a) su(2) Algebra Representations

Define a basis for su(2) as:

u:ia:(.]l,u:z’a:Ol,u:z’azzo.. (1)
1T G g) TR T ) BT T 0

We have

[y, ] = =2ug,  [ug,ug] = =2uy,  [ug,uy] = —2u, (2)

First we compute [(ay, o, a3), (o), oy, ay)] defined by [(au, +ayu, +azu,), (0w, +agu,+

).

/ / /
(quy + ayuy + agug)(0qu, + au, + ogu,)
_ / / / / /
= (a0 + anah + o)1 + o odu uy + e Uy,

/ / / /
+0 QU Uy + QO UsU Y+ QiU U + Qg QUL U (3)

So that

(), @y, ), (0, g, )]

= o0 (ugty — uyuy) + oo (uguy — uguy)
aya(uyuy — uguy) + oo (uguy — uyuy)
oy (Ugty — ugty) + g0y (Ugtly — Uyy)

= 2(az0) — ay0h)uy + 20 — 0] Juy + 2(0pa] — agah)uy (4)

which we will use in the following.

From

(a0, + oy + ay0,) . (ag+ @@ + aya® + agy + ay’ + azzy)
r(—loya, + aya, — aa,) +
2% (2ia as + 20,05 + 205a,) +

y(ioya, + aya, + azay) +

v*(2icay — 20,0, — 205a,) +

+ + + +

ry(—ia ay — i0qa, + aya, — aya,) (5)



we have for the adjusted ¢:

P uy + ayu, + agus) (ag + a,z + a2x2 + azy + a4y2 + asxy)
play(io)) + aylioy) + as(ioy)) . (ag+ayr + a2:L’ +agy + a4y + asry)
o((iay)o, + (toy)oy + (i0y)oy) (ag + a,@ + a,2* + azy + ay” + a xy)

z(ayay + ioya, —iaga;) +
2*(—2a,a; + 2ia,a, + 2icga,) +
y(—oya, + iaya, +iagas) +

y* (-2 a5 — 2ic,a, — 2icga,) +

+ o+ o+ +

ry(ayay + o a, +iaya, —iaya,)

and from this we can read off:

O Uy + Qs + Qg 1=0

r = —xiog + y(—a, +ia,)

y = x(—o +io,) + yioy
y* = —2iyta, — xy(—a, + ia,)
zy = 22° (—ay +iay) + 2y°(—ay — iay).

( )
( )
o(aqu, + a2u2 + aguy) . a = 22"y — vy(—a, — i)
(ayuy + ayu, + agus)
( )
( )

o Uy + 042u2 + agug

We will use these in the following to prove

[Py, ag, a5), Pl 05, a5, )] = P([(ay, @, a3), (@), g, 05)])

when applied to each of 1,z, 22, y,y? and zy individually.

The case of 1

Take the case of 1. Obviously:

[Blay; oy, 03), Gy, a5, 05,)] . 1= 0

and then from (4) and (7) we obviously have:

95[(05170‘270‘3)7 (0/170/2704;)] .1=0.
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The case of z

Take the case of . We will need:

Plajuy + aguy + agug) . = —ziog + y(—a; +iay)
Ooquy + aguy + aguy) .y = x(oy +iay) + yioy
[(arys gy 3), (0 g )] = 200, — aay)uy + 2(e 0y — oy Juy + 20 — o al)uy
(10)
First
(0 uy + oy + agug) P u, + dhu, + ajuy) . @
= @logu, + ayuy + azuy) . ((— zic + y(—a) + ia))
= —(—zia, +y(—a, +io,))iay + (z(a, + ioy,) + yia,)(—ao] + ia)
= —iy(—a, +iay)oy + z(oy +ia,)(—a) + togy) + yia,(—a) + iay)
= —zi(ay0) — oqay) — y(agoh — opag) + yi(agal — aza)) + . (11)
so that
[Blay, ay, ay), @lay, 0y, a5)] - @
= —22i(0,0) — o) +y(=2(ay0, — ayay) + 2i(ag 0 — aza)) (12)
and then from (4) and (7) we have
P([(ay, oy, ), (0, 0y, a3)]) - @
= —wi2(aya) — ogah) +y(=2(ay0h — ayal) +i2(ag 0 — aga)) (13)
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The case of z?

