(
sin(Φ) sin(Θ)

)

(1.2) QR = −dV
dR
− 2σmR sin2(Θ)Φ̇

Continuing with QΦ

QΦ =
(
− ∂V

∂X
− 2σmẎ

)∂X
∂Φ

+
(
− ∂V

∂Y
+ 2σmẊ

)∂Y
∂Φ

+
(
− ∂V

∂Z

)∂Z
∂Φ

QΦ = − ∂V
∂X

∂X

∂Φ
− 2σmẎ

∂X

∂Φ
− ∂V

∂Y

∂Y

∂Φ
+ 2σmẊ

∂Y

∂Φ
− ∂V

∂Z

∂Z

∂Φ

QΦ = −dV
dΦ
− 2σmẎ

∂X

∂Φ
+ 2σmẊ

∂Y

∂Φ
However, since V (R) is independent of Φ, then

QΦ = −2σmẎ
∂X

∂Φ
+ 2σmẊ

∂Y

∂Φ
Now

QΦ = −2σm
(
Ṙ sin(Φ) sin(Θ) +R cos(Φ) sin(Θ)Φ̇ +R sin(Φ) cos(Θ)Θ̇

)∂X
∂Φ

+2σm
(
Ṙ cos(Φ) sin(Θ)−R sin(Φ) sin(Θ)Φ̇ +R cos(Φ) cos(Θ)Θ̇

)∂Y
∂Φ

QΦ = −2σm
(
Ṙ sin(Φ) sin(Θ)+R cos(Φ) sin(Θ)Φ̇+R sin(Φ) cos(Θ)Θ̇

)(
−R sin(Φ) sin(Θ)

)
+2σm

(
Ṙ cos(Φ) sin(Θ)−R sin(Φ) sin(Θ)Φ̇+R cos(Φ) cos(Θ)Θ̇

)(
R cos(Φ) sin(Θ)

)
9
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(1.3) QΦ = 2σmṘ sin2(Θ) + 2σmR sin(Θ) cos(Θ)Θ̇

Finally, QΘ

QΘ =
(
− ∂V

∂X
− 2σmẎ

)∂X
∂Θ

+
(
− ∂V

∂Y
+ 2σmẊ

)∂Y
∂Θ

+
(
− ∂V

∂Z

)∂Z
∂Θ

QΘ = − ∂V
∂X

∂X

∂Θ
− 2σmẎ

∂X

∂Θ
− ∂V

∂Y

∂Y

∂Θ
+ 2σmẊ

∂Y

∂Θ
− ∂V

∂Z

∂Z

∂Θ

QΘ = −dV
dΘ
− 2σmẎ

∂X

∂Θ
+ 2σmẊ

∂Y

∂Θ

However, V (R) does not depend on Θ; thus,

QΘ = −2σmẎ
∂X

∂Θ
+ 2σmẊ

∂Y

∂Θ

Now

QΘ = −2σm
(
Ṙ sin(Φ) sin(Θ) +R cos(Φ) sin(Θ)Φ̇ +R sin(Φ) cos(Θ)Θ̇

)∂X
∂Θ

+2σm
(
Ṙ cos(Φ) sin(Θ)−R sin(Φ) sin(Θ)Φ̇ +R cos(Φ) cos(Θ)Θ̇

)∂Y
∂Θ

QΘ = −2σm
(
Ṙ sin(Φ) sin(Θ)+R cos(Φ) sin(Θ)Φ̇+R sin(Φ) cos(Θ)Θ̇

)(
R cos(Φ) cos(Θ)

)
+2σm

(
Ṙ cos(Φ) sin(Θ)−R sin(Φ) sin(Θ)Φ̇+R cos(Φ) cos(Θ)Θ̇

)(
R sin(Φ) cos(Θ)

)

(1.4) QΘ = −2σmRΦ̇ sin(Θ) cos(Θ)

We can see that 1.1 holds from 1.2, 1.3, and 1.4

1.1.3 Part c)

Next, the kinetic energy.

T = Ttrans + Trot

From A.4

Ttrans =
1

2
mv2 =

1

2
m
(
Ṙ2 +R2 sin2(Θ)φ̇2 +R2Θ̇2

)
Since there are no rotational D.O.F for the particle, then

Trot = 0

10
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Thus,

L =
1

2
m
(
Ṙ2 +R2 sin2(Θ)φ̇2 +R2Θ̇2

)
−V (R)−m

(
[σyZ − σzY ]Ẋ + [σzX − σxZ]Ẏ + [σxY − σyX]Ż

)
More compactly, since σx = σy = 0 and σz = σ.

L =
1

2
m
(
Ṙ2 +R2 sin2(Θ)Φ̇2 +R2Θ̇2

)
− V (R)− σm

(
XẎ − Y Ẋ

)

L =
1

2
m
(
Ṙ2 +R2 sin2(Θ)Φ̇2 +R2Θ̇2

)
− V (R)

−σm
(
R cos(Φ) sin(Θ)

[
Ṙ sin(Φ) sin(Θ) +R cos(Φ) sin(Θ)Φ̇ +R sin(Φ) cos(Θ)Θ̇

]
−R sin(Φ) sin(Θ)

[
Ṙ cos(Φ) sin(Θ)−R sin(Φ) sin(Θ)Φ̇ +R cos(Φ) cos(Θ)Θ̇

])
L =

1

2
m
(
Ṙ2 +R2 sin2(Θ)Φ̇2 +R2Θ̇2

)
− V (R)

−mσ
(
RṘ sin(Φ) cos(Φ) sin2(Θ)+R2 cos2(Φ) sin2(Θ)Φ̇+R2 cos(Φ) sin(Φ) cos(Θ) sin(Θ)Θ̇

−RṘ sin(Φ) cos(Φ) sin2(Θ)+R2 sin2(Φ) sin2(Θ)Φ̇−R2 sin(Φ) cos(Φ) sin(Θ) cos(Θ)Θ̇
)

L =
1

2
m
(
Ṙ2 +R2 sin2(Θ)Φ̇2 +R2Θ̇2

)
− V (R)− σmR2 sin2(Θ)Φ̇

(1.5)
d

dt

( ∂L
∂q̇j

)
− ∂L
∂qj

= 0

For R:

