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Introduction

We will cover the following topics:

o First few lectures will be a quick review of tensor calculus and Riemannian
geometry: metrics, connections, curvature tensor, Bianchi identities, commuting
covariant derivatives, etc.

e Decomposition of curvature tensor into irreducible summands.

e Bochner-Weitzenbock formulas: various curvature conditions yield topological
restrictions on a manifold.

e Review of elliptic theory in Holder and Sobolev spaces. Theory of elliptic oper-
ators on Riemannian manifolds with basic Fredholm Theory, with applications
to Hodge Theory.

e On non-compact manifolds we will consider Fredholm operators on weighted
spaces, such as weighted Sobolev and Holder spaces. This has applications to
the study of asymptotically locally Euclidean spaces (ALE) spaces, such as the
Eguchi-Hanson metric.

Some basic references are [Bes87|, [CLNO6], [Lee97], [Pet06], [Poo81].

1 Lecture 1: September 6, 2011

1.1 Metrics, vectors, and one-forms

Let (M, g) be a Riemannian manifold, with metric g € I'(S*(T*M)). In coordinates,

9= Z gij(x)da’ @ dx? | gi; = gij, (1.1)

ij=1
and g;; >> 0 is a positive definite matrix. The symmetry condition is of course
invariantly

9(X,Y) = g(Y, X). (1.2)
A vector field is a section of the tangent bundle, X € I'(T'M). In coordinates,
X =X'0;, X'eC>®(M), (1.3)
where
9,
e (1.4)

is the coordinate partial. We will use the Einstein summation convention: repeated
upper and lower indices will automatically be summed unless otherwise noted.
A 1-form is a section of the cotangent bundle, X € I'(T*M). In coordinates,

w = widz’, w; € C™(M). (1.5)



Remark 1.1. Note that components of vector fields have upper indices, while com-
ponents of 1-forms have lower indices. However, a collection of vector fields will be
indexed by lower indices, {Y1,...,Y,}, and a collection of 1-forms will be indexed by
upper indices {dz',...,dz"}. This is one reason why we write the coordinates with
upper indices.

1.2 The musical isomorphisms

The metric gives an isomorphism between T'M and T M,
b TM —T*M (1.6)
defined by
(X)(Y) =g(X,Y). (1.7)

The inverse map is denoted by f : T*M — TM. The cotangent bundle is endowed
with the metric

(w1, w2) = g(fwr, fwa). (1.8)
Note that if g has components g;;, then (-,-) has components g%, the inverse matrix
of gij.
If X e T'(T'M), then
b(X) = Xyda', (1.9)
where
Xi :ginj7 (1.10)
so the flat operator “lowers” an index. If w € I'(T*M), then
t(w) = w';, (1.11)
where
w' = gw;, (1.12)

thus the sharp operator “raises” an index.

1.3 Inner product on tensor bundles

The metric induces a metric on A*(T*M). We give 3 definitions, all of which are
equivalent:



o Definition 1: If

wr =ay N~ Nag

wy = B1 A A B, (1.13)

then
(w1, wa) = det({eu, B;)), (1.14)
and extend linearly. This is well-defined.

e Definition 2: If {e;} is an ONB of T,,M, let {¢'} denote the dual basis, defined
by ¢(e;) = 0% Then declare that

ETNANER 1< <y < -ee <y <, (1.15)
is an ONB of A*(TM).

e Definition 3: If w € A*(T*M), then in coordinates

w= Z Wiy i dT™ A - A datE (1.16)

i1 < <ip=1

By skew-symmetry, extend the w;, ; to be defined for all indices. Then

Z wil'“i’cwilmik, (117)

1
Jwlide = (o) =
i1

where

wzllk — gilligiQZQ . giklkWZl...lk‘ (118)

Remark 1.2. One has to choose an identification of A(T*M) with A(T'M)*, in order
to view forms as multilinear alternating maps on the tangent space. We choose
the identification as in [War83, page 59]: if w = e' A--- AeP € AP(T*M), and
e=e N---Ne, € AP(TM), then

w(e) = det[e’ (e )]. (1.19)

This makes the wedge product defined as follows. If o € 2, and 8 € 9, then
1
ONBXp s Xprg) = > UXo)y s Xo) B Koy - Xotpr), (1.20)

and the sum is over all permutations of length p + q.



To define an inner product on the full tensor bundle, we let
Qe F((TM)®p ® (T*M)®"). (1.21)

We call such Q a (p,q)-tensor field. As above, we can define a metric by declaring
that

€, ® Qe @ ®- Qe (1.22)

to be an ONB. If in coordinates,

Q=070 ®0;, ®d" @ ® da’, (1.23)
then
Q1" = (w,w) = Q7 (1.24)

qu is obtained by raising all of the lower indices and lowering all
i

where the term lel:_‘:
of the upper indices of Qﬁ using the metric. By polarization, the inner product

is given by
1
(S0, ) = 5 (190 + D2 = 1912 = 19212). (1.25)

Remark 1.3. We are using (1.19) to identify forms and alternating tensors. For
example, as an element of A*>(T*M), e! A e* has norm 1 if e!,e? are orthonormal
in T*M. But under our identification with tensors, e! A e? is identified with e' ®
e? —e2 ® €', which has norm v/2 with respect to the tensor inner product. Thus our

identification in (1.19) is not an isometry, but is a constant multiple of an isometry.

We remark that one may reduce a (p, q)-tensor field into a (p — 1,¢ — 1)-tensor
field for p > 1 and ¢ > 1. This is called a contraction, but one must specify which
indices are contracted. For example, the contraction of 2 in the first contrvariant
index and first covariant index is written invariantly as

Trand, (1.26)
and in coordinates is given by
0 0 = S (1.27)

1.4 Connections on vector bundles
A connection is a mapping I'(TM) x I'(F) — I'(E), with the properties
e Vyse F(E),

o Vixi+hxes= fiVx, s+ f2Vx,s,



o Vx(fs)=(Xf)s+ fVxs.

In coordinates, letting s;,2 = 1...p, be a local basis of sections of E,
V@.Sj = FZS]C
If E carries an inner product, then V is compatible if
X (s1,82) = (Vxs1,82) + (51, Vx$a).
For a connection in T'M, V is called symmetric if

VxY — Vy X = [X,Y], VX,Y € T(TM).

(1.28)

(1.29)

(1.30)

Theorem 1.1. (Fundamental Theorem of Riemannian Geometry) There exists a

unique symmetric, compatible connection in T M.

Invariantly, the connection is defined by

(VxY, Z) = %(X(Y, 2V +Y(Z,X) — Z(X,Y)

—(V,[X, 2)) = (Z,[Y, X]) + (X, [Z,Y])).
Letting X = 0;,Y = 0}, Z = 0, we obtain
Thgu = (5,0, 0x) = (Vo,0, Ok)
1
=3 (8igjk + 0;Gir — akgij)a

which yields the formula

1
FZ = §9kl (aigjl + 0j9u — alQij)

for the Riemannian Christoffel symbols.

1.5 Curvature in the tangent bundle
The curvature tensor is defined by
R(X,Y)Z =VxVyZ -VyVxZ - Vixy|Z,
for vector fields X, Y, and Z. We define
Rm(X,)Y, Z, W)= —(R(X,Y)Z, W).
The algebraic symmetries are:

R(X,Y)Z = —R(Y,X)Z
0=R(X,Y)Z+R(Y,Z)X + R(Z,X)Y
Rm(X,Y,Z,W) = —Rm(X,Y, W, Z)
Rm(X,Y,W,Z) = Rm(W, Z, X, Y).

(1.31)

(1.32)

(1.33)



In a coordinate system we define quantities R;.' by

ijk
R(0;,0;)0k = R0, (1.40)
or equivalently,
R = Rijklda:i ® dr’ @ dz* ® 0. (1.41)
Define quantities R;;i; by
Riji = Rm(0;, 0}, 0k, O1), (1.42)
or equivalently,
Rm = Rijuda’ ®@ da’ @ da* @ da'. (1.43)
Then
Riji = —(R(0i, 07)0k, 01) = — (R4 Om, O1) = — R G- (1.44)
Equivalently,
Riju. = Rijkmgmla (1.45)

that is, we lower the upper index to the third position.

Remark 1.4. Some authors choose to lower this index to a different position. One
has to be very careful with this, or you might end up proving that S™ has negative
curvature!

In coordinates, the algebraic symmetries of the curvature tensor are

Rijkl = _Rjikl (1'46)

0= Rijkl + Rjk’il + Rkijl (1'47)
Rijr = — Rijik (1.48)
Rijii = Ryij- (1.49)

Of course, we can write the first 2 symmetries as a (0,4) tensor,

Rijii = —Rjin (1.50)
0 = Riji + Rjrir + Ryiji (1.51)

Note that using (1.49), the algebraic Bianchi identity (1.51) may be written as

0 = Riji + Ringj + Raj- (1.52)



We next compute the curvature tensor in coordinates.
R(0:,0;)0k = R0,
= V5, Vo, 0k — Vo, Vi, 0
= Vy, (Pé'kal) — Vo, (Ti01) (1.53)
= ai(ré'k)al + Fi-kFZL i — 0;(T3) 01 — FikF;rZL m
= (%) + T, — 05(Th) — DRT,, )0

J

which is the formula

Ry = 0i(T%) = 0,(T%) + T4, T — %, 1% (1.54)

ijk im— jk jm~ ik

Fix a point p. Exponential coordinates around p form a normal coordinate system
at p. That is g;;(p) = 055, and Orgi;(p) = 0, which is equivalent to I'};(p) = 0. The
Christoffel symbols are

1 m
Fé'k = 591 (akgjm + 0, Grm — am!]jk)- (1.55)

In normal coordinates at the point p,
T, = %5”” (aiakgjm + 80, Gom — aiamgjk). (1.56)
We then have at p
Ryl = %5”“ (aiakgjm — 0iOm i — OiOnGim + ajamgik). (1.57)
Lowering an index, we have at p
Rijr = —% (31‘(%9]'1 — 0;019;1 — 0;0kgu + ajalgik>

o)

The @® symbol is the Kulkarni-Nomizu product, which takes 2 symmetric (0, 2) tensors
and gives a (0,4) tensor with the same algebraic symmetries of the curvature tensor,
and is defined by

(1.58)

A® B(X,Y,Z,W) =A(X,Z)B(Y,W) — A(Y, Z)B(X, W)
— A(X,W)B(Y, Z) + A(Y,W)B(X, Z).

To remember: the first term is A(X, Z)B(Y, W), skew symmetrize in X and Y to get
the second term. Then skew-symmetrize both of these in Z and W.

10



1.6 Sectional curvature, Ricci tensor, and scalar curvature

Let IT C T, M be a 2-plane, and let X,,,Y,, € T, M span II. Then

CRm(OYXY) gRVVY)
(X, X)g(YY)—g(X,Y)? g(X, X)g(Y.Y)—g(X,Y)?’

K (1) (1.59)

is independent of the particular chosen basis for II, and is called the sectional curvature
of the 2-plane II. The sectional curvatures in fact determine the full curvature tensor:

Proposition 1.1. Let Rm and Rm' be two (0,4)-curvature tensors which satisfy
K(II) = K'(II) for all 2-planes 11, then Rm = Rm/.

From this proposition, if K (IT) = kg is constant for all 2-planes II, then we must
have

Rm(X,Y, 2,W) = ko (9(X, 2)g(Y, W) = g(¥, 2)g(X, W)}, (1.60)
That is
ko
Rm = Eg®g. (1.61)

In coordinates, this is
Rijii = ko(9ikgj1 — 9jxir)- (1.62)
We define the Ricci tensor as the (0, 2)-tensor
Rie(X,)Y) =tr(U - R(U,X)Y). (1.63)
We clearly have
Ric(X,Y) = R(Y, X), (1.64)
so Ric € T(S*(T*M)). We let R;; denote the components of the Ricci tensor,
Ric = R;dz' ® da', (1.65)
where RR;; = Rj;. From the definition,
Rij = Ry;;' = g" Riimj.- (1.66)
Notice for a space of constant curvature, we have
le = gikRijkl = kﬂgik(gikgjl - gjkgil) = (n - 1)k09jla (1-67)
or invariantly

Ric = (n — 1)kog. (1.68)

11



The Ricci endomorphism is defined by
Re(X) = ﬁ(Rz’c(X, -)). (1.69)
The scalar curvature is defined as the trace of the Ricci endomorphism
R=1tr(X — Re(X)). (1.70)
In coordinates,
R = ¢" Ry = g""9" Ripmq- (1.71)
Note for a space of constant curvature ko,

R =n(n—1)k. (1.72)

2 Lecture 2: September 8, 2011

2.1 Covariant derivatives of tensor fields

Let E and E’ be vector bundles over M, with covariant derivative operators V, and
V', respectively. The covariant derivative operators in £ ® E’' and Hom(E, E’) are

Vx(s®s)=(Vxs)®@s +sx (Vs (2.1)
(VxL)(s) = Vi (L(s)) = L(Vxs),

for s € I'(E),s € I'(F'), and L € I'(Hom(E, E')). Note also that the covariant
derivative operator in A(E) is given by

VX(51A~--AST):Zsl/\---/\(vxsi)/\---/\sr, (2.3)
i=1

for s; € I'(E).
These rules imply that if 7" is an (r, s) tensor, then the covariant derivative VT’
is an (r, s + 1) tensor given by

VI(X,Yi,..., V) = Vx(T(Ys,...Y.)) = 3 T(Vi,...,VxYi, . Ya). (24)
=1

We next consider the above definitions in components for (r, s)-tensors. For the case
of a vector field X € I'(TM), VX is a (1,1) tensor field. By the definition of a

connection, we have
VX = Viu(X70)) = (0 X7)0; + XT} .0, = (Vi X'+ X'T0,)0;. (2.5)
In other words,

VX =V, X (d2™ ® 0), (2.6)

12



where
VX' =0,X" + X'T . (2.7)
However, for a 1-form w, (2.2) implies that
Vw = (V,w;)dr™ @ da’, (2.8)
with
Vi = Opmw; — wlFim. (2.9)
The definition (2.1) then implies that for a general (7, s)-tensor field S,

VSt = 9,0 g Glizede il 4y ghdrealpin

J1-ds Jie-ds J;Zs / Jli';JSi l (2.10)
— et L e e — e .
Sle...jsijl SJL--Js—llFmJS'

Remark 2.1. Some authors instead write covariant derivatives with a semi-colon

Ji---Js J1..-Jsim”

However, the V notation fits nicer with our conventions, since the first index is the
direction of covariant differentiation.

Notice the following calculation,
(Vo) (X, Y. Z) = Xg(Y. Z) — g(VxY,Z) — g(Y,VxZ) = 0, (2.12)

so the metric is parallel. Next, let [ : T'M — T'M denote the identity map, which is
naturally a (1,1) tensor. We have

(VI)(X,Y) = Vx(I(Y)) = [(VyY) = VyY — VxY =0, (2.13)

so the identity map is also parallel.
Also note that covariant differentiation commutes with contraction,

Vo (53;)(?1?2---) = 61V, X (2.14)

J1J2.. J1J2.-.

2.2 Double covariant derivatives
For an (r,s) tensor field T', we will write the double covariant derivative as

VT = VVT, (2.15)
which is an (7, s + 2) tensor.

Proposition 2.1. If T is an (r, s)-tensor field, then the double covariant derivative
satisfies

VT(X,Y, Z1,..., Zs) = V(YT (Zy, ..., Z) — (Vo oy T)(Zh, ... Z).  (2.16)

13



Proof. We compute

VT(X,Y, Zy,..., Z) = V(NT)(X,Y, Zy,..., Zy)
=Vx(VI(Y. Z\,...,Z,)) =VT(VxY. Z,..., Z)

s (2.17)
=Y VT(Y,....VxZ,... Zy).
The right hand side of (2.16) is
V(YD) Zy,. ... Zs) — (VoyT) (21, ... Zs)
=Vx(WT(Zy,..., Z)) = Y (VW) 2y, ..., VxZi, ..., Zs) 0.18)
=1 .

Voo (T(Zy, ..., Z2))+ Y T(Z1,....VvyvZi,.... Zy).
=1

The first term on the RHS of (2.18) is the same as first term on the RHS of (2.17).
The second term on the RHS of (2.18) is the same as third term on the RHS of (2.17)
Finally, the last two terms on the RHS of (2.18) are the same as the second term on
the RHS of (2.17). O

Remark 2.2. When we write

VT (2.19)

Qi ls

we mean the components of the double covariant derivative of T as a (r, s+2) tensor.
This does NOT mean to take one covariant derivative VT, plug in 0; to get an (r, s)
tensor, and then take a covariant derivative in the 9; direction; this would yield only
the first term on the right hand side of (2.16).

2.3 Commuting covariant derivatives

Let X,Y,Z € I'(TM), and compute using Proposition 2.1

V2Z(X,Y)=V?Z(Y,X) =Vx(VyZ) = Vo,wZ — Vy(VxZ) = Vv, x 2
= Vx<VyZ) — Vy(VXZ> — VVXYnyXZ (2 20)
=Vx(VyZ) = Vy(VxZ) - VixyZ '
=R(X,Y)Z,
which is just the definition of the curvature tensor. In coordinates,
ViV; 28 =N,V 2"+ R, F 2. (2.21)

14



We extend this to (p, 0)-tensor fields:

VIZi @ ®Z)(X,Y)-V(Z,® - ® Z,) (Y, X)
=Vx(Vy(Z1®--® 7)) = Vyyw(Z1®- @ Z)
—Vy(Vx(Z1®--® Z,) = Vo,x(Z1®...® Z,

p p
V(Y te  Wahe ©2) -3 Lo VewZie o7,
=1

=1

p p
_VY(221®"'VXZZ'®"'®Z}7)+Zzl®"'VVyXZi®"'®Zp
i=1 =1

p p
=YY AeVige Yz o7, (2:22)
J=1 i=1,i#j
p p
D ZeVWZe---VxZi0---® 2,
J=1i=1i#j

+Y 7@ ®(VxVy = VyVx = Vixy))Z @+ ® Z,
=Y 718 R(X,Y)Zi® - ®Z,

In coordinates, this is

p
Vivjzil..,ip — VJVlZ“Zp + Z RijmikZil‘..ik,lmikJrl...ip. (223)

k=1

Proposition 2.2. For a 1-form w, we have
V2w(X,Y,Z2) - VY, X, Z) = w(R(Y, X)Z). (2.24)
Proof. Using Proposition 2.1, we compute

Vw(X,Y,Z2) - V(Y, X, Z)
= Vx(Vyw)(Z) = (Vv yw)(Z) = Vy(Vxw)(Z) = (Vy, xw)(Z)
= X(VyW(Z)) — Vyw(VXZ> - VXY(w(Z)) + W(VVXyZ)
— Y(VXw(Z)) + wa(VyZ) + VyX(w(Z)) — W(nyXZ)
= X(Vyw(Z)) =Y (w(VxZ))+w(VyVxZ) = VxY (w(Z)) + w(VyyyZ)
— Y(VX{,U<Z)) + X(W(VYZ)) — W(VXVYZ) + VYX(W(Z>) - w(VvYXZ)
— w(vyvxz VA VyZ o+ v[x,y]z) X (Vyw(2)) — Y(w(VxZ)) — ViY (w(2))

—Y(Vxw(Z)) + X(w(VyZ2)) + VyX(w(2)).
(2.25)

15



The last six terms are
X(Vyw(Z)) = Y (@(VxZ)) = V¥ (@(2))
—Y(Vxw(Z)) + X(w(VyZ2))+ VyX(w(2))
= X(Y(@(2) —w(Vy2)) = Y(@(Vx2) = [X,Y]@(Z)  (2.0)
Y (X((2)) - w(Vx2)) + X(w(Ty2))
=0.
O

Remark 2.3. It would have been a bit easier to assume we were in normal coordi-
nates, and assume terms with VY vanished, but we did the above for illustration.

In coordinates, this formula becomes

Viijk = Vjviwk — Rz‘jk:pwp' (227)

As above, we can extend this to (0, s) tensors using the tensor product, in an almost
identical calculation to the (r,0) tensor case. Finally, putting everything together,
the analogous formula in coordinates for a general (r, s)-tensor T is

V V T21 K v v Tll Ay + ZR ZkT 1 k 1 k+1 T ZRij]ka“ K

Ji--Js Ji---Js Ji---Js JleeJk—1MJg41---Js "

(2.28)

2.4 Gradient and Hessian

As an example of the above, we consider the Hessian of a function. For f € C1(M,R),
the gradient is defined as

V[ =1df), (2.29)

which is a vector field. This is standard notation, although in our notation above,
V f = df, where this V denotes the covariant derivative. The Hessian is the (0, 2)-
tensor defined by the double covariant derivative of a function, which by Proposition
2.1 is given by

VAF(X,Y) = Vdf(X,Y) = X(df(Y)) = df (VxY) = X(Y ) = (VxY)f.  (2.30)
In components, this formula is
V2[(0;,0;) = ViV, f = 0,0, f — 5 (0 f). (2.31)
The symmetry of the Hessian
VIF(X,Y) = V2f(Y, X), (2.32)

then follows easily from the symmetry of the Riemannian connection. No curvature
terms appear!
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2.5 Differential Bianchi Identity
The differential Bianchi identity is

VEmM(X,Y,Z,V,W) +VERm(Y, Z,X,V,W) + VRm(Z,X,Y,V,W) = 0.

(2.33)

This can be easily verified using the definition of the covariant derivative of a (0,4)
tensor field which was given in the last lecture, and using normal coordinates to

simplify the computation. In coordinates, this is equivalent to

ViRjkim + Vj Riitm + Vi Rijim = 0.

Let us raise an index,

ViR,

jkm

VR VR, = 0.

jm
Contract on the indices i and [,

0=ViRp, + ViRyn' + ViRy,,' = VIR,

jkm jkm

This yields the Bianchi identity

'~ VR + ViRj.

ViR = ViRim — ViRjm.

jkm

In invariant notation, this is sometimes written as
SR = d¥ Ric,
where dV : S?2(T*M) — A*(T*M) ® T*M, is defined by
dYh(X,Y,Z) =Vh(X,Y,Z) - VR, Z X),

and 0 is the divergence operator.
Next, trace (2.37) on the indices k and m,

9" ViR b = 6"V Rim — §"" Vi Rjm.

jkm
Since the metric is parallel, we can move the ¢g*™ terms inside,
Vlgkajkml = ngkakm — ngkajm.
The left hand side is
Vlgkajkml = VlgkmglpRjkpm
= vlglpgkajkpm
= Vig"Rj, = VlRé-.
So we have the Bianchi identity

2V,R}; = V;R.

Invariantly, this can be written

1
SRc — ~dR.
€T3
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(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)



Corollary 2.1. Let (M, g) be a connected Riemannian manifold. If n > 2, and there
exists a function f € C*°(M) satisfying Ric = fg, then Ric = (n — 1)kog, where ko
15 a constant.

Proof. Taking a trace, we find that R = nf. Using (2.43), we have
R 2
I ]
ViR, = 2Vi(0) = SVIR = ViR (2.45)

Since n > 2, we must have dR = 0, which implies that R, and therefore f, is
constant. O

3 Lecture 3: September 13, 2011

3.1 Gauss Lemma
We begin with a preliminary lemma.

Lemma 3.1. The radial geodesics from a point p are orthogonal to distance spheres
around p.

Proof. Let v(s) be a curve in T, M with [|v(s)|| = ro, and define f(r,s) = exp(rv(s)).
We compute

D22} -o( D220 (2. 22 o
=0+ g(?—i, %%) (since radial curves are geodesics)  (3.2)
- g(g_‘:j, %g—‘f) (symmetry of the connection) (3.3)
. %%{ g(g_;’f, %)} (compatibility of the connection).  (3.4)

Notice that df/0r at the point (r,s) is the tangent vector to the geodesic (r) from
p, with initial tangent vector v(s). Since the norm of a tangent vector to a geodesic
is constant in r, we have that

af of
(87’ 8r) o, (3:5)
and is therefore independent of s. Consequently, the function
of of

9 (Ea $> (3.6)
must be constant in r. But since f(0, s) = p, we have

of

- =0 3.7

s lr=0 ’ ( )
which finishes the proof. O
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3.2 Normal Coordinates 1

We define Euclidean normal coordinates to be the coordinate system given by the
exponential map, together with a Euclidean coordinate system {z'} on T,M. We
define radial normal coordinates to be

d:RT x 5" = M, (3.8)
given by
(r, &) = exp(r§). (3.9)
Proposition 3.1. In Fuclidean normal coordinates,
9= gpue +O(|2*), as z — 0, (3.10)
where gpye 1S the standard Euclidean metric. In radial normal coordinates, we have
d*g = dr* + g,_1, (3.11)
where g,_1 is a metric on S ! depending upon r, and satisfying
Gn1 =1%ggn1 +O(r?), asr — 0, (3.12)

where ggn—1 15 the standard metric on the unit sphere.