Take the case of 2. We will need:

Plagu; + gty + aguy) . 27 = 220y + zy(og + i)
Plagu; + gy + aguy) . xy = 22°(—ay +ia,) — 2y* (o, + i)
[(arys g, ), (0 )] = 20, — aay)uy + 2(e 0y — o Juy + 20 — oy al)uy
(14)
First
ey uy + gty + aguy)G(a)u, + iy + aluy) . x°
Ploguy + ayuy + aguy) . (20%iad + zy(a] +iay))
2(2%iay + zy(a +ioy))iah + (227 (—ay + ia,) — 2y* (o + iay,)) (o) + iab)
= 2zy(a; +iay)ial + 20°(—a, +ia,) (o] + iah)
= 22%(aya) — a,ah) + zy( — 20,05 + 2ia, o) (15)
so that
[Plexy, @y, ), Py, @y, )] - 2
= 20712(00) — ajah) 4+ 2y (2(agal — ayal) + 2i(ag oy — aza))) (16)
and then from (4) and (7) we have
95([(0517 0{2, 043) (a17 0{2, 043)])
= 22%02(a,0] — ayaf) + 2y(2(agal — ayah) + i2(ag o — agal)) (17)
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The case of y

Take the case of y. We will need:

Plajuy + aguy + agug) . = —ziog + y(—a; +iay)
Poquy + aguy + aguy) .y =x(oy +iay) + yioy
[(arys g, 3), (0 g )] = 20, — aay)uy + 2(o 0y — o) Juy + 2(ay0) — o al)uy
(18)
First
Glovyuy + oy + agiz)p(auy + abu, + ajuy) .y
= @(oqu; + ayuy + azuy) . (z(a) +id) + yiad)
= (—wiag +y(—a, +ioy))(a] +icd) +i(z(a, +icy,) + yiay) o
= —ziag(a] +iah) + xi(a, +iay)ay + y(—oy +iay)(a] +iadh) + . ..
= x50 — ayal) + wi(ag 0 — 0p0)) + iyl — a0h) 4. (19)
so that
[@(ap aga 063), @(O/p 0/27 O‘é)] . y
= 22(ay0, — o) + wi2(ogaf — ayen) + yi2(ay0) — agal) (20)
and then from (4) and (7) we have
@([(Oﬁ? 0{2, 043), (0/17 0/27 O‘é)]) -y
= 2(2(ag0h — ayaly) +i2(a 0 — ) + yi2(ana — o o) (21)

13



The case of 3>

Take the case of y2. We will need:

Plaqgu; + gy + aguy) . yP = —2iy’a, — zy(—a, +ia,)
Plagu; + gy + aguy) . xy = 22%(—ay +ia,) — 2y* (o, + i)
[(orys gy 3), (0 g 0)] = 20y — aay)uy + 2(oq 0y — oy Juy + 2(ay0) — oy al)uy
(22)
First

Pl + ayuy + agig)p(agu, + abu, + ajuy) -y

Ploguy + ayuy + aguy) . (= 2iy’al — zy(—a) + iaj))

—22’( — 2iy ey — xy(—ay + ion))ozg - (2x2(—oz1 +iay) + 2y (—a, — ion)) (—a) +iay)
= =2y (—a, —iay)(—a) +idl) + xy2i(—a, + iay)al
= —2¢%i(a,0) — oyan) — 2y (2an0h + 20, af) (23)

so that

[Play, g, az), G, 0, 03)] -y

= —2y2i2(oz20/1 —a,a,) — zy(—2(az0l, — ayan) +i2(a 0 — agal)) (24)

and then from (4) and (7) we have

95([(()‘17 Qg O‘3)7 (O/p 0/27 O‘g)]) . y2

= —2iy22(a204'1 - 0410/2) - a:y(—2(0430/2 - 04204;)) + Z'2(041043 - 0430/1)) (25)
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The case of xy

Take the case of zy. We will need:

P(ayuy + ayuy + azug

y* = —2iy’a, — zy(—a, +ia,)