∂L
∂Ṙ

= mṘ

d

dt

(∂L
∂Ṙ

)
= mR̈

∂L
∂R

= mR sin2(Θ)Φ̇2 +mRΘ̇2 − dV

dR
− 2σmR sin2(Θ)Φ̇

(1.6) mR̈−mR sin2(Θ)Φ̇2 −mRΘ̇2 = −dV
dR
− 2σmR sin2(Θ)Φ̇

11
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For Φ

∂L
∂Φ̇

= mR2 sin2(Θ)Φ̇− σmR2 sin2(Θ)

d

dt

(∂L
∂Φ̇

)
= 2mRṘ sin2(Θ)Φ̇ + 2mR2 sin(Θ) cos(Θ)Θ̇Φ̇ +mR2 sin2(Θ)Φ̈

−2σmRṘ sin2(Θ)− 2σmR2 sin(Θ) cos(Θ)Θ̇

∂L
∂Φ

= 0

So,

2mṘ sin2(Θ)Φ̇ + 2mR sin(Θ) cos(Θ)Θ̇Φ̇ +mR sin2(Θ)Φ̈ =

2σmṘ sin2(Θ) + 2σmR sin(Θ) cos(Θ)Θ̇
(1.7)

For Θ

∂L
∂Θ̇

= mR2Θ̇

d

dt

( ∂L
∂Θ̇

)
= 2mRṘΘ̇ +mR2Θ̈

∂L
∂Θ

= mR2 sin(Θ) cos(Θ)Φ̇2 − 2σmR2 sin(Θ) cos(Θ)Φ̇

(1.8) 2mṘΘ̇ +mRΘ̈−mR sin(Θ) cos(Θ)Φ̇2 = −2σmR sin(Θ) cos(Θ)Φ̇

1.2 Problem 2

First consider that there are two particles each in 3 dimensions. Since the
particles are attached by a rod, this is one constraint; however, there is a second
constraint since the center of the rod is constrained to move on a circle of radius
a. Furthermore, the final constraint is that the circle is confined to the x-y
plane. So, there are three constraints.

12
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Number of objects N 2
Number of Dimensions D 3

Number of translation D.O.F Ntrans = ND 6
Object dimensionality C 0

Number of rotational D.O.F Nrot = 1
2D(D − 1)− 1

2 (D − C)(D − C − 1) 0
Number of constraints M 3

Number of D.O.F f = Ntrans +Nrot −M 3

Alternatively, consider a rod (1 dimensional object) whose center is con-
strained to move on a circle of radius a.Furthermore, the circle is confined to
the x-y plane. This rod sits in 3 dimensions and there are two constraints.

Number of objects N 1
Number of Dimensions D 3

Number of translation D.O.F Ntrans = ND 3
Object dimensionality C 1

Number of rotational D.O.F Nrot = 1
2D(D − 1)− 1

2 (D − C)(D − C − 1) 2
Number of constraints M 2

Number of D.O.F f = Ntrans +Nrot −M 3

Let the center of the circle of radius a be the origin. Then choose ψ, θ, φ be
the G.Cs: ψ is the angular displacement of the center of mass around the circle
of radius a. Picturing a sphere with the origin at the center of mass of rod and
of radius l

2 , then θ is the latitudinal angle and φ is the longitudinal angle just
like in spherical coordinates.

T = Ttrans + Trot

From A.4 we know what the velocity on the surface of a sphere with a
constant radius of l

2 is; thus, for the kinetic energy we have:

(1.9) T =
1

2
µa2ψ̇2 +

1

2
(2m

l2

4
)
(

sin2(θ)φ̇2 + θ̇2
)

Where

(1.10) µ =
m2

m+m
=
m

2

So,

(1.11) T =
m

4
a2ψ̇2 +

m

4
l2
(

sin2(θ)φ̇+ θ̇2
)

13
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1.3 Problem 3

Using the E.L equation

d

dt

(∂L
∂ẋ

)
− ∂L

∂x
= 0

∂L

∂ẋ
=
m2ẋ3

3
+ 2mẋV (x)

d

dt

(∂L
∂ẋ

)
= m2ẋ2ẍ+ 2mẍV (x) + 2mẋ2 dV

dx

∂L

∂x
= mẋ2 dV

dx
− 2V (x)

dV

dx

d

dt

(∂L
∂ẋ

)
− ∂L

∂x
= m2ẋ2ẍ+ 2mẍV (x) + 2mẋ2 dV

dx
−mẋ2 dV

dx
+ 2V (x)

dV

dx

= 2mẍ
(1

2
mẋ2 + V (x)

)
+ 2
(1

2
mẋ2 + V (x)

)dV
dx

d

dt

(∂L
∂ẋ

)
− ∂L

∂x
= 2
(
mẍ+

dV

dx

)(1

2
mẋ2 + V (x)

)
= 0

So we can have

(1.12) mẍ+
dV

dx
= 0

or (disjunction)

(1.13)
1

2
mẋ2 + V (x) = 0

Choose equation 1.12 and set 1
2mẋ

2 + V (x) = E where E is some constant;
thus, we have a particle in an inertial frame. Equation 1.12 is just a statement
of newton’s second law with no external forces acting on the particle and

(1.14)
1

2
mẋ2 + V (x) = E

is just the statement of conservation of energy.

14



Chapter 2

Homework 2

2.1 Problem 1

We have a particle of mass m which is constrained to move on a hoop of
radius a; further more, the angular velocity of the hoop is a constant ω. So,
there are two constraints on a point particle

Number of objects N 1
Number of Dimensions D 3

Number of translation D.O.F Ntrans = ND 3
Object dimensionality C 0

Number of rotational D.O.F Nrot = 1
2D(D − 1)− 1

2 (D − C)(D − C − 1) 0
Number of constraints M 2

Number of D.O.F f = Ntrans +Nrot −M 1

Suppose that the pendulum is attached at the origin such that at rest, the
particle rests at the bottom of the hoop. The most appropriate G.C for this
problem is the polar angle from the −z axis, θ where 0 ≤ θ ≤ π

The kinetic energy is

(2.1) T =
1

2
m
[
a2 sin2(θ)ω2 + a2θ̇2

]
The potential energy is

(2.2) U = −mga cos(θ)

Thus, the lagrangian of the system is simply

15
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(2.3) L =
1

2
m
[
a2 sin2(θ)ω2 + a2θ̇2

]
+mga cos(θ)

Now using the Euler-Lagrange Equation for θ

(2.4)
∂L
∂θ̇

= ma2θ̇

(2.5)
d

dt

(∂L
∂θ̇

)
= ma2θ̈

(2.6)
∂L
∂θ

= ma2 sin(θ) cos(θ)ω2 −mga sin(θ)

Thus, the equation of motion for θ is just

(2.7) ma2θ̈ −ma2 sin(θ) cos(θ)ω2 +mga sin(θ) = 0

From (2.7)

(2.8) θ̈ = sin(θ) cos(θ)ω2 − g

a
sin(θ)

We seek a θ(tc) = θc which makes θ̈
∣∣∣
ttc

= 0 other than the trivial solution

of θc = π. Since by hypothesis θc 6= π, then sin(θc) 6= 0.
At time tc (2.8) becomes

(2.9) θ̈
∣∣∣
t=tc

= sin(θc) cos(θc)ω
2 − g

a
sin(θc)

Suppose furthermore that θ̈
∣∣∣
t=tc

= 0, for ω = Kω0 where K > 0 then

sin(θc) cos(θc)(Kω0)2 − g

a
sin(θc) = 0

cos(θc)K
2ω2

0 −
g

a
= 0

(2.10) cos(θc) =
g

K2ω2
0a

Let

(2.11) ω0 =

√
g

a

16
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Now (2.10) becomes

(2.12) cos(θc) =
1

K2

If K < 1, then (2.12) has no solutions; thus, violating the hypothesis that a

solution other than θc = π for θ̈
∣∣∣
t=tc

= 0 exists; however, if K > 1, then (2.12)

has solutions and the exact value of θc depends on the K.