Proof. For the first statement, we know that exp,(0) = Id, so the constant term in
the Taylor expansion of g is given by gg... Next, we recall that the geodesic equation
is

4+ T4 = 0. (3.13)
Since the radial directions are geodesics, we can let v = rv, where v is any vector.

Evaluating the geodesic equation at the origin, we have
L(0)070F =0, (3.14)

for arbitrary v, so I'},(0) = 0 (using symmetry). It is then easy to see from the
definition of the Christoffel symbols that all first derivatives of the metric then vanish
at p.

In normal coordinates, the lines through the origin are geodesics, and therefore
have parallel tangent vector field. This implies that the radial component of the
metric is dr?. Then (3.11) follows from the Gauss Lemma. Finally, we see that
Grue = dr? +12ggn-1, so the second expansion follows from the first.

Remark 3.1. Notice that the term 72ggn—1 is indeed O(1) as r — 0. Write h = ggn-1,
and then fixing some coordinate system on S™~!, we compute

‘T2h|2 = T4gipnghijhpq = hiphthijhpq = (TL - 1) (315)

If that is not convincing, then consider the case of n = 2. Let z = rcos(f) and
y = rsin(f). Then r? = 2% + y?, and 0 = arctan y/x. It is then easy to compute that

dz? + dy* = dr* + r*df*, (3.16)

Note that, in a computation analogous to the above, that |df| = r~*. That is, df is
not of unit norm, but rather rd# is.

]
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3.3 Jacobi Fields

Let v(t) be a geodesic, and let v(s,t) be a 1-parameter variation of ~(¢) through
geodesics. Then we have

D2

0 DD o
i (5(80) = 55 5D (3.17)
= 582% (s,t) (symmetry of the connection) (3.18)
s
D Do 0 0 \O0
g 0 \O0

where the last line follows since v(sg, t) is a geodesic for fixed sq. Letting

0 0
_ —_— | —_ — '21
J=50 =5 (3.21)

we have that J satisfies the Jacobi equation:

D2
— y)y = 0. 22
T+ R(LAYY =0 (322

This is a second order ODE, and the space of solutions is therefore of dimension 2n.
Obviously, (at + b)7 is a Jacobi field for any constants a and b.

Proposition 3.2. Let (M,g) have constant curvature ko, and 7 be a unit speed
geodesic. Then the Jacobi Fields along v which vanish at t = 0 and which are or-
thogonal to % are given by f(t)E where E is a parallel normal field, and f is given

by

Ct k‘o - 0
f=1Csin(vVk - t) ko> 0. (3.23)
Csinh(v—Fo-t) ko <0

Proof. Let E be a parallel normal vector field along ~y, and consider f(¢)E. Since g
has constant curvature ko, from (1.60) above, we have

R(E, 7)Y = —ko((E, )Y — (¥, 1) E) = ko E, (3.24)

since by assumption E is orthogonal to 7, and v is a unit speed geodesic. Plugging
this into the Jacobi equation,

(f +kof)E =0, (3.25)

which has the stated solutions. O
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Corollary 3.1. If g has constant curvature ko, then in radial normal coordinates the
metric has the form

d?“2 + ngsn—l ko =0
g=<dr?+ % sin?(v/ko - 7)ggn-1 ko> 0. (3.26)
dr? + ‘k—10| sinh?(\/]ko| - 7)ggn1 ko <0

Proof. Pulling the metric back to T,,M using the exponential map, we have a metric
on T, M for which lines through the origin are geodesics. Consider the map (s,t) =
t€(s), where £(s) is any curve. For s fixed, this is a geodesic, so is a l-parameter
variation of geodesics. Call £(0) = a and £'(0) = 8. From above, we see that

0

88 s=0
is a Jacobi field along the geodesic ¢t +— ta. From Proposition 3.1, we already know
that the metric in radial normal coordinates has the form (3.11). So assume that [ is

orthogonal to « in the Euclidean metric, and that |a| = 1. We claim that the Jacobi
Field tf is orthogonal to « along this geodesic. To see this we compute

d? D?

— 3 (3.27)

ﬁ(g(tﬁ, a)) = g(ﬁ(tﬁ), a) (since « is parallel) (3.28)
= g(—R(tf, a)a, ) = 0, (3.29)

from the skew-symmetry of the curvature tensor. This obviously implies that g(53, «)
is constant in ¢, and must vanish identically since it vanishes at the origin. From
Proposition 3.2 we conclude that

t8 =4 Csin(vko - t)E ko >0, (3.30)
CSiHh(\/ —ko - t)E ko <O

where F is parallel.

If ko = 0, this says that [ is a parallel normal field. In particular, |3| is indepen-
dent of the radius, and |f|(ra) = |5](0). So the metric in normal cordinates is the
Euclidean metric everywhere, which has the stated form in radial coordinates.

If ko > 0, then
t

Tk (3.31)

is parallel, which implies that

sin(v/ko - 1)
vV ko T
In radial coordinates, the metric on the sphere of radius r pulls pack to 72ggn-1, so

the r cancels out and we arrive at (3.26). A similar argument holds in the ky < 0
case. [

|Bl(ra) = 151(0). (3.32)
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This implies that any two space forms of the same constant curvature are locally
isometric, but not necessarily globally! The above coordinate system can fail for two
reasons. First, one can hit the cut locus, in which case the coordinate system is not
injective. Second, the expression for the metric can become degenerate, this is called
a conjugate point. Discuss the cut locus in a few examples, such as tori, spheres,
projective spaces, lens spaces.

4 Lecture 4: September 15, 2011

4.1 Taylor expansion of a metric in normal coordinates

Theorem 4.1. In normal coordinates, a metric g admits the expansion

1 1
9ij = 0ij + ngijll‘k:El + a(vakijl)xmxkxl (4.1)
1 2
+ <%(VquRkiﬂ) + 4_5sz1 TRqus(STs)l‘kl’leJ?q + O(|CL”5), (42)

as x — 0, where all coefficients are evaluated at 0.

Proof. To compute this, we argue as in the proof of Corollary 3.1. Choose [ orthog-
onal to « in the Euclidean metric, and assume that || = 1. Then J = ¢/ is a Jacobi
field along the geodesic t — ta. We want to expand the function f(t) = g(¢5,t5)(ta)
as a function of t. Obviously, f(0) = 0, and

of = 0(g(J,J)) =29(D¢J, J). (4.3)
Evaluating at 0, f'(0) = 0, since J(0) = 0. Next,
07 g(J, J) =29(D;J,J) + 2g(DyJ, D;J). (4.4)
Evaluating (4.4) at 0, since J(0) = 0, and D;J = 3, we have
1(0) = 200(8, ), (4.5)

where gy denotes the Euclidean metric at the origin.
To simplify notation, we will let R, denote the endomorphism J — R(«, J)c, so
we can write

929(J, J) = 29(Ra(J), J) + 2g(DyJ, D,J). (4.6)
Note that R, is self-adjoint, i.e.,
g(Ra(X),Y) = g(R(a, X)a,Y) = g(R(a, V), X) = g(X, R.Y), (4.7)

from the symmetry of the curvature tensor (1.39).
Differentiating (4.4),

0 (g(J,J)) =29(D}J, J) +69(D?J,D,J). (4.8)
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Evaluating at 0, since J(0) = 0, and D?J = R,(J), we have

£7(0) = 0. (4.9)
Differentiating (4.8),
OHg(J, J)) = 29(D}J, J) +8g(D}J, DJ) + 6g(D2J, D2.J). (4.10)
Note that
D3J = Dy(D?J) = Dy(Ra(J)) = (DiRo)(J) + Ra(DyJ). (4.11)

Evaluating (4.10) at t = 0, we obtain
FU(0) = 8go(Ra(B), B)- (4.12)
Differentiating (4.10), we obtain
9;(g(J, J)) = 29(D}J, J) + 10g(D}J, Dy J) + 209(D} J, D} J). (4.13)

The first and last terms vanish at ¢ = 0. We compute

D}J = D}(D}J) = DiDy(Rq(J)) (4.14)
= Di((DiRa)(J) + Ra(DyJ)) (4.15)
= (D?R.)(J) + 2(DyRo)(DyJ) + Ro(Ro(J)). (4.16)

Evaluating (4.13) at ¢ = 0, we therefore have
F(0) = 20g0(D:Ra(8), B). (4.17)
Differentiating (4.10), we obtain

O (g(J, J)) = 29(D8J, J) + 12g(D} J, D;J) + 30g(D; J, D?.J) + 20g(D3 J, D} J).
(4.18)

The first and third term on the right hand side vanish at ¢ = 0. Using (4.14), we
compute and evaluate at ¢t = 0:

D?J(0) = 3(D{ Ra)(B) + Ra(Ra(B))- (4.19)
Also,
D}J(0) = Dy(Ra(J))(0) = Ra(B). (4.20)
Consequently, evaluating (4.18) at the origin,

F2(0) = 3690(Df Ra (), B) + 3290(Ra(), Ra(5)). (4.21)
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Performing a Taylor expansion around ¢ = 0, we have shown that

918, B)10) = 0(5.6) + Son(Ral8).0) + San(DiRa(B), )
p o (4.22)

+ 5590(DFRal8), B) + T=90(RalB), RalB)).

We let o = (2'/t)0;, and § = ?9;. The first term on the right hand side of (4.22) is
simply

90(8,8) = 6,86 (4.23)
The second term on the right hand side of (4.22) is
L 0o(Ru(8).8) = - go(R(av B)a. ) (1.29
_ égo(R(xkak, Bi0,)2'), F10;) (4.25)
= éxklekilm(Smjﬁiﬁj (4.26)
= %Rkiﬂxkxlﬁiﬁj (4.27)

Also, since the Christoffel symbols vanish at p, covariant derivatives are just ordinary
partial derivatives. We also have that d; = (2'/t)d;. The third term on the right
hand side of (4.22) is

L 0o(DRu(8).5) = S go(0uR(er B)o. ) (1.29
_ égo(xmam}z(x’fak, Bi9,)z'dy, 310;) (4.29)
- %vaM,papjxmk%l@iﬁj (4.30)
— éVmRkiﬂxmkkxlﬁiﬁj (4.31)

The fourth term on the right hand side of (4.22) is
%gO(DERa(ﬁ), 8) = oeala 0,0, (A0, 500, $0) (432
= %VPVQRW” m P 2lak ! BB (4.33)
= %VquRkiﬂxpqukxlﬁiﬂj (4.34)

The fifth term on the right hand side of (4.22) is

2 0 (Ra(8) Ral)) = = n(R(a B)o, B(o B)o) (4.3
= (R0, B0, R0, 10,)°0,)  (436)
= %RWTRqusérsxkxl:cpxqﬁiﬁj. (4.37)
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Adding together these 5 terms, we obtain the expansion (4.1).

4.2 Original definition of the curvature tensor

In fact, Riemann used the expansion of a metric (4.1) in normal coordinates to orig-

inally define the curvature tensor. We have
1 k.l 3
91 = 0ij + g Riia"a” + O(%),

as || = 0. Then
1

3Rkijp~’17k +O(|z])

1
OpGij = ng'jﬂl +

and at the origin,

1
940,9:5(0) = g(sz‘jq + Ryijp)

so we have the expansion
1

S(Rm'jz + Ryjr)z" 2! + O(|z]?),

gij = 0ij +

as |z| — 0.
But the Taylor series expansion is also written

1
gij — 6ij + §8k81gm(0):ck:cl + O(‘l”g)

as |x| — 0, and therefore we must have

1

1
§akalgij(0) 3

(Riiji + Ruiji)-

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

Riemann used this equation to show there is a unique such R;;;; with the algebraic

symmetries of the curvature tensor, defined by

1
Rijr = —3 <ai8kgjl — 0;019;1 — 0;0kgu + ajalgz’k>7

(4.44)

and proved directly that this defines a tensor. This is opposite to how we define

things today, see [Spi79, Chapter 4].

Exercise 1. Directly prove (4.43) using (4.44).

5 Lecture 5: September 20, 2011

In this lecture, will give an asymptotic expansion for the volume of geodesic balls.

We begin with the volume element.
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5.1 Expansion of volume element

We will next give an asymptotic expansion for the volume of geodesic balls. We begin
with the volume element.

Claim 5.1. We may write g = exp(C), where

1 1
Cij = ng‘jlwkxl + E(VmRkiﬂ)xmkal (5.1)
1 1
+ (%(vaquijl) — %lel TRqu85TS>SL’kSL’l$pl’q + O(|$’5), (52)

as |x| — 0.
Proof. We write
g=1+Gy+ G5+ Gy+O(r), (5.3)
and
C=0Cy+Cs+Cy+0(r?), (5.4)

where the index corresponds to the degree of the term. Then
1 1
exp(C)=1+C+ 502 +O0(r°) =1+ Cy+ C3+ (Cy + 56’22) + O(r®). (5.5)

So we take Cy = Gy, C3 = G3. The last equation is Cy + (1/2)C3 = Gy, or Cy =
G4 — (1/2)G3. The coefficient of the quadratic curvature term in the expansion is

then (2/45) — (1/18) = —1/90. O]
Claim 5.2. We have

1 1
det(g) =1 — nglxkxl - é(vakl)xmk%l (5.6)

1 1 T s 1] 1
- (%(vpqukl) o5 B By 08 = TSRk,qu) Fela?zt + O, (5.7)
asr — 0.
Proof. We use the formula det(g) = det(exp(C)) = exp(tr(C)), and compute (keeping
in mind that Rij = 5qupiqj)7
1 1
tr(C) = —ngla:k:vl — E(VmRkl)xmxkxl (5.8)
1 1,
- <%(vaqul) + %Rkil R

PIq

s(5¢s5ij>xkxlq;pxq vo(zPP),  (5.9)

then taking exp as above, we obtain the stated expansion. O
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Theorem 5.1. The volume element in normal coordinates has the expansion

1 1
det(g) =1- 6Rm$k$l — E(vakl)ZEmZEkxl (510)
1 1 L 1
— (ZO(VPVQRM) + MRW "R, 050" — iRklqu) a*rlaPr? 4+ O(r®),
(5.11)

Proof. The Taylor expansion of |/y around y =1 is

Vi=1+4 5= 1) = Sl — 17+ 0(ly — 1P), (512)

as |y| — 1. O

Corollary 5.1. If the Ricci tensor is strictly positive definite at p then

Vdet(g) < v/det(gruc) (5.13)

in a neighborhood of p. If the Ricci tensor is strictly negative definite at p then

Vdet(g) > v/det(gruc), (5.14)

i a neighborhood of p.

The case (5.33) is related to (but not equivalent to) Bishop’s volume comparison
theorem, which we will discuss later.

5.2 Expansion of volume

Theorem 5.2. Denote the volume of a ball of radius r in Fuclidean space by w,r™.
The expansion for the volume of a metric ball is given by

_ 2 ic|? 2 18A
R(p) 2 ( 3|Rm|* + 8| Ric|* + 5R 8 R>r4+0(r6)},

Vol(r) = wnr”{l T 6(nt2) 360(n +2)(n+4)

(5.15)
asr — 0.

Proof. Obviously, no odd terms will appear in this expansion. Moreover, any poly-
nomial of the form

(b (™) (5.16)

restricted to a sphere S(r) will have integral zero if any of the iy are odd. This follows
from the change of variables formula applied to the transformation

(b, . 2k ) e (2t =2 2. (5.17)
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Also, from invariance under permutations of the coordinates, we have

/ (xi)QdJ:/ (z7)*do,
5(1) 5(1)

which implies that

Next,
/ okl = / / 2l Ydodt
B(p,r) 0 S(r)
:/ / .fljk l n+1d0dt
o Jsa)
1
= rnt? / z'do
n + 2 S(l)
1
= rnt2g (2" ?do
n—+ 2 S(1)
pry —wn n+2(5k
n -+ 2
Consequently,

nR
/ Ryz*alde = 2L (0) it
B(p,r) n+2

For the next term, we need to consider quartic integrals.

Claim 5.3. For any ¢ and j such that i # 7,
nwy, = / (z")*do +n(n — 1)/ (z")%(2?)?do.
S(1) S(1)

Proof. From invariance under permutations of the coordinates, we have

nwn:/s(l)(z da—Z/ 4d0+22/ 2(29)%do

()

—n /S @ (= /S @

Claim 5.4. For any i and j such that i # 7,

/S @ =3 /5 @
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(5.18)

(5.19)

(5.20)
(5.21)
(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)



Proof. Define a change of coordinates #' = (1/v/2)(z! + 2?), 7% = (1/v/2)(z! + 2?),
and 77 = 27 for j > 2. This is an orthonormal change of basis, so from rotational
invariance we have

1\4 _ 5:,140_:l IEI CC24O_:l 1'14 $12$22 o
/S(l)(”f)d"‘/su)( )i 4/s<1>( T a?)d 2/5(1)« Y4 ()2 (22)?)do,

(5.30)
Invariance under permutations of the coordinates then implies the claim. O]
Putting together the two claims implies that
/ ()i do = —> (5.31)
S(1) (n+2)
and for ¢ # 7,
, . 1
[9(1)($Z)2(x])2d0 = mwn, (5.32)
The next term in the expansion follows from these formulas. m

Exercise 2. Fill in the details of the last step.

So the sign of the scalar curvature has a very important geometric meaning: locally
it measures the deviation of the volume of balls from the volume of Euclidean balls,
to highest order:

Corollary 5.2. If R(p) > 0 then

Vol(B(p,r)) < wyr", (5.33)
for r sufficiently small. If R(p) <0, then

Vol(B(p,r)) > wyr™, (5.34)
for r sufficiently small.

A fantastic reference for the material in this section is [Gra04].

6 Lecture 6: September 22, 2011

6.1 Geometry of level sets

Fix a point p, and let r(z) = d(p, z) denote the distance function to p. We know that
O, is the unit normal to level sets S(r).We next consider the Hessian of r, which is
given by the following V?r = V(9,). We will view this as an endomorphism of the
tangent space of S(r) at any point, and denote this by S. Note that of course,

S(X) = Vx0,. (6.1)
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Proposition 6.1. We have

VaTS -+ S2% = Rar,
(Lo,g) = 2V7r,
LSTS = V&Sa

where Ry, is the endomorphism X +— R(0,, X)0,.
Proof. For (22.7), we have

Vo, S(X) + 8%(X) = Va,(S(X)) — S(Vo,X) + S(S(X)) (6.5)
= V5,(Vx(0;)) — Vv, x(0r) + Vvya,(0) (6.6)
=V5,(Vx(9,)) = Vio,,x1 () (6.7)
- R(amX) r VX(Var( 7")) (68)
However, the second term is zero. To see this, for any X, we have
g(varar,X) - g(S(ar)7X) (69>
= ¢(0,,S(X)) from symmetry of the Hessian (6.10)
= 9(0r, Vx0,) = %X\@P =0, (6.11)
since 0, is a unit vector field.
For (22.12), we compute
(Larg<X7 Y) - ar(.g(X> Y)) - g([ar7X]>Y> - g(X7 [ara Y]) (612>
= g(VarX, Y) + g(X, VQTY) — g(VaTX — VxO,, Y) — g(X, VaTY — Vyar) (613)
= g(Vx9,,Y) +g(X,Vy0,) = 29(S(X),Y) = 2V*(X,Y). (6.14)
For (6.4), we have
(Lo, S)(X) = Lo, (5(X)) — S(Lo, X) (6.15)
- Var(S(X)) - VS(X)ar - S<V&~X - VXar) (616>
= (V,9)(X) + 5(Vs,(X)) = S(5(X)) = 5(Vy, X) + S(S(X)  (6.17)
(Var )(X). (6.18)
m

In the case n = 2, this is very simple In radial normal coordinates, the metric is
g = dr® + f2d6?, (6.19)

With respect to the orthonormal basis {9,, f~10}, the hessian of r is of the form

(8 AOT) . (6.20)
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We compute

2farf = arf2 = ar|89‘2 (621)
= 29(V5,0p, 0p) = 29(S(0p, 0p)) (6.22)
= 2f2S(f10p, f10g)) = 2f%(Ar). (6.23)
That is,
Ar = 8}f . (6.24)

Plugging in 0y to (22.7), and then taking an inner product with 0y, we obtain the
scalar equation

0,(Ar) + (Ar)* = g(R(0y, 09)0;, 0p) = — K, (6.25)

where K is the Gaussian curvature. Note that we used (6.4) to replace the covariant
derivative with an ordinary coordinate derivative. This simplifies to

0’f = —-Kf. (6.26)

So the curvature completely determines the metric in dimension 2, since we have the
initial conditions f(0) = 0, and f'(0) = 1 (recalling that f = r + O(r?) as r — 0).
Notice that (6.26) is exactly the Jacobi equation corresponding to dp, so this viewpoint
is equivalent to the previous Jacobi field method.

6.2 Bishop’s Theorem and Myers’ Theorem
We will denote dV, = y/det(g)dz = A\dzx.

Proposition 6.2. We have

O\ = (Ar) - A (6.27)
O.(Ar) + ﬁ(mf < —Ric(d,,5,) (6.28)
92 "V < ——RZ;((%’I(?’”) "V (6.29)

Proof. For (6.27), we begin with (22.12), which says that 0,¢,; = 2V,;V,r. We note
the formula

O, (det(g)) = T/ 0, Gij, (6.30)

n—1

where T),_; is the cofactor matrix. However g=! = (1/det(g))T,_1, so

0, (det(g)) = det(g) - (97")" 0,95 = 2 det(g) - Ar. (6.31)
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So we have

)= 0, det(g) _ 2Ar-det(g)

A= e - 2 (Ar) - . (6.32)
For (6.28), we trace (22.7), which yields
0. (A7) +tr(S?) = tr(X = R(0,, X)d,) = —Ric(0,,d,). (6.33)
However, for any (n — 1) x (n — 1) matrix S, we have
0<|S—(1/n—1)tr(S)g)* =1|S|* — (1/n — 1)(tr(9))?, (6.34)

so (6.28) follows upon employing this matrix inequality.
Finally, a simple calculation shows that (6.27) and (6.28) imply (6.29). O

Proposition 6.3. If Ric > (n — 1)k, then

r k=
VX< { Fpsin(VE-r) k>0 (6.35)
ﬁsinh(«/w ) k<0
Furthermore,
nol k=0
Ar << (n—1)cot(vVE-r) k>0. (6.36)
(n — 1) coth(+/]k| -m)E k<O

Proof. The inequality (6.35) follows upon integration of (6.29). For (6.36), we note
that the inequality

O (Ar) + (Ar)? < —(n— 1k (6.37)

n—1
can be integrated explicitly using separation of variables. O]
Remark 6.1. A useful way to write Ar < (n —1)/r is A(r?) < 2n.

