76 Some Properties of Real Functions

If max (v, — %, ;) — 0 (the subinterval of maximal length converges to
0) we obtain the relation

m 3 i0,) o) (& — 5_1) = [ /(3) o(x) dx.

n—>004_1

101. Suppose that f(x) is properly integrable over [a, ] and ¢(x)
properly integrable over [a, b + d], d > 0. Then

: b
lim f fx) p(x + 0) dx = f f(x) @(x) dx

6->+0 ,

102. Let f(x) denote a properly integrable function on [a, b]. There
exist to every positive number ¢ two step-functions, p(x) and ¥(x), such
that for the entire interval [a, b]

P = /) < V()

and
b b
f Y (x) dx — f p(x) dy < e.

It is even possible to choose p(x) and ¥(x) so that their points of discon-
tinuity are equidistant.

103 (continued). If f(x) is of bounded variation y(x) and ¥(x) may
be chosen so that the total variation of neither exceeds the total varia-
tion of f(x).

104. We define

4[x] — 2[2x] 4+ 1 = s(x).

Then we have (n integer) the limit relation
lim j f(x) s(nx) dx = 0
n—>roo 0

for any properly integrable function f(x) on [0, 1]. [Sketch s(nx), VIII 3.]
105. Let f(x) be properly integrable over [a, b]. Then we can prove
that

lim f]‘ ) sin nx dx = 0.

n—>co

106 (continued). Yet

lim j f(x) |smnx|dx:~—ff(x

n—>oo

Suppose that the function f(x) is bounded on the interval [, b] and
that this interval is subdivided by the points x,x,,%,,...,%, i, %,
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