θc = cos−1
( 1

K2

)
2.2 Problem 2

Once the particle of mass m is imparted with angular velocity ω

Number of objects N 1
Number of Dimensions D 2

Number of translation D.O.F Ntrans = ND 2
Object dimensionality C 0

Number of rotational D.O.F Nrot = 1
2D(D − 1)− 1

2 (D − C)(D − C − 1) 0
Number of constraints M 1

Number of D.O.F f = Ntrans +Nrot −M 1

Let the particle be attached at the origin. Choose polar coordinates r and
θ as the 2 generalized coordinates for the particle.

Now from (A.4) with φ̇ = 0

(2.13) T =
1

2
m
(
ṙ2 + r2θ̇2

)

(2.14) U = −mgr cos(θ)

And the holonomic constraint is

(2.15) f(r) = r − l = 0

The forces of constraint Qj are given by

(2.16) Qj =
∑
α

λα
∂fα
∂qj

17
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The lagrangian is

(2.17) L =
1

2
m
(
ṙ2 + r2θ̇2

)
+mgr cos(θ)

For r

(2.18)
∂L
∂ṙ

= mṙ

(2.19)
d

dt

(∂L
∂ṙ

)
= mr̈

(2.20)
∂L
∂r

= mrθ̇2 +mg cos(θ)

(2.21) Qr = λ
∂f

∂r
= λ

(2.22) mr̈ −mrθ̇2 −mg cos(θ) = λ

For θ

(2.23)
∂L
∂θ̇

= mr2θ̇

(2.24)
d

dt

(∂L
∂θ̇

)
= 2mrṙθ̇ +mr2θ̈

(2.25)
∂L
∂θ

= −mgr sin(θ)

(2.26) Qθ = λ
∂f

∂θ
= 0

(2.27) 2mrṙθ̇ +mr2θ̈ +mgr sin(θ) = 0

18



Homework Adam Aker 2019-09-23

Apply the contraint (2.15) to (2.27)

(2.28) ml2θ̈ +mgl sin(θ) = 0

Now multiply both sides by θ̇

θ̈θ̇ +
g

l
sin(θ)θ̇ = 0

1

2

d

dt

(
θ̇2
)
− g

l

d

dt

(
cos(θ)

)
= 0

Upon integration

(2.29)
1

2
θ̇2 − g

l
cos(θ) = C

Where C is a constant. At t = 0, θ = 0 and θ̇0 = ω; thus,

(2.30)
1

2
ω2 − g

l
= C

(2.31) θ̇2 = ω2 +
2g

l

[
cos(θ)− 1

]
Using (2.15) and (2.31) in (2.22)

(2.32) −ml
[
ω2 +

2g

l

(
cos(θ)− 1

)]
−mg cos(θ) = λ

(2.33) −mlω2 −mg
[
3 cos(θ)− 2

]
= λ

Now, in order for the string to go slack, the tension in the string needs to
be 0; thus, we require λ = 0 (The tension pushes rather than pulls). This will
occur when

3 cos(θ)− 2 = − lω
2

g

cos(θ) =
2

3
− lω2

3g

(2.34) θs(ω) = cos−1
(2

3
− lω2

3g

)
Above θs, the string will be slack and the constraint will no longer apply.

Suppose λ > 0, then we would need.
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(2.35) θ > cos−1
(2

3
− lω2

3g

)

However, we must also have θ < π due to the restriction on cos−1(x); thus,

(2.36) cos−1
(2

3
− lω2

3g

)
< θ < π

Based on (2.36) and the symmetry in the plane of rotation, if

(2.37) ω >

√
5g

l

then the particle will just rotate around the point of attachement. Thus, for
the string to go slack we must have

(2.38) 0 < ω <

√
5g

l

if ω < 0, then we will just be kicking the particle in the opposite direction;
thus, (2.38) gives the allowed values for ω in order for a slack string to occur
for some range of values for θ above θs(ω). Finally, plugging in the bounds on
ω into (2.34)

(2.39) cos−1
(2

3

)
< θs(ω) < π
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2.3 Problem 3

2.3.1 Part a)

Number of objects N 1
Number of Dimensions D 2

Number of translation D.O.F Ntrans = ND 2
Object dimensionality C 0

Number of rotational D.O.F Nrot = 1
2D(D − 1)− 1

2 (D − C)(D − C − 1) 0
Number of constraints M 0

Number of D.O.F f = Ntrans +Nrot −M 2

Choose G.Cs x′, y′ as G.Cs. Now θ = ωt is the angle between the x-axis
and the rail containing the cart; furthermore, let x′ be the length of the spring
of the attached from the origin to the cart and y′ be the length of the sping
attach from the cart to the particle. The prime coordinates are the G.Cs in the
rotating frame.

The position vector of the particle in the rotating frame is

(2.40) r = x′x̂′ + y′ŷ′
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The primed frame is rotating clock-wise relative to the lab frame; thus,

(2.41) x̂′ = cos(ωt)x̂− sin(ωt)ŷ

(2.42) ŷ′ = sin(ωt)x̂ + cos(ωt)ŷ

So

(2.43) r = (x′ cos(θ) + y′ sin(θ))x̂ + (y′ cos(θ)− x′ sin(θ))ŷ

Differentiating (2.43) with respect to time

ṙ =
(
ẋ′ cos(θ)− x′ sin(θ)θ̇ + ẏ′ sin(θ) + y′ cos(θ)θ̇

)
x̂

+
(
ẏ′ cos(θ)− y′ sin(θ)θ̇ − ẋ′ sin(θ)− x′ cos(θ)θ̇

)
ŷ
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ṙ · ṙ = ẋ′2 cos2(θ) + x′2 sin2(θ)θ̇2 + ẏ′2 sin2(θ) + y′2 cos2(θ)θ̇2