Corollary 6.1. If (M, g) is complete, and satisfies Ric > (n — 1)k then

Vol(B(p,r)) < Volg, (By,(p,7)) (6.38)
where gy s a metric of constant sectional curvature k. Furthermore, if k > 0, then
T
diam(M, g) < —. 6.39
(M, g) N (6.39)

Proof. The estimate (6.38) follows easily from the estimate on the volume element
(6.35). For (6.39), (6.36) shows that any geodesic longer that 7/+v/k must contain a
conjugate point, and therefore cannot be minimizing past this length. O

A nice reference for this section is [Pet06].
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7 Lecture 7: September 27, 2011

7.1 Algebraic study of the curvature tensor

We say that a tensor A C @*T*M is in S?(A*(T*M)) if

Alz,y, z,t) = Ay, z, 2, t) = —A(x,y,t, 2)

Az, y, z,t) = Az, t, z,y). (7.1)
Recall that the curvature tensor Rm as a (0,4)-tensor satisfies
Rm € S*(A*T*M) C @*T* M. (7.2)
Define a map b : S?A? — @*T*M by
bA(x,y,2,t) = é(A(m, y,2,t) + Ay, z,z,t) + A(z, z, v, t)), (7.3)
this is called the Bianchi symmetrization map.
Claim 7.1. The Image of b is contained in S*A2.
Proof. First,
bA(y, x, 2, t) = %(A(y, z, 2, t) + Az, z,y,t) + A(z, v, :z:,t)) (7.4)
= %( — Ax,y, z,t) — Az, z,y,t) — Ay, 2, z, t)) = —bA(x,y, z,1), (7.5)
and skew-symmetry in the last two indices is proved similarly. Next,
bA(z, t, z,y) = %(A(z,t, z,y)+ Alt,z, z,y) + Az, 2, t, y)) (7.6)
= %(A(x, y,z,t) + Az, y,t,z) — A(z, 2, t, y)) (7.7)
= %(A(:c, y,z,t) + Ay, z,x,t) + A(z, 2, v, t)) =bA(z,y,2,t). (7.8)
O
Next, we have
Claim 7.2. The space S?*(A?) decomposes as
S%(A?) = Ker(b) @ Im(b), (7.9)

which is an orthogonal direct sum (using the tensor inner product defined above in
Subsection 1.3).
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Proof. 1t is very easy to that b is an idempotent, that is b> = b. Next, given A €
S%(A?%), consider B = A — f(A). Then f(B) = f(A) — f(f(A)) = 0. We next claim

that b is self-adjoint. To see, we compute in an orthonormal basis

1
g(A,bB) = gAijkl(Bijkl + Bjki + Briji) (7.10)
1
= g(Aijleijkl + AijBjkit + AijriBriji) (7.11)
1
= g(Aijleijkl + AyijiBijii + AjriaBijii) (7.12)
= g(bA, B). (7.13)
Clearly then, if A € Ker(b), and B = b(C') € Im(b), we have
9(A, B) = g(A,b(C)) = g(bA, C) =0, (7.14)
that is, b is an orthogonal projection. O]

Next, we identify the image of b.
Claim 7.3. We have

Im(b) = A*T* M. (7.15)

Proof. To see this, we claim that
1
bla®f) =zanp, (7.16)

where a, 8 € A?(T*M), and ® denotes the symmetric product. Here, we are thinking
of A*(T*M) as skew-symmetric (0,2) tensors. We have that

(@ ® Bijm = B + anbij (7.17)

(note that our symmetric product does not have a factor of 1/2, just like our wedge
product). So the left hand side of (7.16) is

1
(bl ® B))ijm = g(aijﬁkl + Bijo + ajipBa + Bikraa + ouwiBi1 + Brictjr). (7.18)

Under our identification of 2-forms with (0, 2) tensors, the wedge product is given by

1

a A 6(@7 €j, €k, el) = m Z @(60(1), 60(2)) . 6(60(3), 60(4)), (719)

and the sum is over all permutations of length 4. This can be rewritten as
a N B(eiu €, €k, el) = Z a<€a(1)7 60(2)) ) 5(60(3)7 6(7(4)) (720>

o(1)<o(2),0(3)<o(4)

= afe;, ;) - Blek, er) — ales, ex) - Blej, e) + ales, er) - Ble;, ex) (7.21)
+ alej, ex) - Bles, 1) — alej, e) - Blei, ex) + aler, e) - Bles, €5) (7.22)
= i B — B + Bk + kB — Bk + B (7.23)
Comparing (7.18), we see that the terms agree, up to the factor of 1/3. This clearly
implies the claim. O
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Remark 7.1. Note that this implies b = 0 if n = 2,3, and dim(Im(b)) = 1 if n = 4.

Definition 1. The space of curvature-like tensors is
C = Ker(b) C S*(A?).
Consider the decomposition
S%(A?) = C o A*.

If V is a vector space of dimension p, then

1
dim(52(v)) = PP ; ).
Since
dim(A2) = =1
2
we find that
dimS*(A?) = =n(n — 1)(n® —n + 2).
Also,

which yields

dim(C) = %n(n (2 —n+2)— 2—14n(n (= 2)(n—3)
1

2/ 2
= — —1).
5 (" =1)
Recall the Ricci contraction, ¢ : C — S*(T*M), defined by
(c(Rm))(X,Y) =tr(U — 4Rm(U, X, -, Y)).

In components, we have

¢(Rm) = Ry;;'dx' @ da’ = g™ Rypjeda’ @ da’.

Recall the Kulkarni-Nomizu product @ : S?*(T*M) x S*(T*M) — C defined by

ho k(X,Y,Z,W) = h(X, 2)k(Y,W) — h(Y, Z)k(X, W)
— h(X,W)K(Y, Z) + MY, W)k(X, Z).

Note that h® k =k ® h.
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Proposition 7.1. The map 1 : S*(T*M) — C defined by
W(h) =hoy,
is injective for n > 2.
Proof. First note that
(f,h®g) =4(cf h).

To see this, we compute (in an orthonormal basis)

fijrt(higji — Pjkga — hagje + hjigix)
= fijkjhir — fijeilix — fijha + fijahj
= 4fijkjhik-

Also note that
c(h®g)=(n—2)h+ (tr(h))g.
To see this

c(h®g) = Z(h B 9)ijkl

7,0
= Z(hikgjl — hikgi — higjx + hjigik
il

= nhi, — hjrgi; — hijgie + (t7(h))gin

= (n—2)h+ (tr(h))g.
To prove the proposition, assume that h ® g = 0. Then

0=(h®g,h® g)
= 4(h,c(h® g))
= 4(h, (n — 2)h + (tr(h))g)

= a((tr ) + (n - D).

which clearly implies that A = 0 if n > 2.

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

(7.39)

]

Corollary 7.1. Forn = 2, the scalar curvature determines the full curvature tensor.

Forn = 3, the Ricci curvature determines the full curvature tensor.

Proof. The n = 2 case is trivial, since the only non-zero component of R can be Rjs1s.

For any n, define the Schouten tensor

1 , R
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We claim that
c(Rm—A®g)=0. (7.41)

To see this, we first compute

1 nRk R
tT(A):n—Z(R_Q(n—l)):2(n—1)' (7.42)

Then

c(Rm—A®g)=c(Rm)—c(ADg) = Ric— <(n —2)A+ (tr(A))g)

:Ric—<Ric— R B g)

2(n—1) 2(n—1)
= 0.

(7.43)

For n = 3, we have dim(C) = 6. From the proposition, we also have
Y SHT*M) — C. (7.44)

But dim(S?*(T*)) = 6, so v is an isomorphism. This implies that

Rm=A0y. (7.45)
O

Remark 7.2. The above argument of course implies that, in any dimension, the
curvature tensor can always be written as

Rm=W+A0D g, (7.46)

where W € Ker(c). The tensor W is called the Weyl tensor, which we will study in
depth a bit later.

8 Lecture 8: September 29

8.1 Orthogonal decomposition of the curvature tensor
Last time we showed that the curvature tensor may be decomposed as
Rm=W+ADy, (8.1)

where W € Ker(c) is the Weyl tensor, and A is the Schouten tensor. We can rewrite
this as

1
Rm:W+mE®g+ gb g, (8.2)

R
2n(n — 1)

37



where
R
E = Ric— —g (8.3)
n

is the traceless Ricci tensor. In general, we will have
SEAXT*M)) = AHT*M) @ C (8.4)
=AMoWed(S(T"M)) @ ¥ (Rg), ’

where W = Ker(c)N Ker(b). This turns out to be an irreducible decomposition as an
SO(n)-module, except in dimension 4. In this case, the W splits into two irreducible
pieces W = WT @ W~. We will discuss this in detail later.

Proposition 8.1. The decomposition (8.2) is orthogonal.

Proof. From above,

(W,h @ g) = 4(cW, h) =0, (8.5)

so the Weyl tensor is clearly orthogonal to the other 2 terms. Next,
(E®g,90g)=(E,c(g0g)) = (E,2(n—1)g) =0. (8.6)
[

To compute these norms, note that for any tensor B,

Bogl>=(B®g,BOg)
= 4B, (B0 g))

8.7
=4(B,(n—2)B+tr(B)g) (8.7)
= 4(n — 2)|B]* + 4(tr(B))>.
The decomposition (7.46) yields
[Rm|* = [W[* + 4(n — 2)|A* + 4(tr(A4))?, (8.8)
while the decomposition (8.2) yields
2
Rm[* = |[W|* + Ef + ——R*. 8.9
[Bm|™ = W[+ —|E" + TP (8.9)
Note that
R R
B = EiiEij = (Rij — —95)(Rij — —g35)
2 1
= |Ric]* = =R’ + ~R? (8.10)
n n
1
= |Ric|* — —R?,
n
so we obtain
Rmf2 = W] + —— | Ric|? — 2 p (8.11)
n—2 (n—1)(n-2) " '
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8.2 The curvature operator

Above, we said that P € S%(A?) if P is a (0,4) tensor satisfying (7.1). But now we
would like to view such an element as a symmetric mapping P : A2 — A2 In the
remainder of this section, we will perform computations in a local oriented ONB. For
a 2-form w, the components of w are defined by

Wij = w(ei, €j), (812)
so that the 2-form can be written
1 ; .
w= §Zwije Nel. (8.13)
i,j

We define the operator P as follows: in an local ONB, we write

1
(Pw)iy =5 > P (8.14)
k,l
Another way to write this is
1 | P
Puw = 5 Z(Pw)ije ANel = 1 Z Pjrwrie’ N e (8.15)
irj ivgikl
That is,
1 P
Pw = Z Z Bjklwkle Nel. (816)
ivgikl

It is easy to see that P is well-defined and independent of the particular basis chosen.

Claim 8.1. The operator P is symmetric. That is,

(Pwi, wa) a2 = (w1, Pwa) pz. (8.17)
Proof. Using the identity
PX,)Y,Z,W)=P(Z W, X,Y), (8.18)
we compute in an ONB
(Pa, B)p2 = %Z(Pa>klﬂkl = 411 Z Pijricei; B (8.19)
k,l ikl
_ }1 S iy (Psaf) = {0, PA)se. (8.20)
ikl
O
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Conversely, any symmetric operator P : A> — A? is equivalent to a (0, 4) tensor, by
Poyrs = (P(eP Ne?),e" A e’)pe. (8.21)
Claim 8.2. These maps are inverses of each other.
Proof. We first write down the components of e? A e?:
1 . | S
e’ Nel = 5 Z(e” Nel)et Nel = 5 Z e Nel, (8.22)
i i

so the components of e? A e? are given by (e A e?);; = 6@9, the generalized Kronecker
delta symbol, which is defined to be +1 if (p,q) = (¢,7), —1 if (p,q) = (j,i), and 0
otherwise. Next, for the operator P associated to P,jy, its components (as defined in

(8.21)) are given by
Poyrs = (P(e? Ne?),e" N e’)pe

1 A ,
= (7 D_ Punle” neDue' Ael e" Ae) e

i,gkl
1 , ,
= 23 Pudfie Ael e A
0,4,k
1 P e (8.23)
= Z(Z(Plqu - ]Dijqp)e A\ ej, e Ne >A2
2
1 . .
= 5(2 PiqueZ A €j, e’ N 68>A2
Z‘?j
1
= §(P7”5pq - Psrpq) = qurs-
]
The above construction applied to Rm yields
R € F(End(AQ(T*M))), (8.24)

which is called the curvature operator. Note that since any symmetric matrix can be
diagonalized, R has n(n — 1)/2 real eigenvalues, counted with multiplicity.

8.3 Curvature in dimension three

For n = 3, the Weyl tensor vanishes, so the curvature decomposes as

. R , R
RmzA@g:(ch—zg)®g:ch®g—Zg®g, (8.25)
in coordinates,
R
Rijii = Rirgji — Rjrga — Ragjr + Rugin — E(Qikgjl — 9ikYil)- (8.26)
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The sectional curvature in the plane spanned by {e;, e;} is

R
Rijz’j = Rz’z’gjj - Rjigij - Rijgji + Rjjgii - E(Qiigjj - gjigij)
(8.27)

R
= Riigjj; — 2Rij9i5 + Rjj9u — §(giigjj — 9ij9ij)-

Note we do not sum repeated indices in the above equation! Choose an ONB so that
the Rc is diagonalized at a point p,

M0 0
Re={0 X 0]. (8.28)
0 0 X

In this ONB, R;; = \;d;; (again we do not sum!). Then the sectional curvature is

A+ A+ A
Rijij = Nigj; — 2Xi9ij9ij + NjGii — %(Qn‘%’j — 9ij9ij)
A+ A+ A (8.29)
2y - AR
We obtain
1
Ri912 = 5 (A1 + A2 — A3)
1
Ri313 = B (A1 — A2+ A3) (8.30)
1
Ras03 = 5 (=M1 + A2+ A3).

We can also express the Ricci eigenvalues in terms of the sectional curvatures

Ri212 + Riai3 0 0
Re = 0 Ri212 + Ragas 0 . (8.31)
0 0 Ry313 + Rogos

We note the following, define

Ti(A) = —A+tr(A)g = —Ric+ gg. (8.32)

Since Rc is diagonal, T7(A) takes the form
Razos 0 0
Ti(A) = 0 Rz O . (8.33)
0 0 Rioe
That is, the eigenvalue of T;(A) with eigenvector e; is equal to the sectional curvature

of the 2-plane orthogonal to e;.
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9 Lecture 9: October 4

9.1 Dimension 3 continued

We recall the Hodge star operator in dimension 3, * : A¥ — A37*. In coordinates,
this operator is given as follows. If « is a 1-form, then

(x)ij = €57 = g"Peigpay, (9.1)

where ¢;;, are the components of the volume form. If w is a 2-form, then
(+w); = €, 1w,y = 9P ¢ €510 (9.2)
Proposition 9.1. For 1-forms a and 3,
(R(x),#8)x2 = G(a, B), (9.3)
where G is the Einstein tensor G = T\ (A) = —Ric+ (R/2)g.

Proof. We compute in an orthonormal basis

1
(R(xa), xB)az = 5 D (R(x))i(+8)is (9.4)
,J
= - Z Rz]kl *Q kl(*ﬁ Z Rzgkﬁklp%q@pﬁq (9-5)
,J,kl 1,3,k,1,p,q
So we must show that
1
Z Z RijkIEklpeijq — qu- (96)
i3,k

As above, we choose an orthonormal basis which diagonalizes Ric, then of course G
is also diagonalized, so we only need to examine the entries for which p = ¢. For
example, when p = ¢ =1,

= Z Rijmern€ijn = — Z Rosin — Raaw)ern = 5 Z Rosri€rin = Rasos. (9.7)

i,7,k,l

But from (8.33) above, this is equal to 77(A)1;1. A similar computation handles the
cases p=¢q=2and p=q = 3. O]

Remark 9.1. At a point p, the sectional curvature is really a function on the Grass-
mannian of 2-planes G(2,7,M). But in dimension 3, G(2,T,M) = G(1,1T,M) =
P(T,M), so sectional curvature can be viewed as a function on RP? and the above
says this function is simply {G(a, a), |a| = 1}.

Recall that a linear operator is said to be 2-positive if the sum of the two smallest
eigenvalues is positive, and 2-negative if the sum of the two largest eigenvalues is
negative. The above implies the following:
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Proposition 9.2. In dimension 3, we have the following implications:

K(o) >0 for any 2-plane ¢ <= Ric < (R/2)g, (9.8)
K(o) <0 for any 2-plane ¢ <= Ric > (R/2)g, (9.9)

R is positive (negative) definite <= K is positive (negative), (9.10)
Ric is positive (negative) definite <= R is 2-positive(negative). (9.11)

Proof. Implications (9.8) and (9.9) follow easily from (9.3). For (9.10), we see that
definiteness of the curvature operator is equivalent to definiteness of G, which we have
just seen is equivalent to a sign on the sectional curvature. Next, in a basis which
diagonalizes Ricci, (9.3) and (8.31) show that R is also diagonalized with eigenvalues
R1212, R1313, and R2323, and (911) follows. O

In general, positive Ricci curvature is a much weaker assumption that positive
sectional curvature.

9.2 Symmetric Powers

In this subsection, we do some basic counting which will be useful later. Let V be a
vector space of dimension n, and consider S¥(V) the space of symmetric tensors on
V. Let SE(V) C S*(V) be the symmetric tensors which are totally traceless, that is,
traceless on any pair of indices.

Proposition 9.3. We have

Gm(SH(V)) — (n+Z—1) _ (n+k:—1)7 912

dim(SE(V)) = (HZE 1) - (”‘Zfll 3). (9.13)

Proof. The space S*(V') can be identified with the space of homogeneous polynomials
of degree k on V, by sending a;, ;, to

Z Wiy iy Tiy Tig * ** Ly - (9.14)

We can identify a basis for S*(V) with the number of integer solutions to
i1 +isd o tin=k i, >0, 1<p<n, (9.15)
by sending (i1, ..., %) to the polynomial
ol i (9.16)

First, let us count the number of integer solutions to

Jitjet -t in=k i,>1 1<p<n. (9.17)
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This problem can be thought of as putting k balls into n urns, with at least 1 ball in
each urn. We can specify this by listing & identical objects, and choosing n — 1 of the
spaces in between. Since there are k — 1 spaces in between, this has dimension

(i: D (9.18)

By letting i, = 7, + 1, ¢« = 1...n, the first problem is transformed into the second
problem with n + k on the right hand side, and we obtain (9.12).

We will let P*(R") denote the space of homogeneous polynomials of degree k on
R™ (which we have identified with S*(R™)). Then S¥(R™) corresponds to a subspace,
which we denote by H*(R™). It is easy to see that this is the space of homogeneous
harmonic polynomials of degree k on R™. Obviously, P® = H°, and P! = H!. We
claim that for £ > 2, we have

PEFR™) = HFY(R™) @ |z*PF2(R™). (9.19)

This follows since these spaces are clearly orthogonal complements of each other under
the tensor inner product (the latter space consisting of tensors which are pure trace
in a pair of indices). The formula (9.13) follows from this and (9.12). O

Iterating (9.19) yields the following decomposition. For k even,
SF(R™) = HMR™) @ |2PH2(R™) @ - - - @ |z|FHO(R™), (9.20)
and if k is odd,
SHFR™) = HYR™) @ |zPHF 2R @ - - - @ |2/ HY(R™). (9.21)

This is in fact an irreducible decomposition of S*(R™) under the orthogonal group O(n).

9.3 Representations of SO(3)

In this subsection, we present an alternate way of obtaining the decomposition of the
curvature tensor, using representation theory.

Proposition 9.4. We have the following isomorphisms of Lie groups
Spin(3) = Sp(1) = SU(2). (9.22)
Proof. Recall that Sp(1) is the group of unit quaternions,
Sp(1) ={g € H:qq = |q* =1}, (9.23)

where for ¢ = xg + z11 + x9j + x3k, the conjugate is ¢ = xg — x1t — x9j — w3k. We
note the identities

qq = lq* -1 (9.24)
QG2 =G qi (9.25)
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The first isomorphism is, for ¢; € Sp(1), and ¢ € Im(H) = {z1i + x27 + 3k},
¢ = q199, € GL(Im(H)), (9.26)

From (9.24) and (9.25), this is moreover in O(I/m(H)). This is a continuous map,
and Sp(1) = S? is connected, with 1 mapping onto the identity, so the image is
in SO(Im(H)). The kernel is clearly {£1}, so this map is a double covering of
SO(3) = RP?. For the isomorphism Sp(1) = SU(2), we send

q:a+jﬁ»—>(g _5’8>, (9.27)

where «, 5 € C. O

We let V' denote the standard 2-dimensional complex representation of SU(2), which
is just matrix multiplication of (9.27) on column vectors. Let S™(V') denote the space
of complex totally symmetric r-tensors. From (9.12) above, dim¢(S™(V)) = r + 1.

Proposition 9.5. If W is an irreducible complex representation of Spin(3) = SU(2)
then W is equivalent to S"™(V) for some r > 0. Such a representation descends
to SO(3) if and only if v is even, in which case W is a complexification of a real
representation of SO(3). Furthermore,

min(p,q)
SFV)@si(V)= s (9.28)

r=0

Proof. On the Lie algebra level, it is proved in [FH91, Chapter 11] that the weights
of any representation are given by

{ryr—=2,...,...,—r+2 —r}, (9.29)

and there is a unique such representation for any integer » > 0 of dimension r + 1.
Going back to the Lie group level, since SU(2) is a double cover of SO(3), only the
representations for which —1 acts trivially will descend, which is only true for r even.
The decomposition (9.28) follows since the weights of a tensor product are sums of
the weights of each factor, counted with multiplicity. m

Using this, it is quite easy to decompose the curvature tensor directly in dimen-
sion 3. The standard representation of SO(3), call it T', is irreducible, So we must
have T'® C = S?V. Also, A*(T) is irreducible and of dimension 3, so it is also equal
to S?V, so A*(T) = T. Of course, the Hodge star gives the isomorphism between
these spaces. Next, since A*(T) = 0, we know that

C = S%*(A\?) = S*T) = S;(T) &R, (9.30)
which is the exactly the statement that
R
Rm:E@ngﬁg@g, (9.31)
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which we derived above.
We next identify SZ(7) ® C in terms of V. From above, we have that

SHT)®C = S3(S*(V)). (9.32)
From (9.28), we have the irreducible decomposition
S2H V)@ S2(V)=SY (V)@ S*V) @ C. (9.33)
But we also have
S2(V) @ S*(V) = End(S*(V)) = Sg(S*(V)) @ A*(S*(V)) @ C. (9.34)
Comparing these, by counting dimensions we must have
Se(S*(V) = SH(V), (9.35)
so we have the irreducible decomposition.

CeC=S8V)aC. (9.36)

10 Lecture 10: October 6

For illustration, we will study the curvature tensor in dimension 4 in two ways. First,
we will give a proof which involves direct computation. Then we will give a proof
using representation theory.

10.1 Curvature in dimension 4

Recall the Hodge star operator on AP in dimension n satisfies
$2 = (=1)Pl=P)T, (10.1)
In the case of A% in dimension 4, **> = I. The space of 2-forms decomposes into
A=A aA, (10.2)

the +1 and —1 eigenspaces of the Hodge star operator, respectively. Note that
dimg(A?) = 6, and dimg(AZ) = 3. Elements of A2 are called self-dual 2-forms,
and elements of A% are called anti-self-dual 2-forms

We fix an oriented orthonormal basis {ey, €9, €3, €4} with dual basis {e!, €%, €3, e},
and let

wi =e'ne2 £ Aet,
wy =e' AN Let Ae?,
wi =e' ANet L AeP,

+

note that *w} = +w, and \%% is an orthonormal basis of A%.
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Remark 10.1. In dimension 6, on A%, we have > = —1, s0o A* ® C = A% @ A3, the
+7 and —i eigenspaces of the Hodge star. That is, % gives a complex structure on
A% in dimension 6. In general, in dimensions n = 4m, A*™ = A¥" @ A?™, the +1
eigenspaces of Hodge star, while in dimensions n = 4m + 2, the Hodge star gives a
complex structure on A%+,

In dimension 4 there is the special coincidence that the curvature operator acts
on 2-forms, and the space of 2-forms decomposes as above. Recall from Section 8.1,
the full curvature tensor decomposes as

1 R
Rm=W+_-E®g+ —9gDy, (10.3)
2 24
where
E = Ric — gg (10.4)

is the traceless Ricci tensor.
Corresponding to this decomposition, we define the Weyl curvature operator, W :
A? = A? as

1
Ww)y; = 5 ; Wijkiwp- (10.5)

We also define W* : A2 — A? as
WHw = my Wriw, (10.6)
where 7y : A* = A% is the projection 1(I & *). Note that

WTwi, wp) = (T W wr, wy) (
= Wriwy, Tiws) (10.8
= (miwy, Wriws) (since W is symmetric) (

— (wn, W), (10.10

This says that W is a symmetric operator, so by the above procedure, it corresponds
to a curvature-like tensor W7, the components of which are defined by

Wipe = (W (A et), e A )
= <7T+W7T+(€p A\ eq), e’ A €S> (1011)

W(eP Nel + x(e? Ne?)),e" Ne® 4 x(e" Ne)).

1
4
For example,

Wihay = i(W(el Net+eP net) el et +eP Aet)
1 (10.12)
= §(W1212 + 2Wiaga + Wiaga).
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We will prove that
7T+W == W7T+, (1013)

which is equivalent to saying that ¥V commutes with the Hodge star operator. This
in turn is equivalent to proving certain curvature identities for W. For example, we
can use this to alternatively compute

Wihay = (mW(et Ae?), e® Aet)
= (Wri(e Ne?),e® Aet)

1

= §<W(el Nt 4 e Aet) ed net) (10.14)
1

= §(W1234 + Wiyza).

Comparing (10.12), this yields the identity
Wiz12 = Wigaa. (10.15)

So (10.13) is equivalent to various Weyl curvature identites like (10.15).
We can decompose the Weyl curvature tensor as

W=Wwr+w-, (10.16)

the self-dual and anti-self-dual components of the Weyl curvature, respectively. There-
fore in dimension 4 we have the further orthogonal decomposition of the curvature
tensor

1 R
Rm:W*+W*+§E®g+ﬂg®g. (10.17)

The traceless Ricci curvature operator £ is the operator associated to the curvature-
like tensor F @© g, and the scalar curvature operator S is the operator associated to
Rg®g.

