problem set eight

1. take the Lagrangian

1 1
L = §:t2+§y2—x2—y2—2xy (1.1)

and show that it is invariant under the shifts
T=x+4+¢ Gg=y—c¢ (1.2)
then calculate the corresponding Nother constant.

2. consider the simple harmonic oscillator with Lagrangian

1 1
and consider the change
t =t
T = x+ eexp(—iwt) (1.5)

where k = w?m.

e Calculate the change in the Lagrangian, show it is a total derivative, and find the
corresponding conserved quantity.

e by finding the equations of motion for the system, use direct substitution to show

that
(T + iwx) exp(—iwt) (1.6)
is constant.
3. consider the Lagrangian
1., k&

e show that this system leaves the action invariant, in the sense given in the lectures,
under the scaling transformation

t = M .
i) = Vax(t) (1.9)

e take A = 1+ € to find the conserved quantity associated with this scaling symmetry.

e show that
1
—Et+ Emc (1.10)
is constant, where £ = %:tQ — m% is the total energy, which is constant.



solution set seven

. substitution shows that the Lagrangian is invariant, meaning that G = 0. Now take the
definition of the proposed symmetry and compare this to the general form to see that
£€=0,n® =1, n¥ = —1, then using the expression for the Néther constant gives

T — y = const (2.11)

Here we have used a generalization of the Nother theorem we derived in the lectures, so
that we may apply it to multiple variables

oL
gL—G+Z(n<a>—gq<a>)W =0 (2.12)
(@)
where
t = t+e(t) (2.13)
V(0 = ¢ +en(g1) (2.14)

. with the suggested substitutions we note that to first order in €

L(t,7) = L(z,t) — imwe [te™™" —iwze ™" = L(z,t) — imwea [ze™™'] (2.15)

so we have
£=0, n=ec¢ ™ G=—imwze ™ (2.16)

and the Nother constant is as advertised. It is important to note that in finding L(Z) we

simply replace = by Z, one does not substitute for x using x = & — ee ™. i.e.

1 . 1
L(i) = §m;z2—§k;:z2 is CORRECT (2.17)

1 d . 1 _
L@ = gmlole - ee )2 — Skl - ee”™")? s INCORRECT  (2.18)

Checking that this quantity is a constant using the equations of motion simply means
differentiate it with respect to t, (this will introduce an Z term), then use the equation of
motion to see that it vanishes, i.e.

% (& + iwx) exp(—iwt)] = (& + iwd)exp(—iwt) — iw(E + iwz) exp(—iwt)

(& + w?z) exp(—iwt)
=0

where the last line follows from the equation of motion # + w?z = 0.



3. Using the given proposed symmetry we have
/de(f F) = /Adt L (da\® (2.19)
= o \dt) 2 ‘
1 (de\? &k
_ /dt [5 ($> +P] (2.20)
_ /dt L{t,2) (2.21)

Where again, we remember that to get L(Z) we just replace x by Z, we do not substitute
for it. For A =1 + € we see

ex (2.22)

giving £ =t, n = %x, G =0, and a Nother constant of

1 k 1
t {ﬁjﬁ + ﬁ] + [555 — td:] i = const (2.23)
1 k 1
= —t [éxz - P] + Ems = const (2.24)
1
= —FEt+ §xx = const (2.25)

that this is a constant may be checked explicitly with the equations of motion.