−2ẋ′x′ cos(θ) sin(θ)θ̇ + 2ẋ′ẏ′ cos(θ) sin(θ) + 2ẋ′y′ cos2(θ)θ̇

−2x′ẏ′ sin2(θ)θ̇ − 2x′y′ cos(θ) sin(θ)θ̇2

+2ẏ′y′ cos(θ) sin(θ)θ̇

+ẏ′2 cos2(θ) + y′2 sin2(θ)θ̇2 + ẋ′2 sin2(θ) + x′2 cos2(θ)θ̇2

−2ẏ′y′ cos(θ) sin(θ)θ̇ − 2ẏ′ẋ′ cos(θ) sin(θ)− 2ẏ′x′ cos2(θ)θ̇

+2y′ẋ′ sin2(θ)θ̇ + 2y′x′ cos(θ) sin(θ)θ̇2

+2ẋ′x′ cos(θ) sin(θ)θ̇

(2.44) ṙ·ṙ = ẋ′2+ẏ′2+(x′2+y′2)θ̇2+2ẋ′y′θ̇−2x′ẏ′θ̇+2(ẏ′y′+ẋ′x′) cos(θ) sin(θ)θ̇

Thus, the kinetic energy is

T =
1

2
m
(
ẋ′2 + ẏ′2 + (x′2 + y′2)ω2

)
+

1

2
m
(
ω(ẏ′y′ + ẋ′x′) sin(2ωt)

)
+mω

(
ẋ′y′ − x′ẏ′

)(2.45)

Now let r0 = x′0x̂
′, then

(2.46) r0 = x′0

(
cos(θ)x̂− sin(θ)ŷ

)
So

(2.47) r− r0 = ((x′ − x′0) cos(θ) + y′ sin(θ))x̂ + (y′ cos(θ)− (x′ − x′0) sin(θ))ŷ

(2.48) (r− r0) · (r− r0) = (x′ − x′0)2 + y′2

The potential is

(2.49) U =
1

2
mΩ2

(
(x′ − x′0)2 + y′2

)
Thus, the lagrangian in this frame is

L =
1

2
m
(
ẋ′2 + ẏ′2 + (x′2 + y′2)ω2 + ω(ẏ′y′ + ẋ′x′) sin(2ωt)

)
+mω

(
ẋ′y′ − x′ẏ′

)
− 1

2
mΩ2

(
(x′ − x′0)2 + y′2

)(2.50)

Furthermore, the total energy is

E =
1

2
m
(
ẋ′2 + ẏ′2 + (x′2 + y′2)ω2 + ω(ẏ′y′ + ẋ′x′) sin(2ωt)

)
+mω

(
ẋ′y′ − x′ẏ′

)
+

1

2
mΩ2

(
(x′ − x′0)2 + y′2

)(2.51)

From (2.51), it is evident that the total energy is not conserved since dE
dt 6= 0
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2.3.2 Part b)

Now for h

h =
[
mẋ′+ωx′ sin(2ωt)+mωy′

]
ẋ′+

[
mẏ′+ωy′ sin(2ωt)−mωx′

]
ẏ′−1

2
m(x′2+y′2)ω2

−1

2
m
(
ẋ′2+ẏ′2+(x′2+y′2)ω2+ω(ẏ′y′+ẋ′x′) sin(2ωt)

)
−mω

(
ẋ′y′−x′ẏ′

)
+

1

2
mΩ2

(
(x′−x′0)2+y′2

)

h =
1

2
m
(
ẋ′2 + ẏ′2

)
+

1

2
mΩ2

(
(x′ − x′0)2 + y′2

)
−1

2
m(x′2 + y′2)ω2 +

1

2
mω(ẏ′y′ + ẋ′x′) sin(2ωt)

(2.52)

From (2.50) the lagrangian does explicitly depend on time; thus, h is not
conserved.

We can also see upon comparing (2.52) to (2.51) that h is not the total
energy.

2.3.3 Part c)

Now the position vector in the fixed frame is

(2.53) r = xx̂ + yŷ

Where

(2.54) x = x′ cos(ωt) + y′ cos
(
ωt+

π

2

)

(2.55) y = x′ sin(ωt) + y′ sin
(
ωt+

π

2

)
So

(2.56) x = x′ cos(ωt)− y′ sin(ωt)

(2.57) y = x′ sin(ωt) + y′ cos(ωt)

Taking the time derivatives of (2.56) and (2.57)

(2.58) ẋ = ẋ′ cos(ωt)− x′ sin(ωt)ω − ẏ′ sin(ωt)− y′ cos(ωt)ω

(2.59) ẏ = ẋ′ sin(ωt) + x′ cos(ωt)ω + ẏ′ cos(ωt)− y′ sin(ωt)ω
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Squaring the velocities

ẋ2 = ẋ′
2

cos2(ωt) + x′2 sin2(ωt)ω2 + ẏ′
2

sin2(ωt) + y′2 cos2(ωt)ω2

−2ẋ′x′ cos(ωt) sin(ωt)ω − 2ẋ′ẏ′ cos(ωt) sin(θ)− 2Ṙr cos2(θ)θ̇

+2x′ẏ′ sin2(ωt)ω̇t+ 2x′y′ cos(ωt) sin(ωt)ω2

+2ẏ′y′ cos(ωt) sin(ωt)ω

ẏ2 = ẋ′
2

sin2(ωt) + x′2 cos2(ωt)ω2 + ẏ′
2

cos2(ωt) + y′2 sin2(ωt)ω2

+2ẋ′x′ cos(ωt) sin(ωt)ω + 2ẋ′ẏ′ cos(ωt) sin(ω)− 2ẋ′y′ sin2(ωt)ω

+2x′ẏ′ cos2(ωt)ω − 2x′y′ cos(ωt) sin(ωt)ω2

−2ẏ′y′ cos(ωt) sin(ωt)ω

Thus

(2.60) T =
1

2
m
(
ẋ′

2
+ ẏ′

2
+ (x′2 + y′2)ω2

)
+m

(
x′ẏ′ω − ẋ′y′ω

)
The potential energy is simply

(2.61) U =
1

2
mΩ2

(
(x′ − x′0)2 + y′2

)
Where

(2.62) mΩ2 = k

The Lagrangian is

L =
1

2
m
(
ẋ′

2
+ ẏ′

2
+ (x′2 + y′2)ω2

)
+mω

(
x′ẏ′ − ẋ′y′

)
− 1

2
mΩ2

(
(x′ − x′0)2 + y′2

)(2.63)

The total energy of the system is just

E′ =
1

2
m
(
ẋ′

2
+ ẏ′

2
+ (x′2 + y′2)ω2

)
+mω

(
x′ẏ′ − ẋ′y′

)
+

1

2
mΩ2

(
(x′ − x′0)2 + y′2

)(2.64)

Now, the energy function is

(2.65) h′ =
∑
j

∂L
∂q̇j

q̇j − L

So

h′ =
[
mẋ′ −mωy′

]
ẋ′ +

[
mẏ′ +mωx′

]
ẏ′

−1

2
m
(
ẋ′

2
+ ẏ′

2
+ (x′2 + y′2)ω2

)
−mω

(
x′ẏ′ − ẋ′y′

)
+

1

2
mΩ2

(
(x′ − x′0)2 + y′2

)
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(2.66) h′ =
1

2
m
(
ẋ′

2
+ ẏ′

2
)

+
1

2
mΩ2

(
(x′ − x′0)2 + y′2

)
− 1

2
m(x′2 + y′2)ω2

From (2.63) notice that ∂L
∂t = 0; thus h′ is conservered. However we see that

(2.64) and (2.66) are different; thus, h′ is not the total energy of the system.