Proposition 10.1. The Weyl curvature operator commutes with the Hodge star op-
erator, *WW = Wk, and therefore preserves the type of forms, W(A%L) C A%. Further-
more,

TWT = Whs =Wt (10.18)
SNV =W k= -—W". (10.19)

The scalar curvature operator acts as a multiple of the identity
Sw = 2Rw. (10.20)
The traceless Ricci operator anti-commutes with the Hodge star operator,

€ = —Ex, (10.21)
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and therefore reverses types, E(A2) C Agt. In block form corresponding to the decom-
position (10.2), the full curvature operator is

WT + 1—R21 %Eﬂ,
R = . (10.22)
%57T+ W_ + %[

Proof. We first consider the traceless Ricci operator. We compute

1
(EOg)w)i; = §(E D 9)ijkiWki

1

- §(Eik;gjlwkl — Ejrgawi — Eagjrwr + Ejginwr) (10.23)
1

B §(E1;kwkj = Ejeoni — Euwji + Ejwa)

= Firwij — Ejrwri,

since w is skew-symmetric. Next assume that F;; is diagonal, so that E;; = A;g;;, and
we have

1
§(E D 9)ijkiwWii = NibikWhj — AjO kW

10.24
= )\iwij — )\jwji ( )
= <>\z + /\j)wij.
Next compute
1 + 1 kl Kkl
5(E 0 9)iju(wi)u = 5(E O 9)iju (01 + 03)
= (X)) (01} + 03%) (10-25)
= (A1 + A2)0h + (A3 + Ao
Since FE is traceless, A\ + Ao = —A3 — A4, so we have
1 y y
S(EO 9)igrt (W )i = (A1 + A2) (015 — 034, (10.26)
which equivalently is
(E® g)(w) = (A + Xo)wy . (10.27)

Similar computations for the other components (which we leave to the reader) shows
that

(E®g)(A2) C A% (10.28)
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This is equivalent to 7L Em4 = 0, which is easily seen to be equivalent to (10.21).

Next, the dimension of the space {M : A? — A2 M symmetric, Mx = — x M}
is 9. The dimension of the maps of the form E @® g, where is a traceless symmetric
tensor is also 9, since the map £ — F @ g is injective for n > 2. We conclude that
the remaining part of the curvature tensor

(Wi + is) (A2) C (A2), (10.29)

which is equivalent to (10.18) and (10.19).
Finally, the proposition follows, noting that ¢ ® g = 21, twice the identity. To see
this, we have

((9 @ g)w)ij = (9 O 9)ijruwni

N~ DN~

(9ikgjt — 9ikgut — Gugjk + jtgin)wn (10.30)

Gik9gjl — gjkgz‘l)wk:l
wij — wji) = 2wij.

—~

]

Of course, instead of appealing to the dimension argument, one can show directly
that (10.29) is true, using the fact that the Weyl is in the kernel of Ricci contraction,
that is, the Weyl tensor satisfies Wj;;; = 0. For example,

1
Wuwi)ij = §Wijkz(5§f +641)

(10.31)
= Wiji2 + Wijsa,
taking an inner product,
1
Wuwi,wr) = 5 (Wijrz + Wijsa) (0,7 — 6;)
= Wiz12 — Waaia + Wiazs — Wagsa (10.32)
= Wig12 — Wayaa.
But we have
Wisto + Wisis + Wiga =0
1212 1313 1414 (10.33)
Wia12 + Waaga + Wiaase = 0,
adding these,
2Wig12 = —Wisis — Wigia — Wiaaze — Waggo. (10.34)
We also have
Wiata + Wasos + Wayzs =0
1414 2424 3434 (10.35)

Ws131 + Waaga + Waazy = 0,
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adding,
2Waa34 = —Whia1a — Wasos — Waiz1 — Wiazg = 2Wia1a,
which shows that
Wuwi wi) =0.
Next

1
W', wy) = 5 (Wgna + Wigsa) (0] = 315

= W1312 - W4212 + W1334 - W4234
= _W1231 - W4212 - W4313 - W4234~

But from vanishing Ricci contraction, we have

Wia12 + Wiy =0,
Wiazi + Waass =0,

which shows that
Wuwi,wy) = 0.

A similar computation can be done for the other components.

11 Lecture 11: October 11

Since Weyl € Ker(c), the operator W : A> — A? is clearly traceless.

the stronger statement:
Proposition 11.1. Both W' and W~ are traceless.

Proof. We compute
3

trOV) =Y W (W), wihae
i=1
= Wio19 4+ 2Wia34 + Wiysy
+ Wigis + 2Wizae + Wioao

+ Wigra + 2Wiga3 + Wagas.

(10.36)

(10.37)

(10.38)

(10.39)

But we have

(11.1)

(11.2)
(11.3)
(11.4)

The first column sums to zero by Ricci contraction. Since x)V = W=k, we know that
Wio1a = Wausa, Wiyoso = Wisz13, and Wiy = Wosas, so the last column is the same as

the first column. The algebraic Bianchi identity says that
Ri234 + Ri342 + Rig23 = 0.

(11.5)

Substituting Rm = Weyl + A® g into this, all terms arising from A @® g are zero since

all of the indices are different. Consequently,

Wiasa + Wigaa + Wiz = 0.

(11.6)

so the middle column sums to zero. A similar computation deals with WW~. O
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We next have a corollary of our computations from last time.

Corollary 11.1. Let (M, g) be a Riemannian 4-manifold. The following are equiva-
lent

o xR = Rx.
o For any 2-plane o, K (o) = K(ob).
e g is Finstein.

Furthermore, the following are equivalent
o xR = —Rx.
e For any 2-plane o, K(0) = —K(ob).
o Weyl, =0 and R, = 0.

Proof. Obviously, R commutes with x if and only if the part of the curvature tensor
which anti-commutes with * must vanish if and only if £ = 0. Next, take any 2-plane
o C T,M. Choose an oriented ONB {ey, €3, €3, e4} such that span{e;,es} = o, and
let {e!,e? €% e} be the dual basis of TyM. Then

K(o) = Rm(ey, eg,e1,e3) = (R(e* A e?), (er Ae*))pe. (11.7)
If R commutes with *,

K(ob) = Rm(es, ey, e3,e4) = (R * (€' Ae?), x(e' Ae?))az (11.8)
= (xR(e' Ne?), x(e' Ae?))a2 = (R(e' Ae?), (e AeP))pe = K(o).  (11.9)

Conversely, if K(o) = K(ot) for any 2-plane o, then for any oriented ONB as above
(R(e' Ae?), (e Ae*)hae = (R(e* Aet), (€3 Aet))z, (11.10)

which shows that 7, Rn_ = 0 and 7_Rm, = 0, which are equivalent to Rx = *R. A
similar argument works to prove the second set of equivalences. O]

An example for the first case is S? x S? with the product metric
g =T gs + T54s, (11.11)

where gg the round metric on S? with constant curvature K = 1, and 7; is the
projection to the ith factor, « = 1,2. Note in general for product metrics we have

Rm(g) = m Rm(gs) + m5Rm(gs), (11.12)
so we have

Ric(g) = m Ric(gs) + T3 Ric(gs) = m1gs + T395 = 9, (11.13)

52



so the product metric is Einstein. However, it does not have constant curvature, since
the Weyl tensor is given by

Weyl(g) = Rm(g9) —A® g = =7igs ® Tigs + =T59s O Tygs — =g O g

2 2 6
1 * * * * 1 * * * *
= 5(77195 O T gs + Tags O 77295) - 6(7195 +m595) © (7 gs +m59s)  (11.14)
1 * * * * * *
= 5(”195 O 1 gs + Ty9s O Tegs — T gs O 7T29$>7

which is not zero. An important fact is that this metric has non-negative sectional
curvature. To see this, for e; and e, orthonormal we compute

Rm(ey, €9, €1, €2) = (m7gs)(e1, e1) (] gs)(ea, €2) — (77 gs)(e1, €2))
+ (m395) (€1, 1) (m39s) (€2, €2) — ((m59s) (€1, e2))”
= gs(f1, [1)gs(fa, f2) — (9s(f1, f2))?

+ gs(ha, h1)gs(ha, he) — (gs(ha, hz))Qa

where f; = (m).e;, and h; = (ma).€;, for i = 1,2. This is clearly non-negative by the
Cauchy-Schwartz inequality. Note that this is zero if (m2).(e1) = 0, and (m1).(e2) = 0,
that is, if e; is tangent to the first factor, and e, is tangent to the second factor. Thus
this metric has many zero sectional curvature planes at every point. The following is
a very famous conjecture:

(11.15)

Conjecture 11.1 (Hopf Conjecture). The manifold S* x S? does not admit a metric
of positive sectional curvature.

An example for the second case in Corollary 11.1 is S? x H? with the product
metric g = 7 (gs) + 75(gn), where gs is the round metric with constant curvature
K =1, and gy is a hyperbolic metric with constant curvature X = —1. The Ricci
tensor is given by

Ric(g) = m Ric(gs) + my Ric(gn) = 71 9s — Togm, (11.16)
so ¢ is scalar-flat. To see that Weyl = 0,

Rm(g) = miRm(gs) + m3Rm(gn) = 5m1gs © T1gs — 719 O Wi gn
2 2 (11.17)

1 * * * * 1 * *
= 5(7195 — Togm) O (T gs + Togm) = 5(”195 —m591) D g.

This says the curvature tensor is in the Image of W, which implies that the Weyl
tensor vanishes.

11.1 The Grassmannian
A mentioned above, we can view the sectional curvature as a function
K :G,(2,T,M) — R, (11.18)

where G(2,T,M) is the Grassmannian of oriented 2-planes in the tangent space.
There is a nice description of the Grassmannian in dimension 4:
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Proposition 11.2.

1
G2, RY) = 52 x § — {(a,ﬂ) € A2 x A2 | |afuz = Bl = ﬁ} (11.19)

Proof. A 2-plane is determined by a orthonormal basis {e1, es}, which determines
a unit-norm 2-form e; A e;. Conversely, any non-zero 2-form of the form e; A eg
with e; and e linearly independent determines a 2-plane. Such a 2-form is called
decomposable. We claim that a 2-form w is decomposable if and only if w A w = 0.
Obviously e; A ey A e; A ey = 0. For the converse, if w A w = 0, then the linear map
L, : A* — A? defined by L,(0) = w A0 has rank 2, and therefore w = +e; A e; where
{e1, 2} is any orthonormal basis for Ker(L). Writing w = o + 3, where a € A2 and
BeA?,

0=wAw={w,*w)dV = {a+ B,a— B)rdV = (|a]* — |5]*)dV. (11.20)
Consequently,
Go2, R ={weN |wAw=0,|w}. =1} (11.21)

1
_ {(a,ﬁ) € A2 x A2 | |alp = [Blx = E} (11.22)

]

Remark 11.1. The un-oriented Grassmannian is a 2-fold quotient of Gy(2, R?) given
by & ~ —¢, which in the above description is (a, 8) ~ (—a, —f).

Using this description, we can think of the sectional curvature as K(«, ) = K(o)
where o is the 2-plane determined by the unit-norm decomposable 2-form o + 5. We
can add another equivalent condition to Corollary 11.1:

Corollary 11.2. Let (M, g) be a Riemannian 4-manifold. The following are equiva-
lent

o xR = Rx.

e For a 2-plane o corresponding to (o, ) € AT x A%, we have
K(a, 8) = (R(a),a)az + (R(B), B) a2 (11.23)

Furthermore, the following are equivalent
o ¥R = —Rx.

e For a 2-plane o corresponding to (o, ) € AT x A%, we have

K(a, B) = 2(R(a), B) pz. (11.24)
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Proof. Since a + 3 is a unit norm 2-form, we have

K(a,B) = (R(a+ B), o+ ) 2 (11.25)
= (R(@), a)az + 2(R(), B)az + (R(B), B) 2. (11.26)

In the first case, R preserves types of forms, so the middle term vanishes. In the
second case, R reverses types of forms, so the first and third terms vanish. n

Next, we revisit the product examples from above. In the following, we let A
denote the matrix

1
A=10 (11.27)
0

o O O
o O O

In the case of the product metric on S? x S?, we have the following.
Proposition 11.3. Let M = S? x S? with the product metric g = 7}gs+m5gs. Define
wi = midV,g £ mhdVy,. (11.28)
Then for a 2-plane o corresponding to («, ) € AT x A%, we have
K(a, B) = (o) + (8,07 e, (11.20)

Equivalently, extending (1/v/2)wi to an ONB of A2, the curvature operator has the
form

Al O
R=| —— 1. (11.30)
0 A

Proof. We already know that the curvature operator preserves types of forms. It is
easy to see that Rwi = wit, and that the curvature operator annihilates anything
orthogonal to span{w;,w; }. O

Corollary 11.3. For the product metric (S* x S%,g), at any point, we have
0< K(o) <1, (11.31)

and the zero sectional curvature set is a torus S* x S' C G,(2,T,M) defined by

{(0,8) € A2 x A2 | Ja] = |8 = <=, {a,w}) = (B,wl) =0}, (11.32)

1
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Proposition 11.4. Let M = S? x H? with the product metric g = 7}gs+m39u. Then
for a 2-plane o corresponding to (a, ) € AL x A%, we have

K(a, ) = {o,wi )2 - (B, wy ) az. (11.33)

Equivalently, extending (1/+/2)w to an ONB of A?, the curvature operator has the
form

R=| ——|. (11.34)

Proof. We already know that the curvature operator reverses types of forms. It is
easy to see that Rwi = wi, and that the curvature operator annihilates anything
orthogonal to span{w;,wy }. O

Corollary 11.4. For the product metric (S* x H?, g), at any point, we have
-1 < K(o) <1, (11.35)

and the zero sectional curvature set is S* x S*U S? x ST C G,(2,T,M) defined by

{(@,B8) € A2 x A2 | o] = 8] = —=, (@,wl) = 0 or (B,w!) = o}. (11.36)

L
\/§7
12 Lecture 12

12.1 Representations of Spin(4)

Next, we give a representation-theoretic description of the curvature decomposition
in dimension 4. As SO(4) modules, we have the decomposition

S?(A?) = S?(A2 @ A?)

= S*(A2) & (A2 ® A2) & S*(A2), (12:1)
which is just the “block form” decomposition in (24.32).
Proposition 12.1. We have the following isomorphisms of Lie groups
Spin(4) = Sp(1) x Sp(1) = SU(2) x SU(2). (12.2)

Proof. To see that Sp(1) x Sp(1) = Spin(4), take (¢1,¢2) € Sp(1) x Sp(1), and define
¢:H — H by

?(q) = q147o- (12.3)
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We claim that this defines a homomorpishm f : Sp(1) x Sp(1) — SO(4), with

ker(f) = {(171)7(_17_1)}7 (124)

so f is a non-trivial double covering.
To see that f is a homomorphism:

@, @) - (41, ) (@) = fadl, 26) (@) = adaed

L (12.5)
= 191985% = f(q1,¢)(f(d), 45)(q)).

The inverse map to f(qi,q2) is f(g;', ¢z "), so the image of f lies in GL(4,R). We
compute

1f(q1,22) (@) = 019G = 019001985 = 11903290 = |q|?, (12.6)

since ¢; and ¢y are unit quaternions, so the image of f lies in O(4,R). Since Sp(1) x
Sp(1) = 5% x S3 is connected, the image must lie in the identity component of O(4),
which is SO(4). Finally, assume

for every ¢ € H. Letting ¢ = 1, we see that ¢; = g2, which implies that

991 = q19, (12.8)

for every ¢ € H, thus ¢; is in the center of Sp(1), which says that ¢; € R, so

For GG; and G4 compact Lie groups, it is well-known that the irreducible represen-
tations of GG1 X GGy are exactly those of the form Vi ® V5 for irreducible representations
Vi and V3 of G and Gy, respectively [FH91]. For Spin(4) = SU(2) x SU(2), let V.
and V_ denote the standard irreducible complex 2-dimensional representations of the
first and second factors, respectively. The representation theory of Spin(4) is given
by the following.

Proposition 12.2. If W is an irreducible complex representation of Spin(4) =
SU(2) x SU(2) then W is equivalent to

SPa = SP(V,) @ S9(V.), (12.9)

for some non-negative integers p,q. Such a representation W descends to SO(4) if
and only if p+q is even, in which case W is a complexification of a real representation

of SO(4).
The following Lemma will also be very useful:

Lemma 12.1 (Schur’s Lemma). Let V' and W be irreducible SO(4) modules, and
f:V = W an equivariant map. Then f is either an isomorphism or identically zero.
Moreover, any equivariant map f :V — V has the form f(v) = X-v for some A € C.
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Proof. The spaces Ker(f) and I'm(f) are invariant subspaces, so are either trival
or the entire space. For the second part, any non-trivial eigenspace is an invariant
subspace, so must be the entire space. O

We begin by noting that
dime(SP9) = (p+ 1)(q + 1), (12.10)

which yields that dimc(S™!) = 4. Since p + ¢ = 2 is even, this corresponds to an
irreducible real representation of SO(4). Clearly, the standard real 4-dimensional
representation of SO(4), call it T, is irreducible. If (p+ 1)(¢ + 1) = 4, then (p,q) €
{(1,1),(3,0),(0,3)}. The latter two cases have p + ¢ odd, and do not descend to
representations of SO(4). Therefore, we must have

TR®C=V, ®c V.. (12.11)

We know from above that A*(T) = A3 & A?, using the Hodge star. Assuming
these are irreducible, then if (p + 1)(¢ + 1) = 3, then (p,q) € {(2,0),(0,2)}, so
from Proposition 12.2, the only 3-dimensional irreducible representations of SO(4)
are S?(V,) and S?(V_). But we can directly prove these are irreducible as follows:

Claim 12.1. We have the irreducible decomposition
A (T)®C = S*(Vy) @ S*(V.). (12.12)
Consequently, the spaces A% are irreducible, and up to a choice of orientation,
AL ®C=5%(Vy). (12.13)
Proof. We begin by noting that for any vector spaces V and W,
NVeW)=ANV)o S*(W)® S* (V) A2(W). (12.14)

This is a decomposition with respect to GL(n,R), and an explicit isomorphism is
seen by sending

(a®b) A (c®d) (12.15)
to
(a®c—c®a)@(bRd+dRb)+(a@c+c®a)® (b@d—-d®D). (12.16)

Applying this to (12.11), we obtain (12.12) since A*(Vy) = C, these spaces being
2-dimensional. [l

Note also that
End(T)=T®T=S;T®R-I® AT, (12.17)

where S2(T') are the traceless symmetric endomorphisms. Note that dimg(S3T) = 9,
assuming this is irreducible, if (p + 1)(¢+ 1) = 9, then (p,q) € {(2,2), (8,0), (0,8)}.
All 3 of these descend to SO(4), so we can not see which space this is using only
Proposition 12.2. We identify this space in the following:
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Claim 12.2. We have the isomorphism of real representations of SO(4):
S2T) = A2 @ A2, (12.18)
In terms of spin representations,
Se(T)® C = 85** =5V, ® S*V_. (12.19)
Proof. We begin by noting that for any vector spaces V and W,
S2HVeW)=5%(V)® S2 (W) A* (V) @ A2(W). (12.20)

This is a decomposition with respect to GL(n,R), and an explicit isomorphism is
seen by writing

(a®b)© (c®d) (12.21)
to
(a®@c+c®a)®(bd+dRb)+ (a®c—c®a)® (b@d—-d®D). (12.22)
So we have
SAHV, @ V.)=S5*V,®S*V_aC, (12.23)

since A%(Vy) = C. But under O(n), taking the traceless part of a matrix yields the
decomposition

S2(T) = S3(T) ® R. (12.24)
Comparing (12.23) and (12.24) yields the claim. O

We can see the isomorphism, and the inverse map in (12.18) explicitly as follows. In
the previous lecture, sending £ € S2(T) to the operator £ corresponding to E @® g is
an isomorphism to Hom(A%,A%) = A2 ® A?. For the inverse map, take w' € A%,
and w? € A%. Consider

Eij =) whwi; (12.25)
k

It is easy to see that this is traceless because
trE=> whwp, = —2(w", w2 =0, (12.26)
p.k

since A7 and A? are orthogonal subspaces. However, symmetry is a little more
difficult to prove directly, so we argue as follows. The mapping in (12.25) induces a

mapping

NN -TeT=S20A2 oA oR. (12.27)
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From Schur’s Lemma, our map must be a multiple of projection onto the first factor.
The main point is that symmetrization in (¢, ) in (12.25) is not necessary!
The above shows that

End(T)®C =SV, ® S>’V_ o Cqo S*V, @ S*V_. (12.28)
Returning to the curvature tensor, recall from Section 7.1 that
S2(A*T) = C @ AX(T), (12.29)
where C is the space of curvature-like tensors. So in dimension 4,
S2(A*T) =C o R. (12.30)

The left hand side decomposes as

S*HA’T) = S*(A2T @ A7) (12.31)
=S*(AN2T) & (AXT @ A’ T) & S*(A2T), (12.32)

so we have
S2(AN’T) ® C = S*(S?V,) @ (S*V, ® S*V_) @ S*(S*V.). (12.33)

From Proposition 9.5,
SV, @ S*V, =SV, @ S?V, @ C. (12.34)
Also
End(S?V,) = A*(S*V,) @ S3(S*V,) @ C. (12.35)
By counting dimensions, this implies that
S, = S3(S*V,). (12.36)
Putting all of these facts together, we have

CRC=Ca (S*V,®S*V.)p SV, @ S*V_.

— SO’O D 5«2,2 D 5«470 D 5074. (12.37)

We relate this to the decomposition of the curvature tensor from the previous section.
The trivial summand determines the scalar curvature. By (12.18) the second piece is
traceless endomorphisms of 7', so this piece gives the traceless Ricci tensor. Finally, by
(12.36), S*V,. are traceless endomorphisms of S*V, = AT, so these pieces determines
the self-dual and anti-self-dual Weyl curvatures.
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12.2 Some identities in dimension 4

Proposition 12.3. We have the following identities in dimension 4.

Z le"—stW]J”;st = _|W+’29ij (1238)
7,8,t
Z sz"—stW];st (1239)
7,8,t
> WiaWi = IW‘ 95 (12.40)
7,8,
1
Z WirstWirst = Z|W|29ij (12.41)
7,8,

Proof. For Y, Z € S§(A%), consider the mapping

YOZ > YiaZia. (12.42)

r,8,t
This extends to an equivariant map
¢ : S*(Sg(AR)) — S*HT*M). (12.43)

From the previous lecture, we know that S3(A%)® C = S*(Vy), and SF(T*M)®C =
S22 50 upon complexifying ¢,

¢ :S*(SHVy)) — S @ C. (12.44)

To find the irreducible decomposition of the left hand side, we argue as follows. From

(9.28),
SHV) @ SV, = S3(Vy) @ SS(Vy) @ sH(Vy) @ S*(V,) @ C. (12.45)
On the other hand,
SUVL) @ SHVL) = SHSH (VL)) @ AX(SH(VL)). (12.46)
Counting dimensions, we see that
S2(SY V) =S¥V @ S (V)@ C. (12.47)
So ¢ is an equivariant mapping,
¢: oS C— S*2?oC. (12.48)

Since C is the only module in common between the domain and range, we must have
that ¢ = mgAmy, where A € C, and my denotes the projections onto the C modules.
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That is, ¢ is identically zero on S®° and S$*°, the image of ¢ lies in C, and ¢ is just
multiplication by a constant. Therefore,

SWHoW™) => Wi Wi, =g, (12.49)

7,8,

and taking a trace shows that A = (1/4)|WT|>. And identical argument with V_
replacing V. proves (12.39).
If we consider ¢ as a mapping

¢: SH(AL) ® SH(A%) — S*(T*M) (12.50)
then tensoring with C yields a mapping
¢: S — S @ C, (12.51)

and since there are no modules in common in the domain and range, this mapping is
identically zero, which proves, (12.40). Then (12.41) follows since W = W+ + W~ is
an orthogonal decomposition. O]

13 Lecture 13

13.1 Another identity in dimension four

Proposition 13.1. In dimension 4, we have

1 R
Z RiystRjrst = ZlRm|29ij + gEz‘j +2 Z WipjqEpq- (13.1)

r,s,t Pyq

Proof. We use the formula

1 R
Rm:W+§E®g+ﬂg®g, (13.2)

to compute

Z RirstRjrst - Z (Wirst + %(E W g)irst + 2_R4(g W) g)irst)

7,8t r,s,t

1 R
: (erst + §(E O g)jTSt + ﬂ(g ® g)jrst)

1 R
_ Z {I/Virstvvjrst + ZL(E D g)irst(E D g)jrst + E(Q Y g)irst(g @) g)jrst

7,8,t

1 R

+ §(I/Virst(E ay g)jrst + I/erst(E’ O g)irst) + ﬂ(VVirst(g O g)jrst + erst(g ) g)irst)
R

+ 551 (B 9)irsa(9 © 9)inst + (B © 9)iras(9 ® 9)irs) |

2-24
1 R? 1 R R
=I+-I11+—=IIT+ -1 — — VI
+4 +242 +2 V+24V+2-24V
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From (12.41), we have

1
I= Z VV’irstVerst = Z|W’2,glj (133)

r,8,t
Next, direct computation shows the following:

Il = Z(E O g)irst(E W) g)jrst = 2|E’292]

7,8,t

I = Z(g @) g)irst(g ) g)jrst = 2491‘]‘

r,8,t

IV = Z(Vvirst(E Y g)jrst + erst(-E O g)irst) =4 Z Wiququ

r,s,t pq

V= Z(‘/Virst(g W) g)jrst + erst(g W) g)irst) =0

7,8,

VI = Z(E Y g)irst(g W) g)jrst + (E W g)jrst(g @g)irst) = 16E1]

r,8,t

Using these, we obtain

1 R2 1 R R
Y RipaRjpa =T+ 11+ o= IIT+ IV + —V + ——VI

< 4 242 2 24 2-24
2
= ;L|W|29ij + %|E|2gij + %gij + 2%: WipjqEpq + g i
The formula (8.9) in dimension 4 is
|Rm|? = |W|2+2|E|2+éR2, (13.4)
and the proof is completed. O]

13.2 Curvature operator on symmetric tensors

The curvature tensor can also be viewed as an operator on symmetric tensors

o

R : S*T*M) — S*(T*M), (13.5)
by defining
(Rh)i; = Z Ripjghpg- (13.6)
P

It is easily seen that this operator is a symmetric operator. Of course, the space of
symmetric tensors has the orthogonal decomposition

S2(T*M) = S3(T*M) & R. (13.7)
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Proposition 13.2. With respect to the above decomposition, we have

Weyl : R — 0, Weyl : S3(T*M) — S3(T*M), (13.8)
(E®g):R—0, (E®g): Sg(T*M) — R, (13.9)
and R(g ® g) acts diagonally. Consequently, g is Einstein if and only if
R : SHT*M) — S2(T*M). (13.10)
Proof. This follows from a simple computation. O]

13.3 Differential Bianchi Identity in dimension 3

In any dimension, we recall that there are 3 Bianchi identities: the full Bianchi identity

VZ-Rjklm + ijkilm + kai_jlm =0, (13.11)
the once-contracted Bianchi identity
ViR = ViR = ViRjm, (13.12)

and the twice-contracted Bianchi identity
2V,R. = V,R. (13.13)
Proposition 13.3. In dimension 3, (13.11), (13.12), and (13.13) are equivalent.

