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1 Deriving Schrodinger’'s Equation of the System
We start with the time-independant Schrodinger equation.
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The Hamiltonian for a proton and electron in a Magnetic Vector Potential Z is given
by:
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We can now introduce the centre of mass
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Since we choose to deal only with homogenious Vector Potentials:
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for the proton. And
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for the electron.
Now let us just focus on the terms involving the x component for a while.
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and analogous for the electron:

0 OR, 0 Ory 0 0 me 0

Or. 01, OR.  0w.0r.  OR, M  0r.

92 <m>2 9 om, 0°
+

022~ OR2\ M ) ~ OR,or, M ' Or2

Now the total Hamiltonian (only considering terms in x) of the system is given by:
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This leaves us with:
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Since the same simplifications can be done with terms due to y and z components, the
Hamiltonian can be simplified to:
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2 Applying degenerate Perturbation Theory

The Hamiltonian of the System can be split into two indepen%ant parts. One is the
term ——V and second are the terms ——Vz eAh V, — ﬁf. It is obvious that
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a Separatlonsansatz can be applied. This Will result in a plane wave for the Centre of
Mass and a solution to the latter part of the Hamiltonian.

To solve this, we notice that it can be expressed as a perturbed Hamiltonian of a Hy-
drogen Atom, where the perturbation part is H' = —eﬁfb V. Thus we now apply Per-

turbation Theory. The general result of Perturbation Theory is:
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Now left-hand multiplying with \I'?,m, and taking the scalar product:
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Because H? is Hermitian the first term on the left cancels with the first term on the
right. This leaves us with:
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Since ¥V is an eigenfunction of the Hydrogen Atom, it can be written as a linear com-
bination of Eigenfunctions \II% of the Hydrogen Atom, where ¢ and j are Quantum

Numbers.
n—1 1
W= 3 a0 1)
i=0 j=—1i
Thus we get:
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Where I’ can vary from 0 to n — 1 and m’ from —I’ to [’
Let us for example say that n = 2. Then direct expansion of the summation yields:
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Since !” varies from 0 to 1 and m/ from —1 to 1, this can be written in matrix notation.
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This is clearly an eigenvalue equation. Therefore the first order correction in the Energy
can be solved by finding the Eigenvalues of the matrix above. In order to do this we

have to find the elements of the matrix by evaluating (qup ’ H' ‘ \IJ?m> However before

we embark on evaluating <\I/8p | H ‘ \I!?m>, we can apply the following extended theorem:

Let A be a hermitian operator that commutes with H® and H'. If ¥9 and \I/?,m, (the
degenerate eigenfunction of H°) are also eigenfunctions of A, with distinct eigenvalues,
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In our case WY is an Eigenfunction for fixed n of the Hamiltonian of the Hydrogen
Atom:
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Where Lilfll_l is an associated Laguerre Polynomial with the Rodrigues formula:
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where P/ is an associated Legendre Polynomial with the Rodrigues formula:
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Moreover for simplicity and without loss of generality we will choose
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One operator which fulfills the conditions of the theorem is the angular momentum
operator in z direction L, = %% with eigenvalue im.Therefore all scalar products

(U9 | H'|®), ) for which m # m’ vanish. Note that this is true for all [ and I’. For
illustration we can now write the simplified matrix for n = 2:
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Note that it might be possible to simplify the matrix even further by eliminating the off
diagonal elements. This would be possible if we could find a hermitian Operator, which
satisfies the condition of the Theorem mentioned above and had distinct eigenvalues in
[. However the author was not able to find such an operator. Now in order to evaluate
the eigenvalues we must calculate <\I/?m | H ‘ \I/?,m>

2.1 Applying the perturbing Hamiltonian

Now we must apply the perturbing Hamiltonian on the wavefunction \I'?mfor a Hydrogen

Atom. - 5 n(d) 9
rq0 _ ehA; 0 sin(¢) 9\ ;o
H \Illm - Z,U/ <COS (¢) ar r a¢> \Ijlm (23)

oy, 0 2\? (n—1-1) ry 2\ ca (20 v
Tor or ¢ <n> ol = 07 ) <n> Fai <n> e

V) s (o) (2) e (2)




: e
r 2r\' o o1 [ 2r
cew (=) () ar (220 (52)

Using the derivative formula for Associated Laguerre Polynomials!
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Introducing x; = \/(1)3 (n—=1-1)!
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Now we evaluate
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Using the derivative formula with respect to the polar angle ¢ for Spherical Harmonics
for positive m:
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These two equations can be combined into one equation:
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Introducing ™ = /(I £ m + 1)(I F m) we get:
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Now we have the perturbing Hamiltonian operating on the wavefunction of the Hydrogen
Atom.
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2.2 Computing the Scalar Product

Now we need to calculate the scalar product <\I/8p | H' ‘ \If?m> Due to the linearity this
can be split into two scalar products, which can be split further:

(00 | B,y = A <<qup cos (¢) a;’f"> - <q,2p sin (¢)3‘I’?m>> (30)

an r 0¢
We can split the first scalar product into three sub scalar products.
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So substituting into equation (35)
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The integrations with respect to 8 and ¢ are the same as in the first scalar product, so:

- 2”/ Guitio o1 exp (‘> () L2t () Lyt () dr
r=0 na na na na na

2(l j:m)! - -
@+ F m)!(smpwl )? (2 + 5)

> 2 2r o\ 21 % o o
=92 ) 21 (@) _ = = L2l+1 ar L2[+1 (=
W/7:—0 (R () exp (= ) | n-1-1\ 1q ) Fn-i-1\ g o

2(l£m)! o -
+10IF m)!(smp(ﬁz ) <2 + 5)
Now we use? N 2
0
Therefore the second scalar product:
2(l + m)' 2 ™ na\ 2
7T(21+1)(13Fm)!<5z ) ( +2><2> »

(Iil)2l(n —l—=1Dl(n+ l)!(smp(slo

The third scalar product:

2 2\ ! 9
(] ot oo () () w2 () o

- 2 2 2r 2r tto 20+1 2r 20+9 2r
= — /T:O K/lﬁo%,’q eXp _% % Lnofoil na L?’L—l—2 % d,r,

™

(44)

G Bsin(6)cos(8) P (cos(6)) PP (cos(é))ds | e™0e=dg
=0 0=0

The integrations with respect to 8 and ¢ are the same as in the first and second scalar
product, so:

> na\ 2 2 2 2142 o o o
= _92 ) 2 < ) _4r “r L2[+1 T LQH_Q 2r\a (%
7r/r:0 o ()" (5 ) exp (=) — n—t-1 \ oo ) Fnei2 \ g o

2(l £ m)! - -
2+ 1)(F m)!(smp (B™)? (2 + 5) -0

“http://mathworld.wolfram.com/AssociatedLaguerrePolynomial.html

10



The fourth scalar product:
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And finally the fifth and last scalar product:
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2.3 Combining the Integrals
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