Furthermore, notice that h and h′ are related via:

(2.67) h = h′ +
1

2
mω
(
ẏ′y′ + ẋ′x′

)
sin(2ωt)
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Chapter 3

Homework 3

3.1 Problem 1

3.1.1 Part a)

Number of objects N 2
Number of Dimensions D 2

Number of translation D.O.F Ntrans = ND 4
Object dimensionality C 1

Number of rotational D.O.F Nrot = N
2 D(D − 1)− N

2 (D − C)(D − C − 1) 2
Number of constraints M 5

Number of D.O.F f = Ntrans +Nrot −M 1

Let θ be the angle between the y-axis and one of the rods

(3.1) T =
1

2

(
ml2

)
θ̇2

(3.2) U = mgl cos(θ)

(3.3) ml2θ̈ +mgl sin(θ) = 0
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(3.4) ml2θ̈θ̇ −mgl sin(θ)θ̇ = 0

(3.5)
ml2

2

d

dt

(
θ̇2
)

+mgl
d

dt

(
cos(θ)

)
= 0

(3.6)
ml2

2
θ̇2 +mgl cos(θ) = C

Initially, θ(0) = π
3 and θ̇

∣∣∣
t=0

= 0; thus,

(3.7)
mgl

2
= C

Now,

(3.8)
ml2

2
θ̇2 +mgl cos(θ) =

mgl

2

When the rods hit the ground at tf , then θ(tf ) = π
2 ; thus,

(3.9)
ml2

2

[
θ̇
∣∣∣
t=tf

]2
=
mgl

2

(3.10)
[
θ̇
∣∣∣
t=tf

]2
=
g

l

So the final velocity of the hinge will be

(3.11) vf = l

√
g

l
=
√
gl

3.1.2 Part b)

4θ = ω0t+
1

2
αt2

ω2 = ω2
0 + 2α4θ

(3.12)

Since ω0 = 0

4θ =
1

2
αt2

ω2 = 2α4θ
(3.13)
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(3.14)
ω2

2α
=
αt2

2

(3.15) ω2 = α2t2

From (3.3)

(3.16) θ̈
∣∣∣
t=tf

+
g

l
sin
(π

2

)
= 0

(3.17) θ̈
∣∣∣
t=tf

= −g
l

Now

(3.18) t2 =
(ω
α

)2

(3.19) t2 =
g

l

(
− l

g

)2

(3.20) t =

√
l

g

3.2 Problem 2

3.2.1 Part a)

Number of objects N 1
Number of Dimensions D 3

Number of translation D.O.F Ntrans = ND 3
Object dimensionality C 3

Number of rotational D.O.F Nrot = N
2 D(D − 1)− N

2 (D − C)(D − C − 1) 3
Number of constraints M 3

Number of D.O.F f = Ntrans +Nrot −M 3
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There are 3 constraints: we require that vfixed = 0 which means that
0 = vbody +ω × r at the point of the sphere which has contact with the plane.

Let X, Y , and Z be the center of mass coordinates of the sphere with radius
R; furthermore, let θ, φ, and ψ be the respective rotations about the ê3, ρ̂1,
and ê′3 axes. Now, from (A.28) for ω

vbody = Ẋx̂ + Ẏ ŷ + Żẑ

ω =
(
φ̇ cos(θ)− ψ̇ sin(φ) sin(θ)

)
x̂ +

(
φ̇ sin(θ) + ψ̇ sin(φ) cos(θ)

)
ŷ +

(
θ̇ + ψ̇ cos(φ)

)
ẑ

r = Rẑ

(3.21)

0 = Ẋ +R
(
φ̇ sin(θ) + ψ̇ sin(φ) cos(θ)

)
0 = Ẏ −R

(
φ̇ cos(θ)− ψ̇ sin(φ) sin(θ)

)
0 = Ż +

(
0
)(3.22)

ψ0 is some constant.

Clearly, (3.22) are non-holonomic since we can’t write them them as fα(qj) =
0

3.2.2 Part b)

(3.23) Ttrans =
1

2
M
(
Ẋ2 + Ẏ 2 + Ż2

)

(3.24) Trot =
1

2

(
ωT Iω

)
From (A.43) we have that I = 2

5MR21; thus, the rotational kinetice energy
is just

(3.25) Trot =
MR2

5
ω2

From (A.22)

(3.26) Trot =
MR2

5

(
θ̇2 + φ̇2 + ψ̇2 + 2ψ̇φ̇ cos(φ)

)
So the kinetic energy is just

(3.27) T =
1

2
M
(
Ẋ2 + Ẏ 2 + Ż2

)
+
MR2

5

(
θ̇2 + φ̇2 + ψ̇2 + 2ψ̇θ̇ cos(φ)

)
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The potential energy of the sphere is just

(3.28) U = MgZ

Thus, the lagrangian is simply

(3.29) L =
1

2
M
(
Ẋ2 + Ẏ 2 + Ż2

)
+
MR2

5

(
θ̇2 + φ̇2 + ψ̇2 + 2ψ̇θ̇ cos(φ)

)
−MgZ

From Goldstein (2.25) and (2.27) respectively

fα =

n∑
k=1

aαkq̇k + a0

d

dt

( ∂L
∂q̇j

)
− ∂L
∂qj

= −
m∑
α=1

µα(t)
∂fα
∂q̇j

(3.30)

For X:

(3.31) MẌ = −µ1(t)

For Y :

(3.32) MŸ = −µ2(t)

For Z:

(3.33) MZ̈ +Mg = −µ3(t)

For θ:

(3.34)
2MR2

5

(
θ̈ + ψ̈ cos(φ)− ψ̇ sin(φ)φ̇

)
= 0

For φ:

(3.35)
2MR2

5

(
φ̈+ ψ̇θ̇ sin(φ)

)
= −R

[
µ1(t) sin(θ)− µ2(t) cos(θ)

]
For ψ:

(3.36)
2MR2

5

(
ψ̈ + θ̈ cos(φ)− θ̇ sin(φ)φ̇

)
= −R sin(φ)

[
µ1(t) cos(θ)− µ2(t) sin(θ)

]
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From (3.33) we can see that

(3.37)
2MR2

5

(
θ̇ + ψ̇ cos(φ)

)
= const

3.3 Problem 3

3.3.1 Part a)

For a symmetric top

(3.38) I1 = I2 6= I3

Using the body frame, the kinetic energy is using φ, θ, and ψ as the 3 Euler
angles.