Proof. We know that the curvature tensor is determined by the Ricci tensor in dimen-
sion 3, so each Bianchi identity is equivalent to some linear relation in first covariant
derivatives of the Ricci tensor. In terms of representations, we have

VRice TR S*(T) =T (SHT)®R) = (T®S;(T))®T. (13.14)

Upon complexification, we have
(ToS§T)eT®C=(S*(V)® S (V))& S*(V) (13.15)
=S(V)a S' (V)@ S*(V) @ S*(V). (13.16)

Let us write the corresponding projections as 11y, I15, I15, and 114, respectively. Clearly,
we can assume that II3 is the divergence operator §, and Il is d(trace). The Bianchi
identity (13.13) can then be written (2115 — II4) Ric = 0.

The quantity on the left hand side of the full Bianchi identity (13.11) is easily seen
to be skew-symmetric in the first three indices, so it lives in the space A? @ A? = T.
Consequently, by Schur’s lemma, (13.11) must be a linear combination of I3 and I1,.
But obviously, this must be the same linear combination as in (13.13), so (13.11)
and (13.13) are equivalent. A similar argument applies to see that (13.12) is also
equivalent to (13.13). O

Remark 13.1. In terms of real representations, from Section 9.2 above, the decom-
position (13.16) can be written

TeSHT)eT=HRYe SH(T)eTaT. (13.17)
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14 Lecture 14

14.1 Example of R* = C?

We consider R* and take coordinates x1,y1, T2, yo. Letting z; = x; + iy; and z; =

x; — 1y;, define complex one-forms
de = d%j + idyj,
dfj = dZEj — Z‘de,
and tangent vectors
0/92; = (1/2) (0/0x; — i0/By;)
0/0z; = (1/2) (0/0x; + i0/y;) .
Note that
dz;(0/0z) = dz;(0/0z) = 0.
Let (-, -) denote the complexified Euclidean inner product, so that

(8)92;,0/0z,) = (0/0%;,0/9%,) = 0,

1
(8/8zj,8/8,§k> = 5 k-

Similarly, on 1-forms we have

<de, de> == <d2j, d2k> == 0,
<d2j, d2k> = 25]k

The standard complex structure .Jy : TR* — TR* on R* is given by
Jo((?/@xj) :8/83/], Jg(@/ﬁy]) = —8/89(,’],

which in matrix form is written

0 -1 0 0
1 0 0 0
J0_000—1
0 0 1 0

Next, we complexify the tangent space T'® C, and let
TO(Jy) = span{0/021,0/02} = {X —iJoX, X € T,R*}
be the -eigenspace and

TO(Jy) = span{0/0z1,0/0%:} = {X + i/ X, X € T,R'}
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be the —i-eigenspace of Jy, so that
T®C=T%(J) @ T (). (14.4)
The map Jy also induces an endomorphism of 1-forms by
Jo(w)(v1) = w(Jjv) = —w(Jovr),
which satisfies
Jo(dz;) = dy;,  Jo(dy;) = —dz;.
Then complexifying the cotangent space T* @ C, we have
A" (Jo) = span{dz1, dzs} = {a +iJoa, o € T/R'} (14.5)
is the —i-eigenspace, and
A (Jo) = span{dz, dz} = {o — iy, € T/ R*} (14.6)

is the +i-eigenspace of Jy, and

T ® C = A"(Jp) @ A (Jp). (14.7)

We note that
AP ={aeT*"®C:a(X)=0foral X € TV}, (14.8)

and similarly
A ={aeT*®C:a(X)=0 forall X € TUD}, (14.9)

14.2 Complex structure in R*"

The above works in a more general setting, in any even dimension. We only need
assume that J : R?" — R?" is linear and satisfies J> = —I. In this more general
setting, we have

T®C=TW9() 1)), (14.10)
where
TOOT) ={X —iJX, X € T,R*™} (14.11)
is the i-eigenspace of J and
TOD(]) = {X +iJX, X € T,R*"} (14.12)
is the —i-eigenspace of J.
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As above, The map J also induces an endomorphism of 1-forms by

J(w)(v1) = w(J vy) = —w(Jvy).

We then have
T ® C = A"Y(J) @ A>'(J), (14.13)

where

AY(J) ={a+iJa,a € T;R™} (14.14)
is the —i-eigenspace of J, and

A(J)) ={a—iJoa,a € T;R™} (14.15)

is the +i-eigenspace of J.
Again, we have the characterizations

A ={aeT*®C:a(X)=0foral X € TOV} (14.16)
and
A ={aeT*®C:a(X)=0foral X € T1O}. (14.17)

We define AP? C AP™?® C to be the span of forms which can be written as the wedge
product of exactly p elements in AM® and exactly ¢ elements in A%!. We have that

MeC= @ A, (14.18)

pt+a=k

dime(AP9) = <Z) : (Z) (14.19)

Note that we can characterize AP? as those forms satisfying

and note that

a(vy, ..., vp4q) =0, (14.20)

if more than p if the v;-s are in T(X% or if more than ¢ of the v;-s are in TV,
Finally, we can extend J : A¥ @ C — A* @ C by letting

Ja=1i""Pq, (14.21)

for o € AP p+q=k.
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14.3 Hermitian metrics

We next consider (R?",.J, g) where g is a Riemannian metric, and we assume that g
and J are compatible. That is,

9(X,Y)=g(JX,JY), (14.22)

the metric g is then called a Hermitian metric. We extend g by complex linearity to
a symmetric inner product on T'® C. The following will be useful later.

Proposition 14.1. There exist elements {X1,...X,} in R*" so that
(X1, TX1, . X, JX0) (14.23)
is an ONB for R*" with respect to g.

Proof. We use induction on the dimension. First we note that if X is any unit vector,
then JX is also unit, and

9(X,JX) =g(JX,J*X) = —g(X, JX), (14.24)

so X and JX are orthonormal. This handles n = 1. In general, start with any X;, and
let W be the orthogonal complement of span{X;, JX;}. We claim that J : W — W.
To see this, let X € W so that ¢(X, X;) =0, and g(X, JX;) = 0. Using J-invariance
of g, we see that g(JX,JX;) = 0 and ¢g(JX, X;) = 0, which says that JX € W.
Then use induction since W is of dimension 2n — 2. [

To a Hermitian metric (R*", J, g) we associate a 2-form
w(X,Y) =g(JX,Y). (14.25)
This is indeed a 2-form since
w(Y, X) = g(JY, X) = g(J?Y, JX) = —g(JX,Y) = —w(X,Y). (14.26)

This form is in fact of type (1,1), and is called the Kdhler form.

15 Lecture 15

15.1 Hermitian symmetric tensors

More generally, we say that any symmetric 2-tensor is hermitian if
b(JX,JY)=b(X,Y). (15.1)

We have following property of hermitian symmetric 2-tensors:

68



Proposition 15.1. If b is any symmetric 2-tensor which is hermitian, then
B(X,Y)=b(JX,Y) (15.2)
is skew-symmetric and 8 € AV, Furthermore, define an endomorphism I by
gI(X),Y) = B(X,Y), (15.3)
then
1J=JlI, (15.4)
that is, I commutes with J.
Proof. To check this, we need to show that
B(X,Y)=0 (15.5)
if either both X and Y are in 7% or both are in TV, For the first case,

BX,Y) = BX —iJX'\Y' —iJY') = b(J(X' —iJX'),Y —iJY")
= b(JX +iX Y —iJY")
= b(JX,Y') + (X', JY) +i(b(X,Y') = b(JX',JY")) = 0,

since b is J-invariant. The second case is similar. Next,
g(IJ(X),Y)=B(JX,Y)=bJ*X,Y) = —b(X,Y). (15.6)

On the other hand, since ¢ is J-invariant,

g(JI(X),Y) = g(J*I(X),JY) = —g(I(X), JY) (15.7)
=—p(X,JY)=-bJX,JY)=-bX,Y), (15.8)
and therefore IJ = JI. O

We can view the above proposition in matrix form. Choose a basis so that

0 —1I,
J = <[n 0 > . (15.9)
Since [ is skew-symmetric, the endomorphism I is also. Therefore we can write I in
block form
A B
1= (—BT D) , (15.10)

where A and D are skew-symmetric, and B is an n X n matrix. Then I.J = JI is

(—gT g) (Ion _Oln) = (jpn _oln> <_2T g) (15.11)
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which is

B —A BT —-D
(20 (%P, 1512
so we conclude that A = D, and B is symmetric, so
A B
1= (—B A) , (15.13)

where A is skew-symmetric, and B is symmetric. The total number of parameters is

nn—1) n(n+1) 5

5 + 5 =n", (15.14)
which of course agrees with dim(A"!) = n?.
15.2 The Unitary Group
We embed GL(n,C) in GL(2n,R) by
: A B
A+iB (_B A) . (15.15)

These are exactly the matrices which commute with J. The condition for a matrix to
be unitary is that MM = I,,. The Lie algebra consists of skew-hermitian matrices,
that is, matrices with M + M =0 Using the above embedding to GL(2n,R), this

says that
A B A —B\" A+ AT B-BT
(—B A) T (B A ) - (-B-}-BT A+ AT )~ 0, (15.16)
which says that A is skew-symmetric, and B is symmetric. This is exactly what we

found above, thus A! 22 u(n), is identified with the Lie algebra of the unitary group.
Note that hermitian symmetric 2-tensors yield skew-hermitian matrices.

15.3 Skew-hermitian tensors

We say that a symmetric 2-tensor b is skew-hermitian if
b(JX,JY)=—b(X,Y), (15.17)
These have the following property:

Proposition 15.2. If b is a symmetric 2-tensor which is skew-hermitian, then

B(X,Y) = b(JX,Y) (15.18)
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s also a symmetric 2-tensor. Define an endomorphism I by
g([(X).Y) = B(X.Y), (15.19)
then
1J+JI =0, (15.20)

that is I anti-commutes with J. Furthermore I(T%') C T, or equivalently, I €
AO,l ® TLO.

Proof. For the first statement

BY,X)=b(JY,X)=—b(J?Y,JX) =b(Y,JX) = B(X,Y). (15.21)
Next,
g(IJ(X),Y)=B(JX,Y)=b(J*X,Y) = —b(X,Y). (15.22)
On the other hand, since ¢ is J-invariant,
g(JI(X),Y) = g(J*I(X),JY) = —g(I(X),JY) (15.23)
=—[(X,JY)=—=b(JX,JY)=b(X,Y), (15.24)

and therefore I.J = —J1I.
Finally, if X € T%!, any Y € T, then
g(IX,)Y)=B(X,Y)=p(X"+iJX" Y —iJY’)
b(J(X +iJX"), Y —iJY")
b(JX' —iX' )Y —iJY")
b(JX,Y") = bo( X', JY") —i(b(X",Y) + b(JX',JY")) =0

]

We can do a similar matrix analysis as above. Since [ is symmetric, the endo-
morphism [ is also. Therefore we can write I in block form

A B
I= <BT D) , (15.25)
where A and D are symmetric, and B is an n X n matrix. Then [J = —J1 is
A B 0 —I,\ 0o -1, A B
(o) )= ) p) e
which is
B —-A BT D
(2 -4y -(" 2) asm
so we conclude that A = —D, and B is symmetric, so
A B
I = <B —A> , (15.28)

where both A and B are symmetric. The total number of parameters is now n(n+1).
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15.4 Representations

In terms of representations, what we have seen is that the space of symmetric 2-
tensors, which has the irreducible decomposition

S2(R*™) = SZ(R*™) @ R (15.29)

over SO(2n) is not irreducible when the group is reduced to U(n). It decomposes
into 3 pieces:

S2R™ =A @RV, (15.30)

where dim(V) = n? +n, and Ay € A is the orthogonal complement of the Kéhler
form. We can understand this on the matrix level as follows. In the above we started
with a symmetric 2 tensor b, which, after converting to an endomorphism is

b= (;T g) , (15.31)

where A and D are symmetric, and B is an arbitrary n x n. We then applied J,
which yields the matrix.

A B 0 -I,\ (B -A
(5 (-2 ) -~
Decomposing B = B* + B*° into its symmetric and skew-symmetric parts, we then
write this as

g (B AN _ (BBt MM\ _ (B M (B M
~\D -B")  \My-M, —-B*+DB*) \M, —-DB* M, B¥)°

(15.33)
where M, = —A_TD and My = —AJ“TD. Converting back to b, we have the explicit
decomposition corresponding to the pieces in (15.30):

(A B\ [((My), B* I, 0 M, B°
b= (BT D) - (_Bss (M2)0 + 0 In + Bs —Ml y (1534)

where B*® is skew-symmetric, (My)o is traceless and symmetric, and B® and M; are
symmetric.

16 Lecture 16

16.1 Two-forms

In the last lecture, we decomposed symmetric 2-tensors into hermitian and skew-
hermitian parts. We can do the same thing for 2-forms. First, we say that a 2-form
[ is hermitian if

BIX,JY) = B(X,Y). (16.1)
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From Proposition 15.1, we already know that this is a 2-form of type (1,1) and
the associated endomorphism satisfies IJ = JI. So we only need consider a skew-
hermitian 2-form, that is,

B(JX,JY)=—-p(X,Y). (16.2)
These have the following property:

Proposition 16.1. If (3 is a skew-hermitian 2-form, then 3 € A*° @ A%2. Further-
more, define an endomorphism I by

gI(X),Y) = B(X,Y), (16.3)
then
1J+JI =0, (16.4)
that is, I anti-commutes with J.
Proof. To check this, we need to show that
BX,Y)=0 (16.5)
if X € 70 and Y € TOD. We compute

BX,Y) = B(X —iJX Y +iJY")
= B(X"Y')+ BUJX, JY) +i(B(X, JY") = B(JX',Y")
=0+ i(—BJX", J2Y") — BJX",Y") = i(B(JX,Y") — B(JX',Y")) = 0.

Next,
g J(X),Y) = B(JX,Y) (16.6)
On the other hand, since ¢ is J-invariant,

g(JI(X),Y) = g(J*I(X),JY) = —g(I(X), JY)
= —B(X.JY) = BIX,J?Y) = —B(JX,Y),

and therefore IJ = —J1. O

In terms of representations, combining results from the previous section, we have
shown the following

T*QT* =SHTH) AN (T) = A @RV A @R@ (A2 @ A%?),  (16.7)

where the final summand means the real elements in this complex vector space.
Note that the 2-tensors which anti-commute with J, that is, satisfy I.J + JI = 0,
are given by

Ve (A e AP (16.8)
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But as shown in Proposition 15.2, these type of tensors can be viewed as sections of
A%t @ T10, Counting dimensions

dimg(V & (A*? @ A%?) =n®* +n+2 <Z) = 2n?, (16.9)

Also,
dimg (A% @ TH°) = 2n?, (16.10)

so these spaces are the same. We actually have the more general statment, without
reference to any metric, only the complex structure:

Proposition 16.2. The space of endomorphisms I satisfying IJ + JI = 0 can be
identified with A% @ T,

Proof. Assume J is in standard form (15.9) and write the endomorphism I in matrix

form as
A B
I = (C’ D) , (16.11)

where A, B, C, D are arbitrary n x n matrices. Then IJ = —JI is

EOE - ED e

(g :é) - <_CA _%), (16.13)

which says that I is of the form

which is

[— (g _BA> , (16.14)

where A and B are arbitrary n x n real matrics. The dimension of this space is thus
2n?.

Finally, as shown in Proposition 15.2, these type of tensors can be viewed as
sections of A% @ T which also has real dimension 2n?, so these spaces are therefore
equivalent. O

Note if we take a path of complex structures J(¢) with J(0) = J and J'(0) = I,
then differentiating J? = —I,, an evaluating at ¢ = 0 yields IJ + JI = 0. So elements
of A% @ T10 are infinitesimal deformations of the complex structure.
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16.2 Complex manifolds and the Nijenhuis tensor
We begin with a defintion

Definition 2. A mapping f : C™ — C" is holomorphic if f, o Jy = Jy o f., where we
view C™ = (R?*™, Jy) and C" = (R*", J).

We have the following characterization of holomorphic maps

Proposition 16.3. A mapping f : C" — C" is holomorphic if and only if the
Cauchy-Riemann equations are satisfied, that is, writing

fG 2™ = (f1,. . fa) = (ug +ivr, Uy + ivy), (16.15)
and 2 = 27 + iy, for each j = 1...n, we have

Ou, ov; % B o0v;

i R =_——3 16.16
oxk  Oyk oyk Oxk’ ( )
for each k =1...m, and these equations are equivalent to
0

foreach j=1...n and each k=1...m

Proof. First, we consider m = n = 1. We compute
oo 3 3)-0 ) B (16.15)
&g \L o 1 0/)\ss &)

on  _9h _9fh  _9f
B ot | _ [ "o 9
of, _of | =\ o o |- (16.19)

oyl ozl ox! oyt

says that

which is exactly the Cauchy-Riemann equations. In the general case, rearrange

the coordinates so that (z',... 2™, ¢y, ..., y™) are the real coordinates on R*™ and
(ul,...,u™ vt ... "), such that the complex structure Jy is given by
—1,
To(R2™) = ( IO om) , (16.20)

and similarly for Jy(R*"). Then the computation in matrix form is entirely analogous
to the case of m =n = 1.
Finally, we compute

0 170 .0 .
ﬁfj = 5(@ _'_Z@_yk) (uj + 1v;) (16.21)
10 0 /0 0
= 5{%’&] — a—ykvj + Z(@’Uj + a—yku]> }, (1622)
the vanishing of which again yields the Cauchy-Riemann equations. O

5



Now we can define a complex manifold

Definition 3. A complex manifold of dimension n is a smooth manifold of real di-
mension 2n with a collection of coordinate charts (U,, ¢o) covering M, such that
o : Uy — C™ and with overlap maps ¢, o gb/gl : 03(Us) — ¢a(U,) satistying the
Cauchy-Riemann equations.

Such spaces have a complex structure on the tangent bundle.

Proposition 16.4. In any coordinate chart, define J, : T' My, — T My, by
J(X) = (da)i " 0 Jo 0 (¢a)X. (16.23)

Then J, = Jg on U, NUp and therefore gives a global complex structure J : TM —
TM satisfying J* = —1Id.

Proof. On overlaps, the equation

(6a):" 0 Jo o (¢a)s = (5)," 0 Joo (05). (16.24)
can be rewritten as
Jo 0 (¢a)x 0 (05)" = (da)s 0 (05)" © Jo. (16.25)
Using the chain rule this is
oo (60085 = (da 0 d5)s 0 o, (16.26)

which is exactly the condition that the overlap maps satisfy the Cauchy-Riemann
equations.
Obviously,

J? = <¢a);1 0 Jo o (¢a)s 0 (¢a)*_1 0 Jo o (¢a)s
= <¢a);1 © Jg o (¢a>*
= (¢a); 0 (—1d) 0 (¢0). = —1d.

]

Consequently, we can apply all of the linear algebra from the previous sections to
complex manifolds.

Definition 4. An almost complex structure is an endomorphism J : TM — TM
satisfying J? = —Id. An almost complex structure J is said to be integrable if .J is
induced from a collection of holomorphic coordinates on M.

Let (M? g) be any oriented Riemannian surface. Then * : A' — Al satisfies
*? = —Id, and using the metric we obtain an endomorphism J : TM — T M satisfying
J? = —Id, which is an almost complex structure. In the case of surfaces, this always
comes from a collection of holomorphic coordinate charts, but this is not true in
higher dimensions. To understand this we proceed as follows:
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Proposition 16.5. The Nijenhuis tensor of an almost complex structure defined by
NX,Y)=2{[JX,JY] - [X,Y]| - J[X,JY] - JJX,Y]} (16.27)
is a tensor of type (1,2) and satisfies N(Y,X) = —-N(X,Y).
Proof. Given a function f: M — R, we compute
N(fX,Y)=2A{[J(fX), JY] = [fX,Y] = J[fX, JY] = J[J(fX),Y]}
=2[fJX,JY] - [fX,Y]|-J[fX,JY] - J[fJX,Y]}
— 2{f[JX, Y] = (JY(F))IX — FIX.Y] + (Y )X
—JUIX,JY] = (JY(N)X) = J(fIX Y] = (V) JX)}
= fNX,Y)+2{—(JY ()X + Y )X+ (JY(f)JX + (Y f)J*X.
Since J? = —1I, the last 4 terms vanish. A similar computation proves that N (X, fY') =

fN(X,Y). Consequently, N is a tensor. The skew-symmetry in X and Y is obvi-
ous. O

17 Lecture 17

We have the following local formula for the Nijenhuis tensor.

Proposition 17.1. In local coordinates, the Nijenhuis tensor is given by

2n
N =2 (JronTy — JEon) — Ty, T3 + 0 J)) (17.1)

h=1
Proof. We compute

1
5N(8J78k) - [Jﬁj, J@k] - [@,ak] - J[aj, J@k] - J[Jﬁj,ak]

=[S0y, Jy0m) — (05, O — J[0, J1O)] — J[J;0,, O]
=1+ II+1II+1V.
The first term is
[ = JSO/(Jf"Om) — I Om(J500)
= JUOT)Om + JE T 010 — T J}) O — T 100

The second term is obviously zero. The third term is

IIT = —J(0;(J0)0) = —0;(JL) IOy (17.2)

Finally, the fourth term is
ITT = 8,(J3) J" 0. (17.3)
Combining these, we are done. m
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Next, we have

Theorem 17.1. An almost complex structure J is integrable if and only if the Ni-
jenhuis tensor vanishes.

Proof. 1f J is integrable, then we can always find local coordinates so that J = Jp,
and Proposition 17.1 shows that the Nijenhuis tensor vanishes. For the converse, the
vanishing of the Nijenhuis tensor is the integrability condition for 719 as a complex
sub-distribution of T'® C. To see this, if X and Y are both sections of 7% then we
can write X = X' —iJX and Y =Y’ —iJY’ for real vector fields X’ and Y’. The

commutator is
(X' —iJ XY =Y = [ XY = [JX, JY'] —i([X, JY'| + [JX,Y']).  (174)
But this is also a (1,0) vector field if and only if
(X' JY'+ [JX)Y' = JX, Y- JJX' JY], (17.5)
applying J, and moving everything to the left hand side, this says that
[(JX', JY'|— [ XY= JX,JY' = JJX Y =0, (17.6)

which is exactly the vanishing of the Nijenhuis tensor. In the analytic case, the
converse then follows using a complex version of the Frobenius Theorem. The C°°-
case is more difficult, and is the content of the Newlander-Nirenberg Theorem, which
we will not prove here. O

Proposition 17.2. For an almost complex structure J
d(AP9) C APT20L o APTLG 4 APat] 4 AP—LaH2 (17.7)
and J is integrable if and only if
d(AP9) C APTLE 4 APOHL (17.8)
Proof. Let a € AP, and write p + ¢ = r. Then we have the basic formula

do(Xo, ..., X,) =Y (-1 X;a(Xo,..., X;,..., X,)

+) (-Da([Xy, X], Xo, - X XL X, (17.9)

i<j

This is easily seen to vanish if more than p + 2 of the X, are of type (1,0) or if more
than ¢ + 2 are of type (0, 1).

