Beam Bending- Simple beam supporting a uniform load over a middle region of its span

Tried to folow Example 9.3, pg. 607 in Mechanics of Materials Sixth Edition, by James Gere
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The beam loading condition is symmetric in this case

Maximum bending moment

1
Mmax = Raa + E'RA'(

Maximum shear force
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Shear Equations

0<x<a
Epyr = 3L —29)
2
a<x<LlL-a
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Observed boundary conditions

v(0)=0
(Displacement at each end of the beam is zero)
v(L) =0
y(h) =0 (Slope at the center of the beam is zero)
2

y(kj = (Shear force is zero at the center of the beam)
2
[ L - . : :
VY —) =g —)~(L - 2a) (This is the maximum bending moment in the beam)
2 2
-(L-2a
(o) = 3 ( )
2 (Shear force at each end of the beam is defined as the maximum)
g-(L — 2a)
v'(L) = —————=
(L) >
Slopes at x=a are equal for sections 1 & 2
Deflections at x=a are equal for sections 1 & 2

Shear force and bending moments at x=a are equal for sections 1 & 2

Slopes at x=L-a are equal for sections 2 & 3
Deflections at x=L-a are equal for sections 2 & 3

Shear force and bending moments at x=L-a are equal for sections 2 & 3



Solving for the first (left-hand) section of the beam (0 < x < a)

First integration (bending moment)

Elv'= ( A(L=23) (0 pyr e XL -2
2

2
w Cqp1+ —a-Qg-Xx
Eoly = g-x-(L — 2-a) c soIve,u_) 1 a
- 1 |simplify E.l

Second integration (beam slope)

( gx(L - 2:) (2~Cl + Lg-x — 2-a-q-x)2
E-lv' = ——— + Cy dx simplify — E-lv'=

J 2 4-9-(L - 2-a)

2 L2-q2-x2 2 2 2 22

(2-C1 +Lgx— 2-a-q~x)2 solve, V' C1 +CyLgx-2Cqagx+ T -Laqg-x +CyrLg+a-q-x —-2Coaq

E-lv' = +Co | o
4.q-(L - 2-a) simplify E-l-g-(L — 2-a)

Third integration (beam deflection)

" (21 + Lax - 220x%)° x-(12-C12 +6:CLgx — 12.Cpaqx + L2g2x" - 4-Lag’x? + 12.CyLq + 4a°q>x - 24-C2~a-q)
E-lv= + Co dx simplify — E-lv=

J 4.q-(L - 2-a) 12-.9-(L — 2-3)

x-(lZ-Clz +6:CLgx — 12.Cpaqx + L2g2x" - 4-Lag’x + 12.CyLq + 4a>q>x° - 24-02-a-q) solve, v x-(lZ-Clz +6:CpLgx — 12.Cpaqx + Lgox" - 4-Lag’x + 12.CyLq + 4-a>q>x - 24~Cz-a-q)

E-lv=

S
12-q-(L — 2-a) simplify 12-E-1-q-(L — 2-a)



Solving for the third (right-hand) section of the beam (L-a < x <L)

First integration (bending moment)

s | w2 ax(-2a)
2 2
_ Lax +aq-x
i q-x-(L = 2-3) . soIve,u"_) 4
- 4 | simplify E.l

Second integration (beam slope)

( ax(L - 2:) (2-C4 —Lg-X + 2~a-q-x)2
Elv=| =221 C dxsimplify —Elv=-

J 2 4-9-(L - 2-a)

2 cl-cpLlagx+2:C LZ'qZ'XZLZZCL 2g°xl 1 2.C
(204_ L-q~x+ Zaqx) solve, v 4 —Cy -g-X + 2 4.a.q.x+ T - Laq-x - 5 -g+a-q-x +2 5aq
Elv=-— +Cg |
4.q-(L - 2-a) simplify E-l-g-(L — 2:a)

Third integration (beam deflection)

" (2C4 - Lax + 220x)° x-(12-C42 - 6:CyLgx + 12.C4aqx + L2g2x" - 4-Laqix® - 12.CoLq + 4a>q>x + 24-C5-a~q)
E-lv= - + Cg dx simplify — E-lv=-

J 4.q-(L - 2-a) 12.gq-(L — 2-a)

x-(12-C42 — 6:CyLgx +12:C4aqx + L2g2x" - 4-Lag’x? - 12.CoLq + 4a>q>x + 24-C5-a-q) solve,v  12:C4%x - 6:C4Lgx’ + 12:C4aqx” + L2q%x° - 4-L-aq’x’ - 12.Co-L-qx — 12.CgLq + 4-a%q°X° + 24-Cg-a-q-x + 24-Cgag