(3.39) T =
1

2
I1

(
θ̇2 + φ̇2 sin2(θ)

)
+

1

2
I3(ψ̇ + φ̇ cos(θ))2

The potential energy is

(3.40) V = ωl · L

(3.41) L = Iω

where I is the inertia tensor: in the body frame

(3.42) I =

I1 0 0
0 I2 0
0 0 I3


So, using ω in the body frame:
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L = I1ê
′
1

(
φ̇ sin(θ) sin(ψ) + θ̇ cos(ψ)

)
+I2ê

′
2

(
φ̇ sin(θ) cos(ψ)− θ̇ sin(ψ)

)
+I3ê

′
3

(
ψ̇ + φ̇ cos(θ)

)(3.43)

Since I1 = I2

L = I1ê
′
1

(
φ̇ sin(θ) sin(ψ) + θ̇ cos(ψ)

)
I1ê
′
2

(
φ̇ sin(θ) cos(ψ)− θ̇ sin(ψ)

)
+I3ê

′
3

(
ψ̇ + φ̇ cos(θ)

)(3.44)

(3.45) ωl = −γB

Suppose that B is oriented along the fixed z axis

(3.46) B = Bêz

expressed in the body frame.

(3.47) B = B
(

sin(θ) sin(ψ)
)
ê′1 +B

(
sin(θ) cos(ψ)

)
ê′2 +B cos(θ)ê′3

Now the potential energy is simply

V = −γB · L

V = −γB
(
I1φ̇ sin2(θ) + I3 cos(θ)

(
ψ̇ + φ̇ cos(θ)

))(3.48)

So the Lagrangian is just

L =
1

2
I1

(
θ̇2 + φ̇2 sin2(θ)

)
+

1

2
I3(ψ̇ + φ̇ cos(θ))2

+γB
(
I1φ̇ sin2(θ) + I3 cos(θ)

(
ψ̇ + φ̇ cos(θ)

))(3.49)

Since φ and ψ are not present in the lagrangian: they are cyclic coordinates;
thus, there are two conserved quantitities

For φ

I1φ̇ sin2(θ) + I3(ψ̇ + φ̇ cos(θ)) cos(θ)

+γB
(
I1 sin2(θ) + I3 cos2(θ)

)
= I1b

where b is a constant

(3.50)
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For ψ

I3(ψ̇ + φ̇ cos(θ)) + γBI3 cos(θ) = I1a

where a is a constant
(3.51)

Solving for φ̇

(3.52) I1φ̇ sin2(θ) + γBI1 sin2(θ) = I1(b− a cos(θ))

(3.53) φ̇ =
b− a cos(θ)− γB sin2(θ)

sin2(θ)

And ψ̇

(3.54) ψ̇ =
I1a

I3
−
[b− a cos(θ)− γB sin2(θ)

sin2(θ)
+ γB

]
cos(θ)

From (3.48)

(3.55) V = −γB
(
I1

[
b− a cos(θ)− γB sin2(θ)

]
+ I1a cos(θ)− γI3B cos2(θ)

)

(3.56) V = −γB
(
I1

[
b− γB sin2(θ)

]
− γI3B cos2(θ)

)

(3.57) V = −γBI1b+ γ2I1B
2 sin2(θ) + γ2I3B

2 cos2(θ)

(3.58) V = −γBI1b+ γ2I1B
2 + γ2(I3 − I1)B2 cos2(θ)

Now making the same substitutions into the kinetic energy:

(3.59) T =
1

2
I1

(
θ̇2 +

[b− a cos(θ)

sin2(θ)
− γB

]2
sin2(θ)

)
+

1

2
I3

(I1a
I3
− γB cos(θ)

)2

(3.60)

T =
1

2
I1

(
θ̇2+

(b− a cos(θ))2

sin2(θ)
−bγB+γ2B2 sin2(θ)

)
+

1

2
I3

(I2
1a

2

I2
3

+γ2B2 cos2(θ)
)

(3.61)

T =
1

2

I2
1a

2

I3
+

1

2
I1γ

2B2−1

2
I1bγB+

1

2
I1θ̇

2+
I1γB(b− a cos(θ))2

2 sin2(θ)
+

1

2
γ2(13−I1)B2 cos2(θ)
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Since we have constant terms in both T and V we can redefine the kinetic
and potential energies as

(3.62) V ′ = γ2B2(I3 − I1) cos2(θ)

and

(3.63) T ′ =
1

2
I1θ̇

2 +
I1γB(b− a cos(θ))2

sin2(θ)
+

1

2
γ2B2(I3 − I1) cos2(θ)

L′ = T ′ − V ′

L′ =
1

2
I1θ̇

2 +
I1γB(b− a cos(θ))2

sin2(θ)
+

3

2
γ2B2(I3 − I1) cos2(θ)

(3.64)

For θ

(3.65)

I1θ̈−
2I1γBa(b− a cos(θ)) sin2(θ)− 2I1γB(b− a cos(θ))2

sin3(θ)
+3γ2B2(I3−I1) cos(θ) sin(θ) = 0

Taking the full time derivative of the kinetic energy because we wish to show
that T ′ is a constant.

dT ′

dt
=
∂T ′

∂θ̇
θ̈ +

∂T ′

∂θ
θ̇ +

∂T ′

∂t[
I1θ̈ −

2I1γBa(b− a cos(θ)) sin2(θ)− 2I1γB(b− a cos(θ))2

sin3(θ)
+ γ2B2(I3 − I1) cos(θ) sin(θ)

]
θ̇ = 0

(3.66)

From (3.65) we can add subtract 2γ2B2(I3− I1) cos(θ) sin(θ) to (3.66), then

(3.67)
[
− 2γ2B2(I3 − I1) cos(θ) sin(θ)

]
θ̇ = 0

3.3.2 Part b)
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Appendix A

Appendix

A.1 Spherical Coordinates

A.1.1 Velocity in Spherical Coordinates
x = r cos(φ) sin(θ)

y = r sin(φ) sin(θ)

z = r cos(θ)