If J is integrable, then in a local complex coordinate system, (17.8) is easily seen
to hold. For the converse we have the inclusions,

d(AY) € A0 + AV and d(A%Y) € AV 4+ A%2, (17.10)
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The formula
do(X,Y) = X(aY)) = Y(a(X)) — o([X,Y]) (17.11)

then implies that if both X and Y are in T™° then so is their bracket [X,Y]. So
write X = X' —iJX"  and Y = Y’ — iJY’ for real vector fields X’ and Y’. Define
Z =[X,Y], then Z is also of type (1,0), so

Z+iJZ =0. (17.12)

Writing this in terms of X’ and Y’ we see that
0=2(Z+iJZ) = —N(X,Y") —iJN(X",Y"), (17.13)
which implies that N = 0. [

Corollary 17.1. On a complex manifold, d = 0 + 0 where 0 : AP? — APTL9 gnd
0 : AP9 — APITLand these operators satisfy

2

=0, 0 =0, 00+00=0. (17.14)

Proof. These relations follow simply from d? = 0. n

17.1 Automorphisms

Definition 5. An infinitesimal automorphism of a complex manifold is a real vector
field X such that LxJ = 0, where £ denotes the Lie derivative operator.

It is straightforward to see that X is an infinitesimal automorphism if and only
if its 1-parameter group of diffeomorphisms are holomorphic automorphisms, that is,

(¢s)* oJ=Jo (¢s)*

Proposition 17.3. A vector field X is an infinitesimal automorphism if and only if

J([X,Y]) =X, JY], (17.15)
for a vector fields X and Y .
Proof. We compute
(X, JY]|=Lx(JY)=Lx(J)Y + J(LxY) = Lx(J)Y + J([X,Y]), (17.16)
and the result follows. ]

Definition 6. A holomorphic vector field on a complex manifold (M, J) is vector field
Z € T(T'?) which satisfies Z f is holomorphic for every locally defined holomorphic
function f.
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In complex coordinates, a holomorphic vector field can locally be written as

0
Z‘f 0zt ( )
where the f; are locally defined holomorphic functions.

Proposition 17.4. For X € I'(T'M), associate a vector field of type (1,0) by mapping
X Z=X—1JX. Then X 1is an infinitesimal automorphism if and only if Z is a
holomorphic vector field.

Proof. Choose a local holomorphic coordinate system {2}, and for real vector fields
X" and Y, write

X:X’—iJX’:ZXj%, (17.18)
Y =Y —iJY' = ZYJ'%. (17.19)
We know that X’ is an infinitesimal automorphism if and only if
J([X',Y']) = [X', JY], (17.20)
for all real vector fields Y’. This condition is equivalent to
2;?%;, (17.21)

for each k = 1...n, which is equivalent to X being a holomorphic vector field.
To see this, we rewrite (17.20) in terms of complex vector fields. We have

X' = %(X +X) JX = %(X ~X)
[ o
V' =S(V+Y) JY = %(Y ~7)
The left hand side of (17.20) is

JIXY) = J(5(X 4 X), 5 (¥ + 7))

_ij([x,yH[X,V]HY,Y]HY, -

But from integrability, [X, Y] is also of type (1,0), and [X, Y] is of type (0,1). So we
can write this as

1 — — —
J(X',Y']) = Z(i[X, Y] —ilX, Y]+ JX, Y]+ JX,Y)). (17.22)
Next, the right hand side of (17.20) is

[%(X + X0, %(Y YY) = i([x, Y] - [X,7] + [X,Y] - [X,7)). (17.23)



Then (17.22) equals (17.23) if and only if
JIX, Y]+ J[X,Y] = —i[X, Y] +i[X,Y]. (17.24)
This is equivalent to
J(Re([X,Y])) = Im([X,Y]). (17.25)

This says that [X, Y] is a vector field of type (0,1). We can write the Lie bracket as
y 7 0
[ZX 923 Z az’f}
Z XJ — + Z X (5= a
82’“ 823 8753 8_’“’

and the vanishing of the (1,0) component is exactly (17.21). O

18 Lecture 18

We next give an alternate proof of Proposition 16.2.

Proposition 18.1. The space of endomorphisms I satisfying IJ + JI = 0 can be
identified with A% @ T'°.  Furthermore, the space of endomorphisms I satisfying
IJ — JI =0 can be identified with A*° @ TP,

Proof. An element Z € A»! @ T is a complex linear mapping from T%! to 719, that
is Z € Home(T%, THY). Writing X € T%! as X = X’ + iJX' for real X' € T and
since Z maps to T+, Z can be written as

I: X' +iJX — [(X") —iJI(X'), (18.1)

for some real endomorphism of the tangent space I : T"— T, by defined by
I(X') = Re(Z(X' +14iJX")). (18.2)
To show that [J = —JI, we first compute
I1J(X") = Re{Z(JX' +iJJX")} = Re{Z(J(X' +iJX")},

but since X’ +iJX' € T%!, we have J(X' +iJX') = —i(X' +iJX'), so

IJ(X') = Re{Z(—i(X' +iJX")},
using complex linearity of Z,

1J(X') = Re{—iZ(X' +iJX")} = Im(Z(X' +iJX"))

81



Next, we have
JI(X")=JRe(Z(X' +iJX")) = —Im(Z(X' +iJX")), (18.3)

since Z(X' +iJX’) is a (1,0) vector field, and we have shown that [J = —JI.
For the converse, given a real mapping satisfying I.J + JI = 0, writing X € 7!
as X = X' +iJX' define Z: T%! — T by

X +iJX — [(X') —iJI(X'). (18.4)

This map is clearly real linear, and we claim that this map is moreover complex linear.
To see this,

I((X' +iJX") = I(=J(X' +iJX"))
— —T(JX' +iJ(JX") = —I(JX') +iJI(JX').

Using IJ = —JI, this is
ZH(X' +iJX") =JI(X") =il J(JX") = JI(X') +iI(X").
Next,
iZ(X +iJX") =i(I(X') = JI(X") = JI(X") + (X,

so Z is indeed complex linear.
A similar argument proves the second case, and we are done. O

18.1 The 0 operator on holomorphic vector bundles

We first illustrate this operator for the holomorphic tangent bundle 7°.

Proposition 18.2. There is an first order differential operator

0:T(TY) — (A & TH), (18.5)
such that a vector field Z is holomorphic if and only if d(Z) = 0.

Proof. Choose local holomorphic coordinates {27}, and write any section of Z of T%°,
locally as

0
7 = ZZJ@. (18.6)

Then define

AZ)=) (0Z")® %. (18.7)

J
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This is in fact a well-defined global section of A%' @ T since the transition func-
tions of the bundle T'° corresponding to a change of holomorphic coordinates are
holomorphic.

To see this, if we have an overlapping coordinate system {w’} and

o,
Z:ZW]%. (18.8)
Note that
0 owr 0
9z 0z owi’ (189)
which implies that
J
Wi = Zpgfp (18.10)

We compute
_ 0 — __ouw’ 021 0
= [/‘/j _— = P -
Za ®8 J Z@(Z 82”)@810182‘1
ow’ 82’ - 0
—E 8zp8wﬂ 1’)®—8 § 510(2") ®— § a(Z7)
0

Recall that the transition functions of a complex vector bundle are locally defined
functions ¢qs : Uy, N Ug — GL(m, C), satisfying

qbaﬁ = gba’yqb'yﬁ- (1811)

Notice the main property we used in the proof of Proposition 18.2 is that the transition
functions of the bundle are holomorphic. Thus we make the following definition.

Definition 7. A vector bundle © : £ — M is a holomorphic vector bundle if in
complex coordinates the transitition functions ¢, are holomorphic.

Recall that a section of a vector bundle is a mapping o : M — FE satisfying
moo = Idy. In local coordinates, a section satisfies

Oq — ¢a60-57 (1812)

and conversely any locally defined collection of functions o, : U, — C™ satisfying
(18.12) defines a global section. A section is holomorphic if in complex coordinates,
the o, are holomorphic.

We next have the generalization of Proposition 18.2.

Proposition 18.3. If 7 : E — M is a holomorphic vector bundle, then there is an
first order differential operator

0:T(E) -T(A" ®E), (18.13)

such that a section o is holomorphic if and only if d(c) = 0.
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Proof. Let o; be a local basis of holomorphic sections in U,, and write any section o
as

o= Z 8;0;j. (18.14)
Then define
Jo = (9s;) @ 0. (18.15)

We claim this is a global section of I'(A®' @ E). If we choose a local basis o of
holomorphic sections in Ug, and write o as

o= s} (18.16)
We can write
S;» = Alel, (18.17)
where A : U, N Uz — GL(m,C) is holomorphic. We also have
o} = Ao (18.18)
Consequently
Oo = 2(55’;) ® 0;. = Zg(Aijk) ® Aj_llal
= Z A]kg(sk) X Aj_ll(fl = Z 5kl(53k) Ro; = Z(gsk) & 0.

19 Lecture 19
For the special case of T1Y we have another operator mapping from
0(TYY) — (A% @ TH) (19.1)

defined as follows. If X is a section of 1Y, writing X = X’ —iJ X’ for a real vector
field X’ then consider Ly:J. Since J? = —I, applying the Lie derivative, we have

(LxrJ)oJ+Jo(Lxi]) =0, (19.2)

that is, Lx/J anti-commutes with J, so using Proposition 18.1 we can we view Lx.J
as a section of A% @ T,

Proposition 19.1. For X € I'(T'Y),
0X = JoLxJ, (19.3)

where X' = Re(X).
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Proof. The proof is similar to the proof of Proposition 17.4 above. For real vector
fields X’ and Y, we let

o,

X=X —iJX = X! —
-0

Y:Y’—' Y/: Y —

o Z 077’

and we have the formulas
1 - .
X' = S(X+X) JX = %(X ~X)

Y = %(YJF?) JY' = (Y - 7)

[\

Expanding the Lie derivative,

(L J)Y') = Lx/(JY)) = J(LxpY') = [X', JY'] — J[X, Y. (19.4)
In the proof of Proposition 17.4, it was shown that
J(X,Y']) = ;l(i[X, Y] =X, Y]+ J[X,Y]+ J[X,Y]), (19.5)
and
(X', JY) = 4([X Y] - [X, Y]+ [X,Y] - [X,Y)). (19.6)
So we have

(X', JY' - JX", Y] = i(—z’[X, Y] +i[X,Y] - JX,Y] - J[X,Y])
— —i(i(z -2)+J(Z +7)>,

where Z = [X,Y]. We have that

a
Z=[X,Y]= ZY aszJ%JrZXJ az] a—k’

which we write as

) )
Z:ZZJ$+WJﬁ. (19.7)

We next compute

) P, )
i(Z—-2)+ J(Z+7) _z<ZJ%+WJaZJ—Z$—W$>

J(ZZ]% W 0 +ZJ% +W]%)
0

+i(3

+

1

9 0 .0
Y _will _p < i
821 Wiss =2 g W a3)

_2Z<ZZ]8ZJ Jaiy)
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We have obtained the formula
—q 0 |
YD) = — 71— 7' ) = Im(Z"° 19.
(Lx V) =S (D255 -7 5 ) = Im(2"), (198)

where Z19 is the (1,0) part of Z, which is
—k, 0 . O
j

Next, we need to view 0X as a real endomorphism, and from the proof of Proposition
18.1, this is

(0X)(Y") = Re((0X)(Y" +14JY"))
= Re{( d X' ® —)(Y/ + iJY/)}
0
!
= Re{ (00) 07 Y 7 )
But note that
B 0
Y 4iY =Y =iy =Y =Y ¥V — 19.10
+i i Z 7 (19.10)
So we have
=i\~ O
J -
@X)(Y") Re{(ZaX )(Y)azj}
J
_ 7 (9 i) 9N\ _ ez
B Re{ pzjy (%PX )821} Re(z)
But since Z'Y is of type (1,0),
Im(Z"0) = —J(Re(Z™). (19.11)
Finally, we have
(0X)(Y') = Re(Z"0) = J(Im(Z*°)) = J((Lx:J)(Y")), (19.12)
and we are done. O
Letting © denote T, there is moreover an entire complex
re) L% ee) L rn?ee) L raee) 2. ... (19.13)

We have that the holomorphic vector fields (equivalently, the automorphisms of the
complex structure) are H°(M,©0). The higher cohomology groups H'(M,©) and
H?(M, ©) of this complex play a central role in the theory of deformations of complex
structures.
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19.1 The space of almost complex structures
We define
J(R*™) ={J:R*™ = R*™ J e GL2n,R),J* = —I5,} (19.14)
In this subsection, we give some alternative descriptions of this space.
Proposition 19.2. The space J (R*") is the homogeneous space GL(2n,R)/GL(n,C).

Proof. We note that GL(2n,R) acts on J(R?*"), by the following. If A € GL(2n,R)
and J € J(R*™),

Dy J s AJATL (19.15)
Obviously,
(AJATY)? = AJATTAJA = AJPA™ = —1, (19.16)
and
®,p(J) = (AB)J(AB) ™' = ABJB'A™' = & ,®5(J), (19.17)

so is indeed a group action. Given J and .J’, there exists bases

{e1,...,en, Jer, ..., Je,} and {e],... e, Jel, ..., e }. (19.18)

’n?

Define S € GL(2n,R) by Se; = €}, and S(Jei,) = J'e). Then J' = SJS™! and the
action is therefore transitive. The stabilizer subgroup of Jj is

Stab(Jo) = {A € GL(2n,R) : AJyA™! = Jy}, (19.19)

that is, A commutes with Jy. We have seen above in (15.15) that this can be identified
with GL(n,C). O

We next give yet another description of this space. Define

C(R*) = {P CR* ®C = C* | dimc(P) = n,
P is a complex subspace satisfying PN P = {0}}.

If we consider R?" @ C, we note that complex conjugation is a well defined complex
anti-linear map R** ® C — R** @ C.

Proposition 19.3. The space C(R*") can be explicitly identified with J(R*") by the
following. If J € J(R®") then let

R @ C =1T"°(J) o T (J), (19.20)
where

T"YJ) ={X +iJX, X € R*"} = {—i}-eigenspace of J. (19.21)
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This an n-dimensional complex subspace of C*", and letting T*°(J) = TOY(J), we
have T NT%! = {0}.

For the converse, given P € C(R*"), then P may be written as a graph over R*"®1,
that is

P={X'+iJX'| X' e R c C*™}, (19.22)
with J € J(R*"), and
R*"@C=P@P=T"J)aT"(J). (19.23)

Proof. For the forward direction, we already know this. To see the other direction,
consider the projection map Re restricted to P

7™ = Re: P — R*™. (19.24)

We claim this is a real linear isomorphism. Obviously, it is linear over the reals. Let
X € P satisfy n(X) = 0. Then Re(X) = 0, so X = i X’ for some real X’ € R*".
But X = —iX’ € PN P, so by assumption X = 0. Since these spaces are of the
same real dimension, 7 has an inverse, which we denote by J. Clearly then, (19.22)
is satisfied. Since P is a complex subspace, given any X = X' +iJX’ € P, the vector
iX"'=(—=JX') +iX' must also lie in P, so

(—JX) +iX' = X" +iJX", (19.25)
for some real X”, which yields the two equations
JX = —X" (19.26)
X' =JX". (19.27)
applying J to the first equation yields
X =-JX"=-X" (19.28)
Since this is true for any X', we have J? = —1I,. O

Remark 19.1. We note that J — —J corresponds to interchanging T%! and T*°.

Remark 19.2. The above propositions embed J(R?") as a subset of the complex
Grassmannian G(n,2n,C). These spaces have the same dimension, so it is an open
subset. Furthermore, the condition that the projection to the real part is an isomor-
phism is generic, so it is also dense.

20 Lecture 20

20.1 Deformations of complex structure

We next let J(t) be a path of complex structures through J = J(0). Such a J(t) is
equivalent to a decomposition

TM ®C=T"(J) T (J,). (20.1)
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Note that, for ¢ sufficiently small, this determines an element ¢(t) € A% (J) D TH0(J)
which we view as a mapping

o(t) : TOH(J) — THO(J), (20.2)
by writing
TN J) ={v+ot)v | veT"(J)} (20.3)

That is, we write T%!(.J;) as a graph over T%!(Jy). Conversely, a path ¢(t) in (20.2),
corresponds to a path J(t) of almost complex structures. We next show how to
write this down. The path ¢(t) corresponds to a path of endomorphisms (). These
determine a path of almost complex structure J(t) by the following.

Proposition 20.1. Let Jy be a fired complex structure, and J be another complex
structure. Then J has a unique decomposition

J=J+ J4, (20.4)
where J¢Jy = JoJC and JAJy = —JoJA. Furthermore, we have the formula
JOJA+J4J¢ = 0. (20.5)
Proof. Given J, we define
1
JC = 5(J — JoJ Jo) (20.6)
1
J4 = 5(J + JoJ Jo). (20.7)
Then
c 1 9 1
J"Jy = §(JJ0 — JoJJ5) = §(JJ0 + JoJ),
and
c_ 1 2 1
JoJ” = i(JOJ —J5JJy) = §(J0J—i— JJy).
Next,
A 1 2 1
J Jo = §(JJO + J()JJO) - §(JJO - J()J),
and

1 1
JoJA = 5(JOJ + J2JJy) = 5(JOJ — JJy).
To prove uniqueness, if

J=JC + It =I5 + I, (20.8)
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then
JC —J¢ = gt — J (20.9)
Denote by J = JC —J§ = J# — JA. Then J both commutes and anti commutes with

J, so is then easily seen to vanish identically.
To prove the formula (20.5), we compute

JOJA = E(J — JoJ Jo)(J + JoJ Jo)
_ i(ﬁ - TJod Ty = Jod Jod — Jod Jodo T Jo)
:ipJn+J%Jh—nthJ+LJ
= i(JJOJJO — JoJ JoJ).
Next,

1
JOJA = Z(J + Jo Jo)(J — JoJ Jo)

1
= Z(J2 = JJoJJo + JoJ JoJ — JoJ JoJoJ Jo)

4
1

= (=L = I T Jo + JoJ JoJ + 1)
1

= 1 (=T Jo + o JoJ).

]

Corollary 20.1. Let I(t) be a path of endomorphisms satisfying I(t)J = —JI(t).
Then for sufficiently small t, I(t) determines a unique almost complex structure J(t)
satisfying J(t)* = 1(t).

Proof. We would like to find JC(¢) such that J(t) = JC(¢) + I(t) defines an almost
complex structure. In order to do this, we square this equation

TP = (JO0) + 1) = 02 + I OI(0) + I(0J°(0) + T(1) = ~L,. (20.10)
We rewrite this as
(JEO2+ I+ 1) + (JEO) () + 1(t)J(t) =0 (20.11)

It is easy to see that the first term in parenthesis commutes with J and the second
term anti-commutes with .J. Consequently, both terms are zero. So we have the
equation

JO)? = —I(t)* — I, (20.12)



Conversely, given I(t), if we can find a solution of (20.12) satisfying J¢(t).J = JJ(t),
then J(t) = JY(t)+1(t) is an almost complex structure (by Proposition 20.1). Let J¢
denote the space of endomorphisms commuting with J. Then then map F : 7¢ — J¢
defined by J¢ ~ (J)? has surjective differential at .J. Thus for ¢ sufficiently small
there is a a unique solution of (20.12). Note that from the uniqueness in Proposition
20.1, this J¢ is unique once I(t) is specified (the other apparent solution —J¢(¢)
corresponds to —I(t)). O

We next return to the Nijenhuis tensor, which we recall is defined by
NX,Y)=2{[JX,JY] - [X,Y]| - J[X,JY] - J[JX,Y]}. (20.13)

Proposition 20.2. For any almost complex structure, the Nijenhuis tensor is a sec-
tion of A%? @ T10 as follows. Let X and Y be in T%', and write X = X' +iJX' and
Y =Y'+iJY' for real vectors X' and Y'. Then

o[ X, Y] = —i(N(X’, Y') —iJN(X,Y")). (20.14)

Proof. To see this, we compute

(X,V] = [X' +iJX. Y +iJY| = [X,Y'] = [JX', JY'| +i([ X', JY'] + [J X', Y)).
(20.15)

Notice that r10(Z) = 3(Z —iJZ), so
1
o (X, Y]) =5 (X, Y] = [JX', Y] + (X, TY] + [TXY)

— (XY = J[IX JY]) = JIX JY) = J[IX YY)
- %([X’, Y| = [JX, Y] + J[X, JY'] + J[JX,Y])
+ %iJ([X’, Y = [JX, Y] + J[X, JY' ) + J[JX,Y])

1

= —J(N(X',Y) — iIN(X',Y").

]

Next, we write the integrability condition for a path of almost complex structures
J(t) = JE(t) + I(t) with corresponding ¢(t) € A% & T1O.

Proposition 20.3. The complex structure J(t) = J(t) + I(t) is integrable if and
only if

96(t) + [6(1), 6(1)] = 0, (20.16)

where [p(t), p(t)] € A% @ T is a term which is quadratic in the ¢(t) and its first
derivatives, that is,

lTo(), oI < NIl - IV oll, (20.17)

i any local coordinate system.
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Proof. By Proposition 20.2, the integrability equation is equivalent to [T}>", T}"'] C
7', Writing

0
0= 0uyd5i® 5, (20.18)
if J(t) is integrable, then we must have
0 0 0 0
gz o (z) gz o)l < 7" (20.19)
This yields
g 0 0 0 0.1
[a_za¢kl } + [@j@,ﬁ] + [(bijﬁ’(ﬁkl@] eT, (20.20)

The first two terms are

- 9% %)

The third term is

0 0 0 0
¢ij@7 ¢kl$} = ¢ij(@¢kl)$ - ¢kl< ¢7,j) 927
o 0
= 10955 )
where [¢, @] is defined by

0 8}

[}, 9] = Z(d? A dz*) [@j%, Cbk:lﬁ ; (20.21)

and is easily seen to be a well-defined global section of A%? @ T1Y. We have shown
that

@6(1) + 16(0),0(0) (o o) € T (20.22)

But the left hand side is also in 70, For sufficiently small ¢ however, T"'NT"? = {0},
and therefore (20.16) holds.

For the converse, if (20.16) is satisfied, then the above argument in reverse shows
that the integrability of T, to’l holds as a distribution, which by Proposition 20.2 is
equivalent to integrability of the complex structure J(t). [

Using the above we can identify the 0 in the second term of the complex
r©O) LA ®e) -5 A2 ee) L ra?ee) -2 ... (20.23)
with the linearized Nijenhuis tensor at ¢ = 0:
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Proposition 20.4. Let J(t) be a path of almost complex structures with J'(0) = I,

corresponding to ¢ € A*' @ T, Then
= 1
0p = _Z(N‘/](]) — iJN'(I)). (20.24)

Note we are using the following identification: since the Nijenhuis tensor is J anti-
invariant, and skew-symmetric, it is a skew-hermitian 2-form, so by Proposition 16.1,
N +iJN is a section of A @ T,

Proof. This follows from the above, using the fact that the quadratic term [¢, ¢] does
not contribute to the linearization. O]

21 Lecture 21

21.1 The Kuranishi map

We now have the following theorem.

Theorem 21.1. Let (M, J) be a complex manifold. The space H*(M, ©) is identified
with
Ker(Ny)
H'(M,0) ~ 21.1
( ’ ) ]m(X — ,CX J) ’ ( )
and therefore consists of essential infinitesimal deformations of the complex structure.
Furthermore, there is a map

U : HY(M,0) — H*(M,0) (21.2)

called the Kuranishi map such that the moduli space of complex structures near J is
given by the orbit space

vH0)/HY (M, 0). (21.3)

Proof. The identification (21.1) follows from the computations in the previous lecture.
The remaining part takes a lot of machinery, so we will only give an outline here.
We consider the three term complex

re) -5 (A% ©0) -5 (A2 e o), (21.4)
and we will abbreviate this as
r(A) 24 7(B) 22 1(C) 25 ... (21.5)
It is not hard to show that this complex is elliptic. We define a map
F:T(B)—-T(C)aI'(A) (21.6)
by
F(¢) = (Tlrc) N, 049)- (21.7)

where we have fixed a hermitian metric g compatible with J, and the adjoint is taken
with respect to g.
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Claim 21.1. For ¢ sufficiently small, zeroes of F' correspond to integrable complex
structures near ¢, modulo diffeomorphism.

For the forward direction, if ITr(c) )N, = 0, then N;, = 0 if ¢ is sufficiently small.
For the converse, we have that given any J; near J, there exists a diffeomorphism
f+ M — M such that f*J, = Jy with 52gb’ = 0. This follows since 52 is the
divergence operator with respect to g, and then this follows from a version of the
Ebin slice theorem. This finishes the claim.

