If K=0O, then trivially KUB =B is a basis foiv. Let B={b|iOI} , wherel is an index set
(not necessarily finite or countable). By the W@ftdering Principle, there exists an order relatignon

Vthat is a well-ordering. Lef be the set of all vectors Visuch that for any linearly independent sulset
of V containing vectors only frord, there exists a subsgof B so thatK US is a basis foW. Note that

we have at leadt) =B since if K O B, which is a linearly independent set, thknJ B-K =B is a
basis forV.
Suppose tha§, U , whereS§, is the section

S ={alV]a<, V}.
Let K be any linearly independent subset/afontainingv, with all other vectors ik only fromU. Now
K —-{%} is alinearly independent subsetb$ince it is a subset of the linearly independenKsand since

K —-{W} contains only vectors frorJ, then by definition ofU there exists a subs& of B such that
(K-{\¥) US is a basis foV. In particulary itself can be expressed (uniquely) as a linear combinatfion
vectors from K- ¥ })US. Consequently, writindk —{} s{ v| IOL andS={v,| pUP} , we have

V= %Lavl + p%Papvp , &,a,0F,
where only finitely many of the, anda, are nonzero. Now at least one of @eis nonzero (or else we
would havev = IgLa1\/, , contradicting the assumption th&twhich containy, is linearly independent), say

a, . Hence, sincea, OF so thatapo‘1

; — -1y, _ -1 _ -1 P ;
o exists, s, =a,"v %Lapo av, 2 a, ayv, is a linear

pOP, p# py
combination of vectors fronk U(S—{v,}) . It follows that

V =spar( K - {})US) =spar(KU 6- ¢, ).
Now S—{v,} B sinceSOB. Thus we have found a subseBohamelyS—{v,} , such that its union

with K spansv.
To show thatk U(S—{v,}) is actually a basis fov, we must now show tha U(S—{v,}) is

linearly independent. Suppose that

avt2av+ > av =0.
|D|_a1| poP,pzp, P P

If a=0, then all the vectors remaining in the above equatierdfram K - {}) US and so all theg, and
a, are zero by the linear independence & —-(v {B. If on the other hanca#0, then we have

V= —IDZLa‘laN, - DPZ a‘lapvp. This linear combination uses only vectors frokh— v ) {J}]S, which we
PUP, p# py

know is a basis fol. Such a representation is thus unique. However, we Krmow before that
v= %LaM + p%P a,v, , which is another representationvaiising vectors from the same basis{ v {J}p,
but this representation is different since this it usgs (recall that a, #0) while the previous
representation of doesn’t. This contradiction means taahust be zero. Thus all thep anda, are zero,
and soK U(S—{v,}) is linearly independent.

Thus KU(S-{s}) is a basis folV, with S—{v,} OB, and so by definition otJ, we have

vU . Consequently) is an inductive subset d By the principle of transfinite induction, we thus have
U =V . Hence we have shown that for any linearly indepenslg@rgeK of V, there exists a subsgbf B
such thatk U S is a basis foW.
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