)
Plagu, + gy + aguy) . 17 = 270y + ay(ag + i)
P(a uy + ayu, + aguy)

| =

[(ap 042, 063) (ah OéQa @3)

zy = 22°(—ay +ia,) — 2y°(ay +ia,)

2(0430/2 - 04204;))u1 + 2(041043 - 0430/1)% + 2(0420/1

- 0410/2)u3

(26)

First
(o uy + agu, + agiy) () u, + dyu, + ayuy) . xy
Plogu, + apuy + agug) . (207 (—a) +icd) + 2y°(—a) — ias))
= 2(2z%iay + zy(oy + iay)) (=) + iah) + 2( — 2iy’ay — zy(—oy + ia,)) (—a) — ia)

= 22%2ia,(—a] + iah) + 2y*2ia, (o) + i)
= 22%(—2a40h, — 2iagal) + 2y*(—2a,0), — 2(—iagal))

so that

[927(061, OZQ, Oé3), @(0/17 0/27 O‘é)] : xy

= 22%( = 2(azah — ayay) +i2(ag o — o)) + 2y7 (= 2(agal

and then from (4) and (7) we have

@([(Oﬁ? Oy, 043), (0/17 0/27 O‘é)]) - LY
= 207 (= 2(oy0h — ayay) + i2(a o — aya))) 4 2y7 (= 2(ay0f

b) Irreducible components:

- 0420423) -

- 0420523) -

2i(a, oy

2i(a, oy

(27)

- 0430/1»

(28)

— a3a’1))

(29)

Components that are transformed into linear combinations of themselves under repeated
application of the operators ¢(o,u, +u,0,+azu,) form an invariant subspace. Irreducible
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components are an invariant subspace which cannot be separated into smaller invariant

subspaces.

It is easy to see from (7) that the irreducible components are:

{1}

{z,y}

{y*, 2y, 2}
c) Vectors of maximal weight:

To determine the weights, we consider

1 1 1 1
H=0, X= 501 + 5@'02, Y = 501 — 52’02
or
, 0 1 i 1
H=—u,, X= —§u1 + §u2, Y = ——u §u2
Bracket algebra of H, X, and Y
We have the algebraic relations
1 1 1 1. 1 1
[éH,X] = [503,501—}‘5102] :§O'Q+§O'1:X,
1 1 1 1.
[§H, Y] = [503, 301~ 57,02] =-Y
1 1. 1 1. 1
(X, Y] = [501 + 510,501 = 5202] =0, = 2§H.

and for J? = (XY + Y X) + (3H)? we have

1
2

J2H] =0, [J%X]=0, [J4Y]=0.

which result from the use of (33) in the following
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(31)

(32)

(33)

(34)



[J2, H] = [XY +YX, H]
X[Y,H|+ [X,H]Y +Y[X,H] + Y, H|X
= X(2Y) + (=2X)Y + Y (-2X) + (2Y)X
= 0

then

[J2,X] = %[XY +YX,X]+ i[HQ.X]
_ % (XY, X] + [X, X]Y + Y[X, X] + [V, X] X}
% (H[H, X] + [H, X|H}

= {X(=H) + (~H)X} + § {HRX) + (2X)H)
= 0

and then

[J2Y] = %[XY +YX, Y]+ i[HQ.Y]
_ % (X[Y,Y] + [X,Y]Y + Y[X,Y] + [V, Y]X}
+i {H[H,Y]+ [H Y|H}

- % {(H)Y +Y(H)} + % {H(=2Y) + (=2Y)H}

= 0.

Corresponding analogous to H, X, Y and J? are:

$(0,0,—7) = ¢(0 x u; + 0 X uy —iuy),

g?)(—%, %,0) = @(—%ul + %u2 + 0 x uy),

@(—%, —%,0) = @(—%ul - %ug 40 % uy),

SB35, 5 00F(—5,=5,0) + $(— 5, =3, 08(—5, 3,0) + 55(0,0,—4)

respectively. Let us denote the last of these operations ¢(J?).
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(36)

(37)

(0,0, 1))
(38)



Establishing analogues of (33)

We have from (6)

and

and

N —

90(‘5“1 +

P(—iug)