Next, the linearization of F' at ¢ = 0, defined by

d

P(h) = TF)]|_ (218)
where ¢(t) is any path satisfying ¢(0) = 0, and ¢'(0) = h, is given by
P(h) = (95(h),04(h)). (21.9)

This is an elliptic operator, since the above complex is elliptic. We also know that

N;, =06+ [, 9], (21.10)

and the nonlinear term satisfies

[[#1, 1] — @2, d2]l| < C([|P1ll + l|B2l]) - |¢1 — @2l (21.11)

Consequently, one can use elliptic theory and this estimate on the nonlinear term
together with an infinite-dimensional fixed point theorem to show that the zero set
of F'is equivalent to the zero set of a map

U : Ker(P) — Coker(P) = Ker(P"), (21.12)

defined between finite-dimensional spaces. Since M is compact, basic Hodge theory
shows that

Ker(P) ~ Ker(9p) N Ker(9,) ~ %%)) ~ HY(M,©), (21.13)
and
Coker(P) ~ Ker(dy) ® Ker((D4) ~ % © H°(M, ©) (21.14)
~ H*(M,0) @ H°(M, ©). (21.15)
So we have
U:HY(M,0) = H*(M,0)® H°(M,0) (21.16)

Finally, the map V¥ is equivariant with respect to the holomorphic automorphsim
group H°(M, ©), so we only need to consider ¥ as a mapping from

U: H' (M,0) — H*(M,0), (21.17)
and we then obtain the actual moduli space as the orbit space of the action of

H°(M,©) on ¥~1(0). 0
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Corollary 21.1. If H*(M,0) = 0, then any such infinitesimal deformation I is

integrable, that is, I = J'(0) for an actual path of complex structures J(t).

If both

H?*(M,0) =0 and H°(M,©) = 0 then the moduli space of complex structures near J

is smooth of dimension H'(M,©).

22 Lecture 22

22.1 Conformal geometry

Let w: M — R. Then § = e ?%g, is said to be conformal to g.

Proposition 22.1. The Christoffel symbols transform as
I = 9”( — (05u) g — (Oku)gij + (31U)gjk) + T,
Invariantly,
VxY = VxY — du(X)Y — du(Y)X + g(X,Y)Vu.
Proof. Using (1.33), we compute
f;k = %g“ (ajgk, + Okgj1 — az%%)
520" (03¢ gua) + Du(e 2 g5) — AUl "g0) )
seg! ( 2”2 (Dju) g — 2¢7 2" (Dpu)e > gy + 2e7 2 (Ou) gji
+ e 20(g) + e M O(gn) — 0y (.%’k))

— g"( = (Bsu)gn — Gr)gs + (A)gsn ) + T

1
T2
1
T2

This is easily seen to be equivalent to the invariant expression.

Proposition 22.2. The (0,4)-curvature tensor transforms as
- 1
Rm = e 2 [Rm + <V2u + du ® du — §|Vu|29) O g} :
Proof. Recall the formula (1.54) for the (1,3) curvature tensor

Ryg! = 0,(T5,) — 9;(Tyy) + T4, T — 15, T

im= jk jm~— ik*

(22.1)

(22.2)

(22.3)

(22.4)

(22.5)

Take a normal coordinate system for the metric g at a point x € M. All computations
below will be evaluated at z. Let us first consider the terms with derivatives of
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Christoffel symbols, we have

Ou(I) = 0,(T) = au[g” (= (@) g0 — (Ok)gys + (Dpu)gin) + T ]
— 0 [le< — (Oiu)grp — (Owu)gip + (@»U)gik) + Fﬁk}
= glp< — (0i0ju) gpr. — (0;0k1) gy + (3i3pu)9jk> +0;(T%,) (22.6)
— 9"( = (@,0:0)91) = (D060)g3p + @i} 90 ) = O5(Th)
=g" ( — (0:0ku)gp; + (0;0pu)gjn + (0;0ku)gip — (5j5pu)9ik> + Ry

A simple computation shows this is

ai(fé'k) - aj(fék) = glp(VQU @ g)ijpk: + Rijkl' (22.7)
Next, we consider the terms that are quadratic Christoffel terms.

BT = BB = g7 (= (0)gmy — (On)gip + (D) gim)

Xgmr( — (0ju) grr — (Oku) gjr + (Or)gji
(22.8)

N—— ——

—glp< — (05u) gmp — (Omtt)gjp + (Opu) Gjm
g™ (= (Ou)ger — (Bt + (Bridic).

Terms in the first product which are symmetric in ¢ and j will cancel with the corre-
sponding terms of the second product, so this simplifies to

r, rm -1 T

im— jk jm~ ik

= g"*g™ ((&u)gmp(aju)gkr + (9 w) 9ip(Oku) gjr + (Optt) Gim (Or1) g
+(aiu)gmp<aku)gj7’ - (aiu)gmp(aru>gjk (amu)gip(aju)ng
—(Omt) Gip(0r1) gk — (Optt) Gim (051) Grer — (Opt) Girn (O 1) g

— same 9 terms with i and j exchanged)

+
+

(22.9)
= ¢ ((00)(D50) g1y + (O510) (Do) gip + (D) (Os1) g1
+(05u) (Oru)gjp — (Oiu) (Opu) gjr + (Opu) (1) gip
9" (Omu)(0ru)gipgjk — (Opu)(Dju)gix — (Fpu)(Dru)g;;
— same 9 terms with i and j exchanged)

The first and ninth terms are symmetric in ¢ and j. The fourth and sixth terms, taken
together, are symmetric in ¢ and 7. The third and fifth terms cancel, so we have

T = T = 7 ((070) @k) gip — (Bp) (D) g1k — [Vl gingie

(22.10)
— same 3 terms with i and j exchanged).
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Writing out the last term, we have

Lok = Tyl = g ((@-U)(@kwgm = (0u) (Owu)gjp — (Opu) (Dju) gir + (Fpu) (Dyu) g

— |Vul*gipgii + |VU’29jpgik>-

(22.11)
Another simple computation shows this is
TR A A L [(du @ du — %\Vu\z) ® g} " (22.12)
Adding together (22.7) and (22.12), we have
Ryl = g7 [(v% +du® du — %yw?) o g} T R (22.13)
We lower the the index on the right using the metric g, to obtain
Rijpr = ™2 [(Vgu + du ® du — %|Vu|2> ) g} e e 2 Rk, (22.14)
and we are done. O

Proposition 22.3. Let § = e *“g. The (1,3) Weyl tensor is conformally invariant.
The (0,4) Weyl tensor transforms as

VT/ijkl = 672uWijkl. (2215)

The Schouten (0,2) tensor transforms as

A=Vu+du®du— %|Vu|2g+A. (22.16)
The Ricci (0,2) tensor transforms as
Ric= (n —2) (VQu + ﬁ(Au)g + du ® du — \Vu\Qg) + Ric. (22.17)
The scalar curvature transforms as
R= 62“<2(n— DA — (n — 1)(n — 2)|Va? +R). (22.18)
Proof. We expand (22.13) in terms of Weyl,

- 1
Wi + (A® §)y = ¢ [(VQU + du ® du — §|VU|2> ® 9} - + W'+ (A® g)"
(22.19)
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Note that

(Ao g)ijkl = §P(A®e"9)ijpm

o (22.20)
= gp(A O g)ijpk-
We can therefore rewrite (22.19) as
- ~ 1
VV,-jkl — Wijkl = P [( — A+ Viu+du® du— §]Vu|2 + A) O g} - (22.21)

In dimension 2 and 3 the right hand side is zero, so the left hand side is also. In
any dimension, recall from Section 7.1, that the left hand side is in Ker(c), and the
right hand side is in Im(%) (with respect to either g or §). This implies that both
sides must vanish. To see this, assume R € Ker(c) N Im(y). Then R = h ® g, so
c¢(R) = (n —2)h + tr(h)g = 0, which implies that h = 0 for n # 2. This implies
conformal invariance of Weyl, and also the formula for the conformal transformation
of the Schouten tensor. We lower an index of the Weyl,

Wiﬂcl = gpkﬁ/z’jl b= e’QUngWijl b= fQuVVijkl, (22.22)
which proves (22.15). We have the formula
. 1
(—A+V2u+du®du—§|Vu|2+A>@gzO. (22.23)
Recall that ¢c(A® g) = (n —2)A + tr(A)g = Ric, so we obtain

- 1
—Ric+ (n—2)(Vu+ du® du— 5|Vul?) + (Au)g + (1 - g)\vuﬁ + Ric =0,

(22.24)
which implies (22.17). Finally,
R = § 'Ric = e*¢ ' Ric
= (n=2)e™(Au+ —=Au+ (1—n)|Vul* + R) (22.25)
g (2(n 1) Au— (n—1)(n - 2)|Vul? + R),
which is (22.18). O

By writing the conformal factor differently, the scalar curvature equation takes a
nice semilinear form, which is the famous Yamabe equation:

Proposition 22.4. Ifn # 2, and § = vﬁg, then

- 1 ~ n+2
"7 Av+ Ru= Ruiss, (22.26)
n—2

—4
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A
Proof. We have e=2* = vn—2, which is

2
u=-— Inw. (22.27)
Using the chain rule,
2 Vv
Vu=-— — 22.28
“ n—2 v’ ( )
2 Vv Ve Vv
Vi = — ( - > 92.29
“ n—2\ v V2 ( )
Substituting these into (22.18), we obtain
2 2
R:Ung(_lln—l(g_wm)_4n—1|Vv| —i—R)
n—2\ v v2 n—2 v2 (22.30)
—n - 1 ’
:vnj22<—4n Av—l—Rv).
n—2
]

Proposition 22.5. Ifn = 2, and § = e~ ?"g, the conformal Gauss curvature equation
18

Au+ K = Ke 2", (22.31)

Proof. This follows from (22.18), and the fact that in dimension 2, R = 2K. O

22.2 Negative scalar curvature

Proposition 22.6. If (M,g) is compact, and R < 0, then there exists conformal

metric § = e~2“g with R = —1.

Proof. If n > 2, we would like to solve the equation

—4

- 1 n
"7 Av+ Ru=—vis, (22.32)
n—2

If n > 2 let p € M be a point where v attains a its global maximum. Then (22.26)
evaluated at p becomes

R(p)v(p) < —(v(p))=—2. (22.33)
Dividing, we obtain
(v(p)™= < —R(p), (22.34)

which gives an a priori upper bound on v. Similarly, by evaluating a a global minimum
point ¢, we obtain

(v(p))™= > —R(g), (22.35)
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which gives an a priori strictly positive lower bound on v. We have shown there
exists a constant Cy so that ||v]co < Cy. The standard elliptic estimate says that
there exists a constant C', depending only on the background metric, such that (see

[GTO01, Chapter 4])

[o]lcre < C([|Av]co + [[v]leo)

< O(|Rv +v7=2||co + CCy < Cy, ( )

where C; depends only upon the background metric. Applying elliptic estimates
again,

[v]lcs.e < C([J[Av]lore + [[v]lcre) < Cs, (22.37)

where C'3 depends only upon the background metric.
In terms of u, the equation is

2(n — 1)Au — (n—1)(n — 2)|Vul|® + R = —e 2" (22.38)
Let t € [0, 1], and consider the family of equations
2(n —1)Au— (n—1)(n—2)|Vul* + R= (1 —t)R — 1)e . (22.39)
Define an operator F, : C** — C% by
F(u)=2(n—1)Au—(n—1)(n—=2)|[Vul’+ R— (1 —t)R—1)e . (22.40)

Let u; € C** satisfy Fi(u;) = 0. The linearized operator at u, Ly : C** — C®, is
given by

Li(h) =2(n — 1)Ah — (n — 1)(n — 2)2(Vu, Vh) + 2((1 — t)R — 1)e”*"h. (22.41)

Notice that the coefficient h is strictly negative. The maximum principle and linear
theory imply that the linearized operator is invertible. Next, define

S = {t € [0,1] | there exists a solution u; € C* of Fy(u;) = 0}. (22.42)

Since the linearized operator is invertible, the implicit function theorem implies that
S is open. Assume u;, is a sequence of solutions with ¢; — t; as ¢ — oo. The
above elliptic estimates imply there exist a constant C);, independent of ¢, such that
|, || cs.e < Cy. By Arzela-Ascoli, there exists uy, € C** and a subsequence {j} C {i}
such that uy; — g, strongly in C?<. The limit Uy, 1s a solution at time ¢y. This shows
that S is closed. Since the interval [0, 1] is connected, this implies that S = [0, 1],
and consequently there must exist a solution at ¢ = 1. In the case n = 2, the same

arugment applied to (22.31) yields a similar a priori estimate, and the proof remains
valid. 0
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23 Lecture 23

23.1 Uniformization I

Proposition 23.1. A Riemann surface (M, J) is equivalent to an oriented conformal

class (M, [g]).

Proof. From elementary complex variables, a holomorphic map is equivalent to an
orientation preserving conformal map, which implies the proposition. Another way

to see this is as follows. A complex structure is a reduction of the structure group of
the frame bundle to GL(1,C) C GL(2,R). The explicit map is

a+ib (_“b b) . (23.1)
An oriented conformal class is a reduction to CO(2,R) C GL(2,R), where
CO(2,R) =R, x SO(2,R)={)- AN e R, A € SO(2,R)}, (23.2)

and it is easy to see that this is the same as image in (23.1). O

Theorem 23.1. Any compact oriented Riemann surface M of genus k > 1 is a com-
plex manifold with complex structure given by the Hodge star operator. Furthermore,
there is a unique metric g conformal to g having constant curvature.

Proof. First consider the case of genus k > 2. By the Gauss-Bonnet theorem
/ K,dV, = 2x (M) = 27(2 — 2k) < 0. (23.3)
M

We first solve the equation

2

Au=—-K + —(2 —2k). 234

w=—K+ (2 2K) (23.0)

By Fredholm theory, this has a smooth solution since the right hand side has zero

mean value. Consider the metric § = e ?%g, From (22.31), the Gauss curvature of g
is given by

- 2m

K=e¢"(Au+ K) = e ?"(—=(2 —2k)) <0, (23.5)
Vol

since k > 2. We have found a conformal metric with strictly negative curvature, so
Proposition 22.6 yields another conformal metric with constant negative curvature.
The maximum principle implies this metric is the unique solution in its conformal
class.

The universal cover of M is isometric to hyperbolic space. We can therefore find a
collection of coordinate charts such that the overlap maps are hyperbolic isometries,
that is, they are in SO(2,1). These maps are orientation preserving and conformal,
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and therefore holomorphic. Since the Hodge star on 1-forms is conformally invariant
it must be integrable.
For the case k = 1, the equation to be solved is

Au = —K. (23.6)

By the Gauss-Bonnet Theorem, the right hand side has integral zero. Elementary
Fredholm Theory gives existence of a unique smooth solution. The universal cover
of M is isometric to R? with the flat metrics. We can therefore find a collection of
coordinate charts such that the overlap maps are Euclidean isometries. As above,
this proves integrability. O]

Remark 23.1. Since the Nijenhuis tensor N € A%? @ T0, it vanishes in complex
dimension 1, so any almost complex structure on a Riemann surface is integrable.
However, the integrability of any smooth surface can easily be proved locally as fol-
lows. That is, given any point p on any surface (compact or noncompact), then there
is a locally defined function u : U — R such that § = e~2“g is flat. This amounts to
locally solving Au = — K. This can easily be proved by taking the metric in a small
neighborhood of any point and extending the metric to a metric on the torus using a
cutoff function. The result then follows by the k£ = 1 case in the above theorem.

Notice that the above implies the Uniformization Theorem for genus k£ > 1:

Corollary 23.1 (Uniformization). Any compact orientable Riemann surface of genus
k > 2 has universal covering biholomorphic to the unit disc. A compact orientable
Riemann surface of genus k =1 has universal covering biholomorphic to C.

The genus k£ = 0 case is slightly more difficult, and we will do this case after some
general remarks on conformal geometry.

23.2 Constant curvature

Let ¢g denote the Euclidean metric on R",n > 3, and consider conformal metrics
—2u

g=-e “g.

Proposition 23.2. If g is Finstein for n > 3 or constant curvature for n = 2, then
there exists constant a, b;, c, such that

= (alz]> + bz’ + ) 7y. (23.7)

Proof. For the Schouten tensor, we must have

1
A=Vu+du® du— §|Vu\2g. (23.8)

Let us rewrite the conformal factor as ¢ = v~2¢, that is v = Inv. The equation is
then written

~ 1
v’ A = vV — §]Vv\2g. (23.9)
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Let us assume that g is Einstein, which is equivalent to g having constant curvature.
In this case, we have

< tr(A) . R 9
A= = 23.10
P ey L (23.10)
so we obtain
K 1
—g=vV% — =|Volg, (23.11)
2 2
where R = n(n — 1)K. The off-diagonal equation is

implies that we may write v; = h;(z;) for some function h;. The diagonal entries say
that

% = VU — %WU\?. (23.13)
Differentiate this in the 27 direction,
0 = vvi; + VU; — YUy (23.14)
If j =1, then we obtain
Vizi = 0. (23.15)
In terms of A,
(hi)i = 0. (23.16)
This implies that
h; = a;r; + b;, (23.17)

for some constants a;, b;. If 7 # i, then (23.14) is
0 = vj(vii — vjj)- (23.18)
This says that a; = a; for i # j. This forces v to be of the form
v =alz|® + bz’ +c. (23.19)
O

From conformal invariance of the Weyl, we know that W = 0, so § being Einstein
is equivalent to having constant sectional curvature. The sectional curvature of such
a metric is

K = 2uv;; — |Vv|?
= 2(alz|* + bix' + ¢)2a — |2ax; + b;|? (23.20)
= 4ac — |b|*.
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If K > 0, then the discriminant is negative, so there are no real roots, and v is defined
on all of R". The metric

g (23.21)

represents the round metric with K = 1 on S™ under stereographic projection. If
K < 0 then the solution is defined on a ball, or the complement of a ball, or a half
space. The metric

4
jg=-——-— 23.22
TR 2522
is the usual ball model of hyperbolic space, and
. 1
9= w—%g (23.23)

is the upper half space model of hyperbolic space. If K = 0 and |b| # 0, the solution
is defined on all of R™.

23.3 Conformal transformations

The case K = 0 of this proposition implies the follow theorem of Liouville.

Theorem 23.2 (Liouville). For n > 3, then group of conformal transformations of
R™ 1s generated by rotations, scalings, translations, and inversions.

Proof. Let T : R® — R" be a conformal transformation. Then T*g = v~2g for some
positive function v, which says v is a flat metric which is conformal to the Euclidean
metric. By above, we must have v = a|z|? + b;x’ + ¢, with |b]> = 4ac. If a = 0, then
v = ¢, so T is a scaling composed with an isometry. If a # 0, then

1 1,
= — 4 —b)°. 23.24
v aZ(axZ—l—zbl) (23.24)

7
From this it follows that 7" is a scaling and inversion composed with an isometry. [J

We note the following fact: the group of conformal transformations of the round
S™ is isomorphic to the group of isometric of hyperbolic space H"*!. This is proved
by showing that in the ball model of hyperbolic space, isometries of H"*! restrict
to conformal automorphisms of the boundary n-sphere. By identifying H"™! with a
component of the unit sphere in R™!, one shows that Iso(H") = O(n,1). We have
some special isomorphisms in low dimensions. For n =1,

SO(3,1) = PSL(2,C) (23.25)



For the first case,

g= (Z 2) € PSL(2,R) (23.26)
acts upon H? in the upper half space model by fractional linear transformations
az+b
=z 23.27
cz+d’ ( )

where z satisfies Im(z) > 0. The boundary of H? is S', which is identified with
1-dimensional real projective space RP'. The conformal transformations of S' are

[r1, 7] = [ary + bra, cry + drs). (23.28)

It is left as an exercise to find explicit maps from the groups on the right to the
isometries of hyperbolic space, and conformal transformations of the sphere in the
other two cases.

23.4 Uniformization on 52

Since the conformal group of (52, gs), where gg is the round metric, is noncompact,
we cannot hope to prove existence of a constant curvature metric by a compactness
argument as in the £ > 1 case. However, there is a trick to solve this case using only
linear theory.

Theorem 23.3. If (M, g) is a Riemann surface of genus 0, then g is conformal to
(52795)'

Proof. We remove a point p from M, and consider the manifold (M \ {p},g). We
want to find a conformal factor u : M \ {p} — R such that § = e ?g is flat. The
equation for this is

Au=—K. (23.29)

However, by the Gauss-Bonnet theorem, the right hand side has integral 47, so this
equation has no smooth solution. But we will find a solution v on M \ {p} so that
u = O(log(r)) and r — 0, where r(z) = d(p,z). Let ¢ be a smooth cutoff function
satisfying

¢ = {1 r=To (23.30)

0 r>2ry

and 0 < ¢ < 1, for rg very small. Consider the function f = A(¢log(r)). Computing
in normal coordinates, near p we have

! Uyin/de :; U,/ de
Af = m@(g ivd t(g)) det(g)ar( v/ det(g))
oy V)

= (log(r))" + (log i)
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But from Theorem 5.1 above (converting to radial coordinates), v/det(g) = 7+ O(r?)
as r — 0, so we have

L 114007 1 1/1+0(?)
Af =5+ rm) = =t s om) =00 23.31
f= r(r+0(r3)> r? r2(1+0<r2)> oQ) (23.31)
asr — 0.
Next, we compute
/ fdv = lim A(¢log(r))dV = —lim 0,(log(r))do = —2r.
M e—0 M\B(p,?“) e—0 S(pn”)

Note the minus sign is due to using the outward normal of the domain M \ B(p,r).
Consequently, we can solve the equation

A(u) = —2A(plog(r)) — K, (23.32)
by the Gauss-Bonnet Theorem and Fredholm Theory in L2 Rewriting this as
At = Au+2¢log(r)) = —K. (23.33)

The space (M \ {p}, e %%g) is therefore isometric to Euclidean space, since it is clearly
complete and simply connected. By the above, we can write

4 —24 -2
) 23.34
9 = T apet 97 9 (23.34)

It is easy to see that v is a bounded solution of
Av+ K =e? (23.35)
on M\ {p} and extends to a smooth solution on all of M by elliptic regularity. [

Corollary 23.2. If (M,J) is a Riemann surface homeomorphic to S* then it is
biholomorphic to the Riemann sphere (52, Js).

24 Lecture 24

24.1 Moduli

The Riemann-Roch Theorem for a Riemann surface (M, .J) and holomorphic line
bundle £ says that

dim(H°(M, E)) — dim(H*(M,&)) =d + 1 — k, (24.1)

where d is the the degree of the line bundle, and k is the genus of M. Note the degree
is given by counting the zeroes and poles of any meromorphic section.
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We apply this to £ = O, the holomorphic tangent bundle. The degree of © is
2 — 2g which is the Euler characteristic. Note by Serre duality, we have

HY(M,0) = H(M,0" ® %), (24.2)
so the Riemann-Roch formula becomes
dim(H°(M,0)) — H'(M,0* @ ©*) =d+ 1 — k. (24.3)

First consider the case of genus 0. In this case, ©* ® ©* degree —4, so has no
holomorphic section. Riemann-Roch gives

dim(H(M, ©)) = 3. (24.4)

This is correct because the complex Lie algebra of holomorphic vector fields is iso-
morphic to the real Lie algebra of conformal vector fields, and the identity component
is

SO(3,1) = PSL(2,C), (24.5)

which is a 6-dimensional real Lie group.
Next, the case of genus 1. Then the bundles have degree 0, so the space of sections
is 1 dimensional, and Riemann-Roch gives 0 = 0. The moduli space is 1-dimensional.
We get something new for genus £ > 1. In this case © has negative degree, so has
no holomorphic sections. The Riemann-Roch formula yields

H'(M,0)=H(M,0*®0*) = —(2—2k) — 1+ k =3k — 3, (24.6)

thus the moduli space has complex dimension 3k — 3. Since H*(M,0) = 0 and
H°(M,0) =0, it is a smooth manifold of real dimension 6k — 6.

24.2 Kahler metrics

Definition 8. An almost Hermitian manifold is a triple (M, g, J) such that g(JX, JY)
g(X,Y). The triple is called Hermitian if J is integrable.

The fundamental 2-form is denoted by w(X,Y) = g(JX,Y).
Proposition 24.1. Let (M, g, J) be an almost Hermitian manifold. Then
49((Vx Y, Z) = 6dw(X,JY,JZ) — 6dw(X,Y,Z) + g(N(Y, Z), JX). (24.7)
Proof. Computation. m
Corollary 24.1. If (M, g, J) is Hermitian, then dw = 0 if and only if J is parallel.