So

(A.1) ẋ = ṙ cos(φ) sin(θ)− r sin(φ)φ̇ sin(θ) + r cos(φ) cos(θ)θ̇

(A.2) ẏ = ṙ sin(φ) sin(θ) + r cos(φ)φ̇ sin(θ) + r sin(φ) cos(θ)θ̇

(A.3) ż = ṙ cos(θ)− r sin(θ)θ̇

A.1.2 Square of Velocity in Spherical Coordinates

ẋ2 = ṙ2 cos2(φ) sin2(θ) + r2 sin2(φ)φ̇2 sin2(θ) + r2 cos2(φ) cos2(θ)θ̇2

−2ṙ cos(φ) sin(θ)r sin(φ)φ̇ sin(θ) + 2ṙ cos(φ) sin(θ)r cos(φ) cos(θ)θ̇

−2r sin(φ)φ̇ sin(θ)r cos(φ) cos(θ)θ̇

ẏ2 = ṙ2 sin2(φ) sin2(θ) + r2 cos2(φ)φ̇2 sin2(θ) + r2 sin2(φ) cos2(θ)θ̇2

+2ṙ sin(φ) sin(θ)r cos(φ)φ̇ sin(θ) + 2ṙ sin(φ) sin(θ)r sin(φ) cos(θ)θ̇

+2r cos(φ)φ̇ sin(θ)r sin(φ) cos(θ)θ̇

ż2 = ṙ2 cos2(θ) + r2 sin2(θ)θ̇2 − 2ṙ cos(θ)r sin(θ)θ̇

ẋ2 + ẏ2 + ż2 = ṙ2 sin2(θ) + r2 sin2(θ)φ̇2 + r2 cos2(θ)θ̇2

+ṙ2 cos2(θ) + r2 sin2(θ)θ̇2

2ṙ cos2(φ) sin(θ)r cos(θ)θ̇ + 2ṙ sin2(φ) sin(θ)r cos(θ)θ̇ − 2ṙ cos(θ)r sin(θ)θ̇

(A.4) ẋ2 + ẏ2 + ż2 = ṙ2 + r2 sin2(θ)φ̇2 + r2θ̇2
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A.1.3 Time Derivative of the Position Vector in Spherical
Coordinates

R = Rr̂(Φ,Θ)

Ṙ = Ṙr̂ +R
[ ∂r̂

∂Φ
Φ̇ +

∂r̂

∂Θ
Θ̇
]

Now
r̂ = x̂ cos(Φ) sin(Θ) + ŷ sin(Φ) sin(Θ) + ẑ cos(Θ)

∂r̂

∂Φ
= −x̂ sin(Φ) sin(Θ) + ŷ cos(Φ) sin(Θ)

∣∣∣ ∂r̂

∂Φ

∣∣∣ = sin(Θ)

So,
1

sin(Θ)

∂r̂

∂Φ
= φ̂

∂r̂

∂Θ
= x̂ cos(Φ) cos(Θ) + ŷ sin(Φ) cos(Θ)− ẑ sin(Θ)

∣∣∣ ∂r̂

∂Θ

∣∣∣ = 1

∂r̂

∂Θ
= θ̂

Thus,

(A.5) Ṙ = r̂Ṙ+ φ̂R sin(Θ)Φ̇ + θ̂RΘ̇

A.1.4 Gradient in Spherical Coordinates

∇f =

N∑
i=1

1

hi

∂r

∂qi︸ ︷︷ ︸
êi

∂f

∂qi

∂r

∂r
= x̂ cos(φ) sin(θ) + ŷ sin(φ) sin(θ) + ẑ cos(θ)

hr =
∣∣∣∂r

∂r

∣∣∣ = 1

So,

(A.6) êr = x̂ cos(φ) sin(θ) + ŷ sin(φ) sin(θ) + ẑ cos(θ)

∂r

∂φ
= −x̂r sin(φ) sin(θ) + ŷr cos(φ) sin(θ)
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hφ =
∣∣∣ ∂r

∂φ

∣∣∣ = r sin(θ)

(A.7) êφ = −x̂ sin(φ) + ŷ cos(φ)

∂r

∂θ
= x̂r cos(φ) cos(θ) + ŷr sin(φ) cos(θ)− ẑr sin(θ)

hθ =
∣∣∣∂r

∂θ

∣∣∣ = r

(A.8) êθ = x̂ cos(φ) cos(θ) + ŷ sin(φ) cos(θ)− ẑ sin(θ)

Thus, in spherical coordinates

(A.9) ∇f = êr
∂f

∂r
+

êφ
r sin(θ)

∂f

∂φ
+

êθ
r

∂f

∂θ

A.1.5 Relation between Spherical and Cartesianêr
êφ
êθ

 =

cos(φ) sin(θ) sin(φ) sin(θ) cos(θ)
− sin(φ) cos(φ) 0

cos(φ) cos(θ) sin(φ) cos(θ) − sin(θ)

x̂
ŷ
ẑ


cos(φ) sin(θ) − sin(φ) cos(φ) cos(θ)

sin(φ) sin(θ) cos(φ) sin(φ) cos(θ)
cos(θ) 0 − sin(θ)

êr
êφ
êθ

 =

x̂
ŷ
ẑ



(A.10) x̂ = êr cos(φ) sin(θ)− êφ sin(φ) + êθ cos(φ) cos(θ)

(A.11) ŷ = êr sin(φ) sin(θ) + êφ cos(φ) + êθ sin(φ) cos(θ)

(A.12) ẑ = êr cos(θ)− êθ sin(θ)

A.2 Euler Angles

Suppose θ is the rotation about the ê3, φ is the rotation about the ρ̂1 axis, and
ψ is the rotatation about the ρ̂′3
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A.2.1 Angular Velocity in the body frame

Now

(A.13) ω = θ̇ê3 + φ̇ρ̂1 + ψ̇ρ̂′3

Body Frame
Between the fixed frame and the ρ frame.