Elv=-

+C6

L -
12-q-(L — 2-a) simplify 12-E-1-9-(L — 2-a)



Solving for middle section of beam (a < x < L-a)

First integration (bending moment)

2
E-l-v'= [‘ @ — q(x — a) dx s|mp||fy - E-llv'= _%

q.L.X B qL2 B qx2 L C
. q-(L _ 2'X)2 solve,v" 2 8 2 7
E.l.u = - 4 C7 i . N
8 simplify E-l
Second integration (beam slope)
( 2 6-q-L-x — 3-q-L° — 4-gx° + 24.C
q(L _ 2X) X- q X — q — .q.X + . 7

+ C- dx simplify — E-l-v'=
7 plity 24

E-I-u':J

x-(G-q-L-x _3.qL%— 4qx’+ 24-C7)
+ C8
24

q-L-x2 q-L2~x q-x3
solve, V' 4 8

simplify El

+ C7X + C8
E-lv =

Third integration (deflection)

2 2 2
X-(6~q-L~X—3-q-L —4.9x" + 24.(;7) L 3 -L2~ 2 A C7-X

Elv= " + Cgdx simplify — E-ly=3=2 4= % 4% + Cgx

24 12 16 24

2 3 2 2 4 2
q-L-x3 q~L2~x2 q-x4 C7-x solve,v  4:q-L-x" = 3-q-L"-x" — 2.9:-x + 24.C5-x" + 48-Cg-x + 48-C
E-lv= - - + +Cgx+Cq [. .. —
16 24 2 simplify 48-E-1




Solving for the unknown constants of integration C1 - C9

(O<x<a)
2 L2-q2-x2 2 2 2 22
x-(lZ-Clz £ 6.0 Lgx - 12:Cp-agx + Lg% - aLagixls 12.CpLq + 422252 24.C2.a.q) C,"+CyLgx—2Cqagx+ — - L-aq™x"+ CyL-q+a~q~x" - 2Cyaq
vi(X) = v'i(X) =
109 12-E-1-q-(L - 2-3) 1) E-l-g-(L — 2-a)
Cy v L-gx aqx o
" q-(L - 2a
v (x) = V' (X) = ————=
1(%) £l 109 2.E-l

(a<x<L-a)

q-L-x2 B q-L2-x B q-x3

C42 - CypLagx+2Cyagx+ -— s

L2 q2 X2

4.qLx° - 3.qL%x" - 2.qx* + 24.C,x% + 48-Cg x + 48-Cg 2 8 +C7x+Cg
Vsh(X) = V'a(X) =
209 48.E-1 2(3) El
Lx  ql? gx (L - 2a)
GLx b 9% .g == _qx-a)
V() = N A e—
2 E-l 2 E-l
(L-a<x<l)
" 12.C,7x - 6.C4Lax’ + 12C4aqx” + L2q"x — 4Lag X’ - 12C5Lax - 12CoLq + 4270 % + 24Cgaqx + 24Cgaq "
Va(X) = — V'a(X) = —
3 12-E-1-q-(L — 2-3) 3
Cy - L-gx + a-g-x
V'a(x) = vi3(x) =
3(X) = 3(x)

E-l.g-(L — 2-a)

_q-(L - 29)

2E1

- - L~a-q2-x2 -CgLg+ f;12~q2~x2 +2:Cg-aq



Given

The deflection at the joining points of each section are equal:

a-(lZ-Clz +6:CyLga—12Cpaga+ L2 g a - 4Lagq a +12CyLq+da>q a - 24-C2-a-q) ) 4.qLa’ - 3.qL%a° — 2.qa" +24.Co.a” + 48.Cg-a + 48.Cq
12-E-1-q-(L - 2-3) 48.E-1

4qL(L-2)° - 3qL2(L-a)°-2q(L-a)"+24Cq(L—2)°+48Cq(L—a) +48Cy  12.C,>(L - ) — 6:C4L-q-(L— a)° + 12.C4aq-(L - 8)° + L2q°(L - 8)° — 4-L-a-q’(L - a)° — 12.Cg-L-q(L — ) — 12:CL-q + 4-a%q°(L — a)° + 24-Cg-a:q-(L — a) + 24-Cgaq
48-E-I T 12-E-1-q-(L — 2-a)

The slope at the joining points of each section are equal:

2 L2.g% a2 2 2 2 22 La? L2a a°
C, +CyLga-2Cqaga+t qT -Lag-a +CyLg+a-qg-a —-2Cyaq q . q g q +Cqsa+Cg
E-1.q-(L — 2-a) - E-l
2 2 3 2 2 2
L-(L-a L (L-a (L-a 2 L g-(L-a 2 2 2 2 2
q (4 ) _§ (8 ) _ ol ) +Cy(L-a) +Cg Cy - CypLlg(L-a)+2Cyaqg(lL-a)+ La(t-a _ Lag(L-a -CglLg+a-q-(L-a) +2Cgaq
E-l T E-1-.q-(L — 2-a)

The bending moment at the joining points of each section are equal

2 2
L-g-a g-L-a gL g-a
Cq+ —aqa= - - +C
1 a 2 8 2 [
glL-a) gql° gL-a° L-g-(L - a)
; Sraly +C7=Cq-———— +aq(L-a)

Deflection at each end is zero

0-(12-012 +6:CyLq0 - 12:C1-aq0 + L2q%0° - 4-L-aq”0 + 12.CoL-q + 4-a°q>0° - 24-C2-a-q) i
12.E-1-9-(L - 2-3)

12.C,°L - 6:C4Lq L%+ 12C aq L%+ L2q% L3 - 4Laq?L® - 12.C5 L.l - 12.CgLq + 4a>q>L> + 24.Cgaq-L + 24.Cgaq

_ =0
12-E-1-g-(L — 2-a)

Slope in the middle is zero

L e (L)
)
E-l

=0



= Find(C1,C;,C3.C4.C5.C4.C7.Cg.Cg) > simplify —

q-(L2 - 6~a2)
12
q~(L4 - 12-L2-a2 + 24-L-a3 - 12-a4)
144-(L - 2-a)
0

q-(5-L2 -12-L-a+ 6~a2)
12

014 - 120242 4+ 22003 - 12,8
144-(L - 2-3)

L-g-(L — 2~¢';1)~(L2 - 2-L-a+ 2~a2)
24

L2-q
s
0
4

a-q

24




SOLUTIONS

(0O<x<a)

x-(12-C12 +6:CLgx — 12.Cpaqx + L2g%x" - 4-Lag’x? + 12.CyLq + 4a°q>x - 24-C2~a-q) 2

Ul(X) =

g-L -x2 - 2-q-L-x3 + 4-q~a3~x - 6~q-az-x2 + 4-q~a~x3

12-E-1-g-(L — 2-a) simplify — vq(X) = -

2 2 2

24-E-l

vp(¥)

Vi(X)

Mp(x)

Deflection

Angle

Moment

g-(L — x)-(4~L2-a - L3 + 3-L2-x - 6-L~a2 - 8Lax- 2~L-x2 + 4-a3 + 6-a2-x + 4-a~x2)

6-q-L2~a - 2~q-L3 + 5-q-L2~x - 6-q~L-a2 - 12.g-L-a-x — 3-q-L~x2 + 2~q-a3 + 6-q~a2~x + 6~q-a-x2

Lg%
C12 +Cq-Lgx—2Cqagx+ —4ax L~a-q2-x2 +CoLg+ a2~qz~x2 -2:.Cy-aq 2 2 3 2 2
, 4 L \ g-L-x-30gLx +20a —6-ga-xX+6-0gax
v'(X) = simplify — v'1(x) = -
E-1.q-(L — 2-a) 12.E1
2 2
L-q- AL~ 6.xL — 6 12-x-
My(X) = Cq + =92 _ a.gx simplify — My (x) = — ( X > £+ 123
(a<x<L-a)
4.qLxC = 3.g-L5x% - 2.qx" + 24-Cx° 1 48.Coox + 48.C 2.2 3. 4. 4
o) = qLx—3-gL-x" —2qx +24Cyx +48Cgx +48-Cg simplify > o) = _JLX Z2aLX +ga + g
2 48-E-1 2 24.E-|
2 2 3
gLx _ab X 4% o xic 9 9 3
7 8
Vo(x) = — 8 simplify — vio(x) = Lo XZ3ALX +20X%
2 El 2 12.E-|
2 2 2 2
g-Lx gL g-x L q~(L —6-L-X + 6-X )
M5 (x) = - - + C5 simplify — Mo(x) = —
2(X) 5 5 5 7 simplify 2(X) P
(L-a<x<lL)
12.C%x - 6:C4L:gx’ + 12:C4aqx’ + L2g7x° — 4L-aq X’ - 12C5 L-qx - 12.CgLq + 4a>-q X" + 24-Cgaqx + 24Cgaq
v3(X) = - simplify — vg(x) =
12-E-1-g-(L — 2-a)
2 L2- 2-X2 2 2 2 22
Cy —CypLgx+2Cypaqx+ qT -Lag-x -CglLg+a-q-x +2Cgaq
V'a(X) = — simplify — v'a(x) =
3(x) E-l-q-(L — 2-a) Plity =309 12.E-1
L-g-x q-(S-L2 -12-.L-a-6-x-L + 6-a2 + 12-x-a)
Mg(x) = Cy - +a-q-x simplify — Mg(x) =

