1 PROBLEM

1 Problem

Consider a source charge @ located at the origin Py = (0m;0m) of a Cartesian coordinate system

. A test charge ¢

starts at P, = (4m;4m). The charge g can move along one of three possible curves (see Figure [1.1)):

e (: along a straight line from P, to P, = (2m;2m)
e Cy: along a straight line from P, to P> = (6 m;6m)

e C3: along an the arc from P, to P; = (0m;+/8m)

Q

Figure 1.1: The work done in moving a test charge ¢ along three distinct curves.

The task is to determine the minimum work W,,, (Definition [1.1)) you must exert to move ¢ along each of these curves.

Wo =~ [ Falr() - dr(w) = —¢- [ B(r(w)-dr(u)

u=b
u=a
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with r(u) do(u)

du

dy(u)

-d
T

‘)

(1.1)

Note that, to minimize writing effort in the subsequent text z, y, r and dr are used as shorthand for z(u), y(u), r(u)

and dr(u), respectively: z = z(u), y = y(u), r = r(u) dr = dr(u).
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1.1 Solution - The Required Work To Move A Charge g Along the Curve C' 1 PROBLEM

1.1 Solution - The Required Work To Move A Charge ¢ Along the Curve (C}

To calculate the required work using Definition Eto move a charge ¢ along the curve C; from P, to P, as illustrated
in Figure it is necessary to determine the infinitesimal displacement vector dr and the electric force F,(r). First,
the curve C is described by an oriented parametric position vector r, as shown in Equation In this equation

u € R is the parameter that starts at v = 2 and decreases to u = 1.

r:<x,y>:<Uo2m,u~2m> with 1 <u <2 (1.2)

The magnitude of r is:

r=vVel iy =vVu2 - 2m?+u?-2m2=v2-u2-2m?=v2-u-2m=u-v8m (1.3)

The infinitesimal displacement vector dr determined as follows

dr dx dy
au _<du’du> = (2m,2m) (1.4)
Thus,
dx dy
dr _<du - du, Tu -du> = <2m-du,2m-du> =2m-du- <171> (1.5)

Then the electric force F,(r) is

r k k Q-q

k
Fr)=— =% v "  lyomu-2 ith k= 1.
.(T) e S (- VBm)? <u m,u m> with & Ira (1.6)
k-u-2m k-2 k
:u3.83/2m3'<1’1>:u2.8.\/§m2'<1’1>:u2.4.\/gm2'<1a1> (17)
and the work:
u=1 u=1 i
WO“:—/Fpl(r)dr:—/m<1,1>2mdu<171> (18)
u=2 u=2
Tk Tk
m m
— 1L,1Y-{1,1) - du = du 1.9
/u24\/§m2<><> /2u24\/§m2 (1.9)
u=1 k 4 u=1 k k u:ll
:—/%m~du=—/7-du:—7- — -du (1.10)
J u2-4-4/8m?2 J, u2-+/8m 8m 72U
_k[l]“‘l_k[l[lﬂ_k[l]_ ko _ |k w.11)
B 8m ul,_y  VB8m 1 2| 8m 2] 2.v8m | V32m '
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1.2 Solution - The Required Work to move a Charge ¢ Along the Curve Cy 1 PROBLEM

1.2 Solution - The Required Work to move a Charge ¢ Along the Curve (),

Similarly, the work required to move g along the curve C5 from P, to P>, as shown in Figure @, also requires
calculating the infinitesimal displacement vector dr and the electric force F,(r). Here, the curve Cy is expressed by

the parametric position vector r, given in Equation [[.12] where u € R starts at u = 1 and increases to u = 1.5.

r={(z,y)=(u-4m,u-4m) with 1<u<1.5 (1.12)
(v} =< )

The magnitude of r is:

r=vr2 2 =vVu2 - 2m?+u?-42m2=v2- 42 £2m? =u-v/32m (1.13)

The infinitesimal displacement vector dr(u) determined as follows

dr dz dy
(T ) = (amam) (L14)
Thus,
dz dy
dr _<du - du, T du> = <4m ~du,4m - du> =4m-du- <1, 1> (1.15)

Then the electric force F,(r) is

k k k
Fur)=—"- L . <u “4dm,u - 4m> with & already defined in Equation [1.6] (1.16)

r2 oo (u-+/32m)3
k-u-4m k-4 k

_kwdmo gy By k) L7
ud - 32%2m3 < u? - 32-v/32m? u? - 16 - v/32m? ( )

and the work:

u=1.5 u=1.5
Wo=— [ Fayr)-dr=— m : <1, 1> 4m-du- <1, 1> (1.18)

u=1 u=1
"Ik am T kim

== | v (W) W) e | e 19
u=1.5 k 1 u=1.5 k k u:1.51

-1m
:_UZI u2-2~\/3>2m2'duz_u_/1 u2~2-\/3>2m'duz_\/@m.u_/l ﬁ'du (1:20)
k 1= k 2 1 k 1 k
A [l v v i | v -2y
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1.3 Solution - The Required Work to move a Charge ¢ Along the Curve Cj 1 PROBLEM

1.3 Solution - The Required Work to move a Charge ¢ Along the Curve (s

in progress
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