ê1 = cos(θ)ρ̂1 − sin(θ)ρ̂2

ê2 = sin(θ)ρ̂1 + cos(θ)ρ̂2

ê3 = ρ̂3

(A.14)

Thus,

(A.15) ω = θ̇ρ̂3 + φ̇ρ̂1 + ψ̇ρ̂′3

Between the ρ frame and the ρ′ frame

ρ̂1 = ρ̂′1

ρ̂2 = cos(φ)ρ̂′2 − sin(φ)ρ̂′3

ρ̂3 = sin(φ)ρ̂′2 + cos(φ)ρ̂′3

(A.16)

So,

(A.17) ω = θ̇
(

sin(φ)ρ̂′2 + cos(φ)ρ̂′3

)
+ φ̇ρ̂′1 + ψ̇ρ̂′3

Or Equivalently

(A.18) ω = θ̇ sin(φ)ρ̂′2 + φ̇ρ̂′1 +
(
ψ̇ + θ̇ cos(φ)

)
ρ̂′3

Between the ρ′ frame and the body frame

ρ̂′1 = cos(ψ)ê′1 − sin(ψ)ê′2

ρ̂′2 = sin(ψ)ê′1 + cos(ψ)ê′2

ρ̂′3 = ê′3

(A.19)

(A.20)

ω = θ̇ sin(φ)
(

sin(ψ)ê′1+cos(ψ)ê′2

)
+φ̇
(

cos(ψ)ê′1−sin(ψ)ê′2

)
+
(
ψ̇+ θ̇ cos(φ)

)
ρ̂′3

Or Equivalently

(A.21)

ω =
(
θ̇ sin(φ) sin(ψ)+φ̇ cos(ψ)

)
ê′1+

(
θ̇ sin(φ) cos(ψ)−φ̇ sin(ψ)

)
ê′2+

(
ψ̇+θ̇ cos(φ)

)
ê′3
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Angular velocity squared in the body frame

(A.22) ω2 = θ̇2 + φ̇2 + ψ̇2 + 2ψ̇θ̇ cos(φ)

A.3 Angular velocity in the fixed frame

(A.23) ω = θ̇ê3 + φ̇ρ̂1 + ψ̇ρ̂′3

Between the ρ′ and ρ frames

ρ̂′1 = ρ̂1

ρ̂′2 = cos(φ)ρ̂2 − sin(φ)ρ̂3

ρ̂′3 = sin(φ)ρ̂2 + cos(φ)ρ̂3

(A.24)

So,

(A.25) ω = θ̇ê3 + φ̇ρ̂1 + ψ̇
(

sin(φ)ρ̂2 + cos(φ)ρ̂3

)
Between the ρ and the fixed frame

ρ̂1 = cos(θ)ê1 + sin(θ)ê2

ρ̂2 = − sin(θ)ê1 + cos(θ)ê2

ρ̂3 = ê3

(A.26)

Now,

(A.27)

ω = θ̇ê3 +φ̇
(

cos(θ)ê1 +sin(θ)ê2

)
+ψ̇ sin(φ)

(
−sin(θ)ê1 +cos(θ)ê2

)
+ψ̇ cos(φ)ê3

Or Equivalently

(A.28)

ω =
(
φ̇ cos(θ)−ψ̇ sin(φ) sin(θ)

)
ê1+

(
φ̇ sin(θ)+ψ̇ sin(φ) cos(θ)

)
ê2+

(
θ̇+ψ̇ cos(φ)

)
ê3

It can be checked that (A.22) holds true for ω in the fixed frame as well.

A.4 Moments of Inertia

The inertia tensor at some point P is given by

Jpq =
∑
k

mk

(
r2
kδpq − xk,pxk,q

)
Jpq =

∫
V

ρ(r)
(
r2δpq − xpxq

)
dτ

(A.29)
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The first is for a discrete set of particles and the latter is the continuous case.

If we wish to get the inertia tensor at the center of mass, then suppose the
separation vector between the center of mass and the original point P is given
by a; thus, by Steiner’s parallel axis theorem.

(A.30) Ipq = Jpq +M
(
a2δpq − apaq

)
For a solid sphere with constant mass density ρ about the center of mass:

(A.31) Ipq = ρ

2π∫
φ=0

π∫
θ=0

R∫
r=0

(
r2δpq − xpxq

)
r2 sin(θ)drdθdφ

When p = q

(A.32) Ixx = ρ

2π∫
φ=0

π∫
θ=0

R∫
r=0

(
r2 − x2

)
r2 sin(θ)drdθdφ

(A.33) Ixx = ρ

2π∫
φ=0

π∫
θ=0

R∫
r=0

(
r2 − (r cos(φ) sin(θ))2

)
r2 sin(θ)drdθdφ

(A.34) Ixx = ρ

2π∫
φ=0

π∫
θ=0

R∫
r=0

(
r4 − r4 cos2(φ) sin2(θ)

)
sin(θ)drdθdφ

(A.35) Ixx =
ρR5

5

2π∫
φ=0

π∫
θ=0

(
sin(θ)− cos2(φ) sin2(θ) sin(θ)

)
dθdφ

(A.36) Ixx =
ρR5

5

2π∫
φ=0

π∫
θ=0

(
sin(θ)− cos2(φ)

(
1− cos2(θ)

)
sin(θ)

)
dθdφ

(A.37) Ixx =
ρR5

5

2π∫
φ=0

π∫
θ=0

((
1− cos2(φ)

)
sin(θ) + cos2(φ) cos2(θ) sin(θ)

)
dθdφ

(A.38) Ixx =
ρR5

5

2π∫
φ=0

π∫
θ=0

(
sin2(φ) sin(θ) + cos2(φ) cos2(θ) sin(θ)

)
dθdφ
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(A.39) Ixx =
ρR5

5

2π∫
φ=0

(
2 sin2(φ) +

2

3
cos2(φ)

)
dφ

(A.40) Ixx =
ρR5

5

(
2π +

2

3
π
)

(A.41) Ixx =
2MR2

5

By symmetry

(A.42) Ixx = Iyy = Izz =
2MR2

5

Next Ixy

(A.43) Ixy = ρ

2π∫
φ=0

π∫
θ=0

R∫
r=0

(
− xy

)
r2 sin(θ)drdθdφ

(A.44) Ixy = ρ

2π∫
φ=0

π∫
θ=0

R∫
r=0

(
− r2 sin2(θ) sin(φ) cos(φ)

)
r2 sin(θ)drdθdφ = 0

Next Ixz

(A.45) Ixz = ρ

2π∫
φ=0

π∫
θ=0

R∫
r=0

(
− xz

)
r2 sin(θ)drdθdφ

(A.46) Ixz = ρ

2π∫
φ=0

π∫
θ=0

R∫
r=0

(
− r2 sin(θ) cos(θ) cos(φ)

)
r2 sin(θ)drdθdφ = 0

Next Iyz

(A.47) Iyz = ρ

2π∫
φ=0

π∫
θ=0

R∫
r=0

(
− yz

)
r2 sin(θ)drdθdφ

(A.48) Iyz = ρ

2π∫
φ=0

π∫
θ=0

R∫
r=0

(
− r2 sin(θ) cos(θ) sin(φ)

)
r2 sin(θ)drdθdφ = 0
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Since Ipq is symmetric, then

(A.49) I = MR2

 2
5 0 0
0 2

5 0
0 0 2

5


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