12



. L
4 |substitute,x = — 4 4
2 g-L + 16-g-a

_ q~L2~x2 - 2~q«L~x3 + q~a4 + Q-X s _
max 384-E-I

24-E-l simplify

L
substitute,x = —
q‘(L2 - 6-L-x+ 6-x2) 2 2
= > Mmax = —
12 simplify 24

Sample Problem

2 — [
L
N
E := 200GPa q:= 2000— L= 5m a:=1m
m
b := 5cm h := 15cm
b’
RV
2
Lq 3
Mingx = —2* My = 2.083 x 10°N-m
4 4
14164 B
e L Sy = 1187 x 10 °m

1) =
max 384.E-



Beam Deflection Graphs

q-L2~x2 - 2~q'L~x3 + 4~q~a3~x - 6'q-az-x2 + 4~q~a~x3

24-E-1

Vo (X) = q-L2~x2 - 2~q'L~x3 + q~a4 + q-x4 Va(x) = g-(L - x)'(4'L2-a - L3 + 3'L2-x - 6~L'a2 - 8-L-ax- 2'L~x2 + 4~a3 + 6-a2-x + 4~a~x2)
2 24-E-| 3T 24.E.|

v(x) = -

—1.71429x10" *

—3.42857x10" %

—5.14286x10 %
v1(X)

—6.85714x10" %

—8.57143x10 ¢

—1.02857x10 >

3

-1.2x10"
0

Beam Slope Graphs

q-L2~x - S'q-L'x2 + 2~q-a3 - 6-q~a2~x + 6~q-a~x2

V'(X) = —

8x10" *
_4

5.71429x10
_4

3.42857x10
_4

1.14286x10

v'q(X)

—1.14286x10" "

—3.42857x10

—5.71429x10 "

—1.71429x10" *

—3.42857x10" %

—5.14286x10" %
V5(X)
4

- 6.85714x10

— 8.57143x10 *

—1.02857x10 >

3

-1.2x10"
1

q-L2~x - S'q-L'x2 + 2»q-x3

4

- 8x10°

v3(X)

—1.71429x10" *

—3.42857x10" %

—5.14286x10" %

—6.85714x10" %

— 8.57143x10 *

—1.02857x10 >

3

—-1.2x10
4

4.167 4.333 4.5

6~q'L2-a - 2~q-L3 + 5'q-L2~x - 6-q-L~a2 —12.g-L-a-x — 3~q'L-x2 + 2~q~a3 + 6~q-a2-x + 6~q~a'x2

12-E-1

8x10~
_4

5.71429x10
_4

3.42857x10
4

1.14286x10

V'5(X)

—1.14286x10" %

—3.42857x10

—5.71429x10"

4

- 8x10
1

12-E-1

4

4.667

4.833

5

8x10

5.71429x10" %

3.42857x10 %

1.14286x10 4
v'3(X)

—1.14286x10" %

—3.42857x10 "

—5.71429x10"

4

—8x10
4

4.167 4.333

4.667

4.833




Beam Bending Moment Graphs

" () q~(L2 - 6-x-L—- 6-a2 + 12~x-a) " () q~(L2 -6-L-x+ 6-x2) q~(5~L2 -12.L-a—-6-x-L + 6-a2 + 12~x-a)
1% = v = —
1 12 2 12
3x10° 3x10°
24107 24107
1x10° 1x10°
0 0
U||1(X) U||2(X)
— 1><103 - 1><103
—2x10° —2x10°
— 3><103 - 3><103
_ 4><103 - 4><103
0 0.167 0.333 05 0.667 0.833 1 1
X
Beam Shear Force Graphs
q-(L - 2a) q-(L - 2a) q-(L - 2a)
v () = 22 V() = 2 go(x - a) LRI
2 2
4x10° 4x10°
2.857x10° 2.857x10°
1.714x10° 1.714x10°
571.429 571.429
U‘"l(x) U‘"2(X)
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3 3
—4x10 —4x10
0 0.167 0.333 0.5 0.667 0.833 1 1 15 25 35
X X
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24107

1x10°

v"3(X)
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—2x10°
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~ 4x10°
4

4x10°

3
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1.714x10°
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V30
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~ ax10°

4

4.167

4.333

4.5
X
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