Definition 9. A triple (M, g, J) is Kdhler if J is integrable and dw = 0.
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Proposition 24.2. If (M, g, J) is Kdhler, then

Rm(X,Y,Z,W) = Rm(JX,JY,Z,W) = Rm(X.Y, JZ, JW), (24.8)
Ric(X,Y) = Ric(JX,JY). (24.9)

Proof. We first claim that
R(X,Y)JZ = J(R(X,Y)Z). (24.10)
To see this,

R(X,Y)JZ =VxVy(JZ) = VyVx(JZ) = VixyJZ
— J(VxVyZ —VyVxZ —VixnZ) = J(R(X,Y)Z),

since J is parallel. Next,

Rm(JX,JY,U,V) = —g(R(JX, JY)U,V) = —g(R(U,V)JX, JY)
— —g(JR(JX,JY),-Y) = Rm(X,Y,U,V),

and the others are proved similarly. O

24.3 Representations of U(2)

Since U(2) C SO(4), we can see what happens to the curvature tensor decomposition
in dimension 4 when we restrict to U(2). Some representations which are irreducible
for SO(4) become reducible when restricted to U(2). Under SO(4), we have

AT = A2 @ A2, (24.11)
but under U(2), we have the decomposition
A*T* = (A*° @ A%?) @ AV (24.12)

Notice that these are the complexifications of real vector spaces. The first is of
dimension 2, the second is of dimension 4. Let w denote the 2-form w(X,Y) =
9(JoX,Y). This yields the orthogonal decomposition

A2T* = (A2 B A% O R -w @ A(l]al, (24.13)

where A(l)’1 C AY!is the orthogonal complement of the span of w, and is therefore
2-dimensional (the complexification of which is the space of primitive (1, 1)-forms).

Proposition 24.3. Under U(2), we have the decomposition

AL =R -wae (A’ aA"?) (24.14)
A% = Ay (24.15)
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Proof. We can choose an oriented orthonormal basis of the form
{e1,e9 = Jey,e3,e4 = Jes}. (24.16)

Let {e!, €2, €3 €1} denote the dual basis. The space of (1,0) forms, A? has generators

0 = e +ie?, 0% =e® +iet. (24.17)
We have
%(91/\0 N
= %((e +ie?) A (e —ie?) + (e* +iet) A (e* — 264)> (24.18)
=elnet+enet = w}r
Similarly, we have
%(91/\51—02/\52):el/\e2—63/\e4:w£, (24.19)
so w! is of type (1,1), so lies in Ay". Next,
' NO* = (e +ie?) A (e + ie?)
=('Net =2 net) tilet Aet + P Aed) (24.20)
= wi + iwi.
Solving, we obtain
o 1, 4 5 -1 2
w+:§(9 NO“+6 NO), (24.21)
3 10 9 1 =2
W+IZ<9 NOT—0 NGO, (24.22)
which shows that w? and w? are in the space A*° & A°2. Finally,
0L NG = (e! +ie*) A (63—1'64)
=(e'ne+ e Net) +i(—et Aet +e2 A eP) (24.23)
= w? —iw?,
which shows that w? and w® are in the space Ay O
Corollary 24.2. If (M, g) is Kdhler, then
bi =1+ 26>, (24.24)
by = b4t —1, (24.25)
T =bf —by, =2+ 20> — bt (24.26)
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Proof. This follows from Proposition 24.3, and Hodge theory on Kéhler manifolds,
see [GH94]. O

Proposition 24.4. If (M, g) is Kdhler, then W is determined by the scalar curva-
ture. More explicitly, letting w denote the Kihler form, and {w,w?,w?} be an ONB
of A%, we have

Whw = %w, (24.27)
Whw? = —%wi, (24.28)
Whw? = —%wi. (24.29)
Equivalently, we may write
Wt = 1—};(3w Ow-—1I). (24.30)
Proof. From Proposition 24.2, we have
R e S*(AMh). (24.31)

Since w? and w? are in A*° @ A%?) which is orthogonal to the space of (1,1)-forms,

they must be annihilated by W* + %I . The first identity then follows since W7 is
traceless. n

Corollary 24.3. In the above basis, the curvature tensor of a Kahler 4-manifold has
the form

% 00 p1 P2 P3
0 00 0 0 O
0 00 0 0 O
R = . (24.32)
pr 00
P2 00 4%
ps 0 0
Proof. This follows since Ric is a real (1, 1)-form. O

24.4 A Weitzenbock formula

Instead of invoking the traceless condition on W', we can directly prove the first
identity as follows. Recall the definition of W:
1
Wij = Rijia — m(Rikgjl — Rjrga — Rugjr + Rj1gix)
1 (24.33)

R(gigsn — g1).
+ (= 1)(n —2) (9ikgjt — Gikgir)
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Commute covariant derivatives
Viijkl = Vjvl-wkl — Rijkpwpl — Rijl pwkp.
Since the Kéhler form is parallel, we have the identity
Let us trace this on 7 and £,
0= gik<Rijkpwpl + Ry wip)

= g™ "™ (Rijmrwpl + Rijmiwip

= —g"" Rjmwp + gikgmeijmlwkp-
Skew this identity in j and [ to obtain

0= _gmejmwpl + gmelmej + gikgmeijmlwk:p _ gikgmeilmjwkp
- _ngpl + Rjwp; + gikgpm(Rijml + Ritjm)Wip-

By the algebraic Bianchi identity,
Rijmi + Rimij + Rijm = 0,
so finally we have the identity
0= —wapi + RPw,; — Rijklwkl.
Let us now work in an ONB. This identity is
Rijriwn = Ripwp; — Rjpwp.

Using (24.33), we have

Wijkiwr = Ripwpj — Rjppi —

-2
+ L Ruwi;
(n—1)(n—2) i
n—4 2
I 2<Ripij — Rjpwpi) + (n—1)(n—2) Ruw;j.

We conclude that for n = 4,
R

Wijhiwi = —wij,
3
which implies that

Whw = %w.

Note that this argument works for any parallel 2-form w.
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24.5 Connections

On any Riemannian vector bundle F with a connection, we can consider the following
sequence

V. * dv 2 *
EST'QFE—NT)RE, (24.44)

where the first mapping is just covariant differentation, and the second mapping is
defined by

dV(a®o)=da®c—aAVo. (24.45)
It is easy to see that
(d¥ o V)o = Q(0), (24.46)
where  is the curvature 2-form with values in End(E), defined by
QX,Y)o =VxVyo - VyVxo — Vixyo. (24.47)

Letting AP(E) = I'(A? @ E), this extends to a mapping d¥ : AP(E) — APTY(E) by
the formula

do(Xo, ..., X,) =D (-1)Vxa(Xo,...,X;,..., X,)

S (D) (X, X Xy Ky, X ) (2448
i<j
This has the property that
N(weo)=dv®o+ (—1)YwAd o, (24.49)
and we have the property
(d¥ odV)o = QAo (24.50)
The differential Bianchi identity takes the form
dvQ = 0. (24.51)

25 Lecture 25

25.1 Integration and adjoints

If T is an (r, s)-tensor, we define the divergence of T', div T to be the (r, s — 1) tensor

(div T)(Yi, ..., Y ) = tr(X S H(VT)(X, Y ,YS_1)>, (25.1)
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that is, we trace the covariant derivative on the first two covariant indices. In coor-
dinates, this is

(div ) = g VT (25.2)
If X is a vector field, define

(div X) = tr(VX), (25.3)
which is in coordinates

div X = 6:V, X7 = V; X7, (25.4)

For vector fields and 1-forms, these two are of course closely related:
Proposition 25.1. For a vector field X,

div X =div (bX). (25.5)
Proof. We compute

div X = 5§ViX J

= 5?viglel
B 5; P (25.6)
— jg i<}
= ¢"'V; X, = div (0.X).
O

If M is oriented, we define the Riemannian volume element dV' to be the oriented
unit norm element of A"(T*M,). Equivalently, if wq,...w, is a positively oriented
ONB of T*M,, then

dV =w' Ao AW (25.7)

In coordinates,

dV = y/det(g;;)dx' A -+ Adz". (25.8)

Recall the Hodge star operator * : AP — AP defined by
aAxf = {a, B)dV,, (25.9)
where a, 5 € AP.

Proposition 25.2. (i) The Hodge star is an isometry from AP to A"7P.
(ii) (W' A+ AwP) = WPt A - Aw™ if w, .. w, is a positively oriented ONB of
T*M,. In particular, x1 = dV, and xdV = 1.
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(iii) On AP, ¥? = (—1)P(n=P),
(iv) For o, B € AP,

(a, B) = *#(a A %) = *(8 A *«). (25.10)

(v) If {e;} and {w'} are dual ONB of T,M, and T} M, respectively, and o € AP, then
# (W A @) = (=1)Pi, (xa), (25.11)

where ix : AP — AP~1 is interior multiplication defined by
ixa(Xy,..., X)) =a(X, Xq,...,X,). (25.12)
Proof. The proof is left to the reader. O]

Remark 25.1. In general, locally there will be two different Hodge star operators,
depending upon the two different choices of local orientation. FEach will extend to a
global Hodge star operator if and only if M is orientable. However, one can still
construct global operators using the Hodge star, even if M is non-orientable, an
example of which will be the Laplacian.

We next give a formula relating the exterior derivative and covariant differentia-
tion.

Proposition 25.3. The exterior derivative d : QP — QP is given by

dw(Xo,...,X,) = zp:(—nj(vxjw)(xo, XX, (25.13)

=0

(the notation means that the Xj term is omitted). That is, the exterior derivative dw
is the skew-symmetrization of Vw, we write dw = Sk(Vw). If {e;} and {w'} are dual
ONB of T,M, and T M, then this may be written

do=> W AVw. (25.14)

Proof. Recall the formula for the exterior derivative [War83, Theorem 7],

P

dwo(Xo, -, Xp) = 3 (1P X (w(Xo, o Ky X))

j=0
+ Z(—l)i+jW([Xi,Xj],Xo, PN 7XZ‘, ce ,Xj, ce ,Xp).

i<j

Since both sides of the equation (25.13) are tensors, we may assume that [X;, X;], = 0,
at a fixed point x. Since the connection is Riemannian, we also have Vx, X;(z) =0
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We then compute at the point z.

<
S
~—
Il
(-
—
.
s
~/
£
<
<
N—
—~
=

dw(Xo, ce

(25.16)
= (—1)f(vxjw)(X0,...,Xj,...,Xp)(a;),

using the definition of the covariant derivative. This proves the first formula. For the
second, note that

Vx,w = oW = Zw (Ve,w), (25.17)

so we have

dw(Xo, ..., X,)(z) Z Zw (Ve,w)(Xo, ..., Xj, ..o, X)) ()

(25.18)
= Z(w’ AVew)(Xo, ..., X,) ().
O
Proposition 25.4. For a vector field X,
*(div X) = (div X)dV =d(ixdV) = Lx(dV). (25.19)

Proof. Fix a point € M, and let {e;} be an orthonormal basis of T, M. In a small
neighborhood of x, parallel translate this frame along radial geodesics. For such a
frame, we have V,e;(z) = 0. Such a frame is called an adapted moving frame field
at z. Let {w'} denote the dual frame field. We have

Lx(dV) = (dix +ixd)dV = d(ixdV)
= Zwi AV, (ix(@" A Aw™)

= Zwi/\vei<(—1)j—1§:wﬂ'(X)wl /\---/\d)j/\---/\w”>

(25.20)
_Z (X)W Awr A AT A AW
:Zw (Ve,X)d
= (div X)dV = x(div X).
O
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Corollary 25.1. Let (M, g) be compact, orientable and without boundary. If X is a
C! wvector field, then

/ (div X)dV = 0. (25.21)
M
Proof. Using Stokes” Theorem and Proposition 25.4,

/M (div X)dV = / d(ixdV) = / idV = 0. (25.22)

oM

Using this, we have an integration formula for (r, s)-tensor fields.

Corollary 25.2. Let (M,g) be as above, T be an (r,s)-tensor field, and S be a
(r,s+ 1) tensor field. Then

/ (YT, S)dV = — / (T, div S)dV. (25.23)

Proof. Let us view the inner product (7', S) as a 1-form w. In coordinates

w=(T,8) = T/ 7 Gir-ir i, (25.24)

11.tr T JJ1---Js

Note the indices on T" are reversed, since we are taking an inner product. Taking the
divergence, since ¢ is parallel we compute

div ((T, 8)) = VI (T2 7S )

1.0 Mg Ts
— J J1.--Js 11...0p J1---Js J Qi1..ir

= (VT,S) + (T, div S).
The result then follows from Proposition 25.1 and Corollary 25.1. O]
Remark 25.2. Some authors define V* = —div, for example [Pet00].
Recall the adjoint of d, 6 : QP — QP~! defined by
dw = (—1)"PHDFL o g5 . (25.26)

Proposition 25.5. The operator 6 is the L? adjoint of d,

/M<5a,6>dvz/ (a,dB)dV, (25.27)

M

where o € QP(M), and B € QP~1(M).
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Proof. We compute

/M<a,d5>dvz/Md5A*a
:/M<d(ﬁ/\*a)+(—1)pﬁ/\d*a)

= / (=1)PFO=PEDE-DZ A x5 d % o (25.28)
M

= / (B, (=MD d % a)dV
M

- /M (B, 5a)dV.

Proposition 25.6. On QP, 6 = —div.
Proof. Let w € QP. Fix x € M, and dual ONB {e;} and {w'}. We compute at x,

(div w)(z) = Z i, Ve,w
= Z(—l)p("*p) (2'6].( * *(Vejw))>

= (1PN (1) (W) A%V w) (25.29)

= ()PP S k(W AV, (5w)

= (=1)"PHD (xd % w)(x).
]

Remark 25.3. Formula (25.6) requires a bit of explanation. The divergence is defined
on tensors, while § is defined on differential forms. What we mean is defined on the
first line of (25.29), where the covariant derivative is the induced covariant derivative
on forms.

An alternative proof of the proposition could go as follows.

/M<Oz,(5ﬁ>dV=/M<dOz,ﬁ>dV
_ /M (Sk(Va), B)dV
- /M (Va, BydV
- /M (a, —div B)dV.

Thus both § and —div are L? adjoints of d. The result then follows from uniqueness
of the L? adjoint.

(25.30)
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26 Lecture 26

26.1 Bochner and Weitzenbock formulas

For T an (r, s)-tensor, the rough Laplacian is given by
AT = div VT. (26.1)
For w € QF we define the Hodge laplacian Ay : QF — QF by
Agw = (dd + dd)w. (26.2)
We say a p-form is harmonic if it is in the kernel of Ag.

Proposition 26.1. For T and S both (r, s)-tensors,

/ (AT, SYdV = — / (VT VS)dV = / (T, AS)AV. (26.3)
For a, 8 € QP,
/M<AHa,6>dV=/M<a,AH5>dV (26.4)

Proof. Formula (26.3) is an application of (26.1) and Corollary (25.2). For the second,
from Proposition 25.5,

/M<AHoz,ﬁ)dvz/ ((d6 + éd)ar, B)dV

M

Il
= P

(déa,ﬁ}dV—i—/ (0da, B)dV

M

(S, 68)dV + | (da,dB)dV (26.5)

/,
(o, d5B)AV + /M (o, 6dB)dV

- /M (a, A B)dV.

]

Note that A maps alternating (0, p) tensors to alternating (0, p) tensors, therefore
it induces a map A : QP — QF (note that on [Poo81, page 159] it is stated that
the rough Laplacian of an r-form is in general not an r-form, but this seems to be
incorrect). On p-forms, A and Ay are two self-adjoint linear second order differential
operators. How are they related? Consider the case of 1-forms.

Proposition 26.2. Let w € QY(M). If dw = 0, then

Aw = —Ap(w) + R (w). (26.6)
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Proof. In Proposition ?? above, we showed that on functions,

Adf = dAf + Rc'(df). (26.7)
But on functions, Af = —Agf. Clearly Ay commutes with d, so we have
A(df) = —Ag(df) + R (df). (26.8)

Given any closed 1-form w, by the Poincaré Lemma, we can locally write w = df for
some function f. This proves the formula. O]

Corollary 26.1. If (M, g) has non-negative Ricci curvature, then any harmonic 1-
form is parallel. In this case by(M) < n. If, in addition, Rec is positive definite at
some point, then any harmonic 1-form is trivial. In this case by(M) = 0.

Proof. Formula (26.6) is
Aw = Rc! (w). (26.9)

Take inner product with w, and integrate

/M<Aw,w) :—/M|Vw|2dV:/MRic(jjw, fw)dV (26.10)

This clearly implies that Vw = 0, thus w is parallel. If in addition Rc is strictly
positive somewhere, w must vanish identically. The conclusion on the first Betti
number follows from the Hodge Theorem. O]

We next generalize this to p-forms.
Definition 10. For w € QP, we define a (0, p)-tensor field p,, by
n p
pw(Xh ce ,Xp) = Z Z (RAp(&;, Xj)bJ) (Xl, R an—la Gi,X]’+1, e ,Xp), (2611)
i=1 j=1
where {e;} is an ONB at x € M.

Remark 26.1. Recall what this means. The Riemannian connection induces a met-
ric connection in the bundle AP(T*M). The curvature of this connection therefore
satisfies

Rav € F(AQ(T*M) ®50(AP(T*M))). (26.12)
We leave it to the reader to show that (26.11) is well-defined.

The relation between the Laplacians is given by
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Theorem 26.1. Let w € Q. Then
Apgw = —Aw + p,. (26.13)
We also have the formula
(A, w) — %AHMZ + Vel + (pu, o). (26.14)
Proof. Take w € (¥, and vector fields X,Y3,...,Y,. We compute

(Vw — dw)(X, Vi, ..., Y,) = (Vxw)(Vi, ..., Y,) — dw(X,Y1,...,Y,) (26.15)

p
:Z(vij)(Yl,...,Yj_l,X,Y;-H,...,Y;,), (26.16)
7j=1

using Proposition 25.3. Fix a point x € M. Assume that (VY}), = 0, by parallel
translating the values of Y; at x. Also take e; to be an adapted moving frame at p.
Using Proposition 25.6, we compute at z

(div Vw + 0dp) (Y, ..., Y,) =div (Vw — dw)(Y1,...,Y,)

- i (Vei(Vw - dw))(ei,Yl, oY)

- zn: (@i(vw - dw))(ei,Yl, oY)

=1
n p
= ZZ@((VYJW)(YM o Yi,en Y, ,Y}o)
i=1 j=1
n p
=3 D (Ve Vyw)(Yi, . Y6, Vi, ., Y)
i=1 j=1
(26.17)
We also have
p
dow(Y1,...,Y,) =D (~1)TH(Vybw)(V1,...,Y],...,Y,)
j=1
p . n A~
= (-1, (Z(Veiw)(ei,Yl, L ,Yj,...,Yp)> (26.18)
j=1 i=1
n p
:_Z (Vy, Vew)(Yr, ..., Y16, Y1, ..., V).
i=1 j=1

The commutator [e;, Yj|(z) = 0, since V., Y;(r) = 0, and Vy,e;(x) = 0, by our choice.
Consequently,

(Agw + Aw)(Y1,...,Y,) = (Agw + div Vw)(Y1,...,Y,) = pu(Y1,...,Y,). (26.19)
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This proves (26.13). For (26.14), we compute at

div Vw(Ya,...,Y,) =Y Ve (Vw)(e, Vi, ..., Y,)

= YY)y V) (26.20)

= Z(Veiveiw)(}/l’ s 71/;0)

Next, again at z,

(—divVw,w) = — Z(Veiveiw,uﬁ

= - Z €; (<v€iw7 (.U> - <v€iw7 Veiw>)
. (26.21)
=3 Z(€i€¢|w|2) + |V’

1
= §AH|w|2 + |Vl

]

Remark 26.2. The rough Laplacian is therefore “roughly” the Hodge Laplacian, up
to curvature terms. Note also in (26.14), the norms are tensor norms, since the right
hand side has the term |Vw|? and Vw is not a differential form. We are using (1.19)
to identify forms and alternating tensors.

27 Lecture 27

27.1 Manifolds with positive curvature operator

We begin with a general property of curvature in exterior bundles.

Proposition 27.1. Let V be a connection in a vector bundle m : E — M. As before,
extend V to a connection in AP(E) by defining it on decomposable elements

Vx(si A Asy) =Y s1A--AVxsi A+ As,. (27.1)
Rariy(X, V) (51 A Asp) =D s1 A ARG(X,Y)(s) A-ee Ay (27.2)
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Proof. We prove for p = 2, the case of general p is left to the reader. Since this is a
tensor equation, we may assume that [X,Y] = 0. We compute

RAQ(E)(X, Y)(Sl AN 52) = Vva(Sl N 82) — Vva(Sl A 52)
= VX ((Vysl) A\ S9 + S1 A\ (VySg)) — Vy((val) N So -+ S1 A (VXSQ))

= (VXVY)Sl N 89 + VySl N VXSQ + VX31 A\ VYSQ + S1 A (vay)sz (273)
— (VyVX)31 A S9 — szl A VYSQ — Vy$1 N V)(SQ — S1 A (VYVX)SQ

= (RV(X, Y)(31)> N Sg+ 51 A\ (RV(X7 Y)(S2>>'

O
We apply this to the bundle E = AP(T*M). Recall for a 1-form w,
ViVjw = V;Viw — R, . (27.4)
In other words,
(R(0;, 0)w)i = — Ry, Fwr, (27.5)

where the left hand side means the curvature of the connection in 7% M, but the right
hand side is the Riemannian curvature tensor. For a p-form w € (P, with components
Wi, ...i,, Proposition 27.1 says that

i1

p
(RAP (ea, 65)&)) = — Z Ramk lwil...z‘k,llz‘kﬂ...ipa (276>
k=1

where the left hand side now means the curvature of the connection in AP(T*M).
Next, we look at p,, in coordinates. It is written

P
_al
(pw)lllp - ga Z (RAP(@O“ aij)w)il‘..ijfllijJrl...ip' (277)
j=1
Using (27.6), we may write p,, as
1
(pw liodp _goz Z Z Raz ik wu Aj1lij 41— 1M1 - O
j=1 k=1,k#j
» (27.8)
1
- ga Z Raij;nwil...ijflmiijl...ip
j=1
Let us rewrite the above formula in an orthonormal basis,
pw Giodp — Z Z Z Rlzjmzkwu i1l i 1M1 0p
I,m=1 j=1 k=1,k#j (279)

n p
+ E E Rijmwilu.ij_lmij+1...ip-

m=1 j=1
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Using the algebraic Bianchi identity (1.51), this is
Ritymiy, + Rimigs; + Risgim = 0, (27.10)
which yields
Rii;miy, — Bomijti, = Rimijiy, - (27.11)
Substituting into (27.9) and using skew-symmetry,

p

1 - <
(pw)ii...ip:_i E E E (Rlijmik—Rmz‘jlik)wil...z'j,llz'jﬂ.uz‘k,lmikﬂ...z'p

Im=1 j=1 k=1k#j

m p
+§ E RijmWiy..i;_ymigyy.ip

m=1 j=1

n p p
1
= _5 E § E leijikw’il...ijfll’ij+1...ik_lmik+1...ip

Lm=1 j=1 k=1,k#j

mp
+E E R mWiy.i;_ymij..ip-

m=1 j=1

(27.12)

Theorem 27.1. If (M™,g) is closed and has non-negative curvature operator, then
any harmonic form is parallel. In this case, by(M) < (Z) If in addition, the curvature
operator is positive definite at some point, then any harmonic p-form is trivial for
p=1...n—1. In this case, b,(M) =0 forp=1...n—1.

Proof. Let w be a harmonic p-form. Integrating the Weitzenbock formula (26.14), we
obtain

O:/ ]Vw|2dV+/ (pu, w)dV. (27.13)
M M

It turns out the the second term is positive if the manifold has positive curvature
operator [Poo81, Chapter 4], [Pet06, Chapter 7|. Thus |Vw| = 0 everywhere, so w
is parallel. A parallel form is determined by its value at a single point, so using the
Hodge Theorem, we obtain the first Betti number estimate. If the curvature operator
is positive definite at some point, then we see that w must vanish at that point, which
implies the second Betti number estimate. Note this only works for p =1...n — 1,
since p,, is zero in these cases. O

This says that all of the real cohomology of a manifold with positive curvature
operator vanishes except for H" and H°. We say that M is a rational homology
sphere (which necessarily has x(M) = 2). If M is simply-connected and has positive
curvature operator, then is M diffeomorphic to a sphere? In dimension 3 this was
answered affirmatively by Hamilton in [Ham82]. Hamilton also proved the answer is
yes in dimension 4 [Ham86]. Very recently, Bohm and Wilking have shown that the
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answer is yes in all dimensions [BW06]. The technique is using the Ricci flow, which
we will discuss shortly.

We also mention that recently, Brendle and Schoen have shown that manifolds
with 1/4-pinched curvature are diffeomorphic to space forms, again using the Ricci
flow. If time permits, we will also discuss this later [BS07].

Remark 27.1. On 2-forms, the Weitzenbock formula is

(AHCU)ij = —(A’UJ)Z] — Z leijwlm + Z Rimwm]‘ —|— Z ijwim. (2714)
ly;m m m

Through a careful analysis of the curvature terms, M. Berger was able to prove a van-
ishing theorem for H*(M,R) provided that the sectional curvature is pinched between
1 and 2(n —1)/(8n — 5) [Ber60)].
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