—u
2

2)

(ag + a,x + a,2* + azy + a,y° + asxy)

1 1 1
= 57 + 2%a, + SV +y*(—a,) + éxy(O)
1 1 ,

= T+ gagy+ a,x* — a,y°. (39)
(ag + a,x + a,2® + azy + a,y° + aszy)
i 1 l 1 l 1
x(—§a3 + Z§a3) + x2(2§a5 + 225‘”5) + y(§a1 + Z§a1) +
)i 1 i 11
y (2§a5 - 22§a5) + xy(—§a2 ~ 5% + i5ay = z§a4)
ia,y + 2ia5x2 —ia,xy. (40)
(ag + a,@ + a,2* + azy + ay’ + a xy)
1 1 0 1 l 1
x(—§a3 — z§a3) + x2(2§a5 — 2@5%) + y(éal — 25(11) +
)i 1 S S B
Yy (25% + 275&5) + xy(—§a2 — 5y iz + z§a4)
—iza, + 2iay® — ia,xy. (41)

Using (39) and (40) we compute:

1. ., i1

5@(0, 0, —z)gp(—§, 3 0).(ag + a;x + a2x2 +ay + a4y2 + agry) =
1

= 595(0, 0, —i).(ia,y + 2ia.z* — ia,zy)
7 )

= éaly + 22@5332
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and

oo 1 1. )
90(—5, 5 0)590(0, 0, —i).(ay + a,@ + ay2® + azy + a,y* + aszy) =
oo 1 1 1
- Qp(—i, 3 0).(—§a1x + 50y + ay7* — a,y?)
)
—ialy + a1y
from which we have
1. PR A | 2 2
[590(0, 0, —1), gp(—i, 3 0)].(ag + a,@ + ayx™ + agy + ay” + aszy) =
=1ia,y + 2ia5x2 —1a,Ty
11
= @5 5,0)-(ap +a,z + ay8” + agy + ay”’ + azry) (42)

Using (39) and (41) we compute:

B 1 1
(0,0, —z)go(—i, ~3 0).(ay + ayz + a2x2 + azy + a4y2 + asry) =

N —

$(0,0, —1).(—izay + 2iasy® — ia,xy)

1
2
i .9
= §a3x — 2iagy

and

oot 1 1. .

90(_5’ 2 0)5@(07 0, =).(ag + a, 7 + a2 + azy + a,y* + azry) =
o1 1 1

= @(—5, —5 O).(—§a1x + 55y + a,r* — a,y?)

= —%agx — 1ayTY — 1ayTY

from which we have

1. N
[5@(0, 0, —1), @(—5, ~3 0)].(ag + a,x + a2x2 +azy + a4y2 + agzy) =
= —(—izay + 2iay® — ia,zy)
1 1
— —gp(—i, —5 0).(ay + a,x + a2$2 +azy + a4y2 + asxy) (43)
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Using (40) and (41) we compute:

.11 1
90(_57 5 0)90(_57 —5,0).(qp + a,z + a2x2 +azy + a4y2 + asry) =
.11 ) . .
= go(—i, 3 0).(—iza, + 2iay® — ia,zy)
= ayy + 2a;ry + 2&21’2
and
o1 1 .11 9 2
go(—i, —g5 0)@(—5, 3 0).(ay + ayx + ay,z” + ay + a,y° + asxy) =
o1 . . .
= @(—5, —g5 0).(ia,y + 2ia.z* — ia,zy)
= a,T + 2a;1y + 2a4y2
from which

.11 .11
(P(=5:5:0), (=5, =5, 01(ag + 0,7 + a2 + agy + a,9” + agy) =
= —a,T + azy + 2a2x2 — 2a4y2

= 3(0,0,—i).(ay + a,@ + a,®® + azy + a,y° + aszy).

Thus establishing the analogues of (33). Analogues of (34) obviously then follow.

Ladder operators, eigenvector, eiganvalues and all that

From

B77)58(0,0, i) = 5(0,0, ~)3(1%) =0 (14)

DN | —

we have that 1¢(0,0, —i) and ¢(J?) have common (polynomial) eigenvectors.

