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Solving when f =1 (or earlier notation ¢ = 1)

1- Using integration by parts

(see http://www.people.virginia.edu/ bk5w/home_files/trouble.pdf)
I had:
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when ¢ = 1 =it becomes:

{ (W) [2 =) - /b (b @)1 ) dZ} dF (b)
{( * b2) }dF(b) - /E {/b ([7(5)]2 *5) dE} dF (b)

(2)

note that the second part of the above equation (equation (2)) can be written
(using integration by parts):
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/ udv
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Here v = / ([7(5)]2 *5) db and v = F(b)

b b
{/ ([7(5)]2*'5) dE} dF(b) = F(b)/([y@)]z *5) db
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Hence equation (2) becomes:

{(M9E) o} ar) -

([1 — F(b)] % [y(b)}2 * b) db
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I will assume that b is distributed uniform on [0, 1], so f(b) = 1 and F(b) = b.

Hence, in order to find optimal v(b), we can do pointwise maximization with
respect to y(b).
We get:

b =y(b) xbx[2 — D]
Hence for v(b) # 0, we get:

b

b) = ——
(b)) =5—
2- Using exact differential equations:

(see http://www.people.virginia.edu/ " bk5w/home_files /trouble.pdf)
Once we use calculus of varitions, we have:

(1 B Vb d [(L+)x b2 pxb  (1—=¢)xVhxz(b)|
(1—9) 0] b 0 SR FTSIETE 0
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when ¢ = 1, it becomes:
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You can check that the above equation is exact. Hence:
F((b),b) = / Mz (b) + (b)
: L2 N
Fe00 = -1 [ (sg) @O e
, b3/2
F(Z'(b),b) = ———=—+19(b
EOD = T )
88—1; = N (exact differential stuff)
3 b 1 3 b
S S TR S L
4/2(b) 2 4\/2(0)
1 1
= Y'(b)= 3= P(b) = 3% b + constant
P (b),b) L ¢
zZ'(b), = + — % b+ constan
2y/7'(b) 2
F(Z'(b),b) = constant (since it is exact differential equation)
b3/2 1
= ——= 4+ - xb =k where k is a constant
2/7(b) 2 v
/ b?
YO0 = mrEToe
since 2'(b) = [y(b)]**b
(see http : //www.people.virginia.edu/ bk5w/home_files/trouble.pdf)
b

One thing in this solution is there is still the unknown parameter & in there.
I know form the integration by parts solution that £ = 1 and my hunch is that
I think I can obtain that if I can plug in v(b) = 5—7— into equation (1) and
numerically find the optimal value of k, which has to be 1 for ¢ = 1.

3- Another solution:



I have in hand:

/ / 3/2
Z'(b) = 3% ZZ()b> + 2% {Z éb)] for b # 0.
! ! 1/2
ny o Z2(0) Z'(b)
Z"'(b) = 5 34+ 2% < b
let w = 2'(b) then
1/2
u'(b) = @ 34 2% <@) ]
1/2
let p = (@) then
, 1 1
bxp'(b) = —§*p+§*p*(3+2*p)
pb) = 7%*%+%*%*(3+2*p)f0rb7§0
dp_ pl+p)
db b
[ = 15
p(1+p) b
In( T f )+ k1 = Inb+ ke where k1 and ko are constants.
_ bxexp(k)
= p_l—b*exp(k)

Note that the variable p(b) is actually equal to v(b) (Since 2'(b) = u(b) and
i)\ /2 ) /2
p(b) = (T) = p(b) = (T) . Furthermore, 2/(b) = [y(b)]? * b, so

2,5\ 1/2
p(b) = (DG = p(b) = 1 (0).
Again T need to find the constant (which is k). Since I know it has to be

~v(b) = Q%b, the constant ¥ = —In2. Again my hunch is that I can plug in
~v(b) = %ﬁ% in equation (1) and find the optimal cosntant k& numerically

(which in this case has to be —1n 2).

Answer to edit-1: I agree that the equation can have (I think it has)
multiple solutions when b = 0.

Answer to edit-2: It is good news since I need «y(b) nondecreasing in b. But
do you know a formal proof for that.

Thanks for your interest and time you spend on this problem.