From

l

P(0,0, ~)p(—2,3.0) = $(— 1. 5. 0)(55(0,0, i) + 1) (15)

N[ =
N —
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we have that if a polynoimal e(z,y) is an eigenvector of 35(0,0, —i) with eigenvalue p,
then ¢(— ;, 5,0)e(z,y) is also an eigenvector of %@(0, 0, —i) with eigenvalue p + 1. Each
time —cp(O 0,—1) is applied the resulting eigenvector’s eigenvalue will increase by one,
until eventually it will annihilate the last eigenvector.

From

1 11 11 1
25(0,0, =) P(— =, —=,0) = G(——, —=, 0)(=3(0,0, —i) — 1 46
we have that if a polynoimal e(x,y) is an eigenvector of %QB(O, 0, —i) with eigenvalue p,
then ¢(—%, —31,0)e(z, y) is also an eigenvector of $5(0,0, —4) with eigenvalue p — 1.
The cp(;, ;, 0) and ( -3 . 0) are the so-called ladder up and down operators respectively.
From
B(7)p(—5.3.0) — (2.3 0)F(S) =0 (47)
272’ 272’
and
BBt —5.0) = B~ 3.0)3(*) = 0 (48)
27 2 27 2
it follows if e(z, y) is an eigenvector of ¢(.J?) then sois ¢(—%, 3,0)e(z,y) and ¢(—%, —%,0)e(z, y)

with the same eigenvalue that e(x,y) has (unless either ladder operation annihilates

e(x,y)).

The eigenvalue of

p(J%)

will be denoted by j(j + 1) and the eigenvalue of

@(07 07 _Z)

N —

denoted by m, i.e. these eigenvalues are the pair (j(j + 1),m). The vector of maxi-
mal weight is the eigenvector with maximum value of m, which is obviously the vector
annihilated by the ladder up operator.
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The case of {1}

Consider the case {1}. We have from (41) and (40)

v 1
ot 1 1 -
#( > Ty ) 0
A—5:5:0) -1 = 0 (49)
Then from (39)
1. :
590(0,0,—2) .1=0 (50)
and from (39), (40) and (41)
1 11 1 v 1 ) 1
~(B(—=, 2, 0)@(— =, —= e ==, 0)3(—=,=,0) + = —i)¢ 1
5(P(=5:5:0)8(=5, =5, 0) + (=5, =5, 0)&(=5, 5, 0) + 56(0, 0, =)$(0, 0, —i))
= 0 (51)

From (49) we easily see that the vector of maximal weight is 1, with the eigenvalues (0, 0).

The case of {z,y}

Consider the case {x,y}. We have from (41) and (40)

oot 1
@(—5,—5,0) car = 0
11 :
(10(_57 5?0) ST =gy
11
90(_57 570) . a3y =0 (52)
Then from (39)
L. : 1
590(0, 0,—17) . ay = 5939 (53)

and from (39), (40) and (41)
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LB 5 00— 5,=5,0) + 3(—5,=3,008(—5, 3,0) + 55(0,0,~)3(0,0, 1) . agy
=SB, 2 0)(~im) + 59)
= Say((0)iw) + 1)
= Za&y. (54)

From (52) we easily see that the eigenvector of maximal weight is y, with the eigenvalues

31
(7:2):
The case {y?, vy, r?}

Consider the case {y?, zy, z*}. We have from (41) and (40)

o1 1
90(—5, —5’0) cayt = 0
11 :
90(_57 5’0) . a492 = —ary
ool o,
90(—5, 5,0) Lagry = 2iagw
il ,
90(_57 570) Ay =0 (55)
Then from (39)
L. 2 2
5@(0,0, i) . ayr”® = ayx (56)
and from (39), (40) and (41)
1, 71 o1 1 ~ 1 1. . ) 9
5(90(_57 57 0)90( 9’ _57 O) + 90(__7 Y 0)90(_57 o) O) + 590(07 07 _1)90(07 07 Z)) - Ao
1 1
= 5%(@(_%: 5 0)(—izy) + 2z7)
1
= §a2(( i)(2iz?) + 227)
= 2a,2° (57)

From (55) we easily see that the vector of maximal weight is 22, with the eigenvalues
(2,1).
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