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Abstract

These class notes are designed for use of the instructor and students of the course Physics 4617/5617:
Quantum Physics.



V. Quantum Mechanics in Three Dimensions

A. Schrodinger Equation in Spherical Coordinates.

1.

In three dimensions, we can write the Hamiltonian operator (note
that I'll leave the “hats” off of the operators in this section, but
they are there “virtually”) as

1 2 1 2 2 2
Hzimv +V:%(px+py+pz)+‘/, (V—l)
h
Where h o ho h o v-2)
— —— — —— — —— -
or
h
for short.

Using this notation in the Schrodinger equation gives

oV [
h—=—— VU 4+ VT V-4
1h B 5 VU + , ( )
where o o o
\v& (V-5)

= + +
ox? oy 022
is the Laplacian in Cartesian coordinates.

The potential energy V' and the wave function ¥ are now func-
tions of r = (x,y, z) and t.

The probability of finding the particle in the infinitesimal volume
d*r = drdydz is |¥(r,t)|?> d®r, and the normalization condition
reads

[lwpdir =1, (V-6)
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with the integral taken over all space.

If the potential is independent of time, there will be a complete
set of stationary states,

U, (r,t) = P (r) e En/h, (V-7)

where the spatial wave function 1, satisfies the time-independent
Schrodinger equation:
52
5 v2¢n + Vb, = Epthy (V'S)

2m
The general solution to the (time-dependent) Schrodinger equa-
tion is
U(r,t) = cpthy(r) e B/l (V-9)
with the constants ¢, determined by the initial wave function,

U(r,0), in the usual way. (If the potential admits continuum
states, then the sum in Eq. (V-9) becomes an integral.)

Separation of Variables.

a) Typically, the potential is a function only of the distance
from the origin. In that case it is natural to adopt spher-
ical coordinates, (1,0, ¢). In spherical coordinates, the
Laplacian takes the form

V= Lo <T22>+; 9 <sin «92>+ ! o
2 0r or) r2sinf 00 00) r2sin?6 \0¢?)
(V-10)

b) Inspherical coordinates, then, the time-independent Schrédinger
equation reads

BN < 2a_¢> TR A <sin«98—¢> oL (2
om |72 ar \' or rZ2sind 00 00 r2sin?6 \ 0¢?

+Vip = By . (V-11)

V-2



c) To solve this equation, we will assume that the solution
can be represented as the product of separable terms com-
posed of a radial part (R) and an angular part (Y):

770(747 (97 ¢) = R(T)Y((gv (rb) . (V-l?)
d) Putting this into Eq. (V-11) we get
_Riyd () 0 o) I oY
om |72 dr \' dr r2sinf 06 00 r2sin® 6 \ 0¢p?
YVRY = ERY . (V-13)

e) Dividing by RY and multiplying by —2ms?/h* we get

1 d ([ ,dR 2mr?
(12 (+20) - 220 )
L1 LQ<-95Y>+ LYV _
Y \singag "V o0) T sino \oe2) [ T

f) The term in the first curly (“woob-woob-woob”) bracket
depends only upon r, whereas the remainder depends only

on # and ¢; accordingly, each must be constant. We will
write this separation constant as ¢(¢ + 1) (the reason for
choosing this form of the constant will become apparent
in §VI of the notes), as such

1 d < 2dR> B 2mr?

2 \" g 2 V(r)—E]=¢(+1); (V-14)

1 1 0 Y 1 0%y
il I = — 1) .
Y {sin@ 00 <Sm080>+sin2«9 (8¢2>} (e+1

(V-15)

Example V—1. Use separation of variables in Cartesian coordi-
nates to solve the infinite cubical well (or “particle in a box"):

Viens) = {

0, ifz, y, and z are all between 0 and q;
o0, otherwise.
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(a) Find the stationary state wave functions and the corresponding en-
ergies.

Solution (a):
In the box, we can write the TISE (Eq. V-8) as

RE (0% 0%p %)
2m (8:1:2 * Oy? * 022 ) EY.

The separable solution is: ¥(z,y,2) = X ()Y (y)Z(z). Put this
in the above equation and divide by XY Z:

1 &?X 1 &Y 147 2m
- - - - ——:——E:—k2 ]{32 ]{32
Xd:z:2+Ydy2+Zdz2 i (ke 4 By + K2),

where ) ) _—

(ks + k, + k2)h
2m

and k;, k,, and k. are three constants. The three terms on the

E =

Y

left of this equation are functions of z, y, and z, respectively,
so each must be a constant, where k2, k; , and k? are the three
separation constants.

This leads to three separate differential equations:

> X ’Y d’Y
— = B2X, ——=-kY, ——=-kZ
dx? T dy? Yo d2? ‘

The solution to these three equations are
X(z) = Agsink,x + B, cosk,x;

Y(y) = Aysinkyy + By cos kyy;
Z(z) = A,sink,z+ B, cosk,z.

But X(0) =0, so B, =0; Y(0) =0, so B, = 0; Z(0) = 0, so
B. = 0. Likewise, X(a) = 0 = sin(k,a) = 0 = k, = n,7/a,
(n, = 1,2,3,...) (note that negative values of k are redundant
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with the positive values and n, # 0 since this would give us no
wave function). Likewise, k, = n,m/a and k, = n.7/a. So

h? 72 5 ) )
E = 5 7F (nx+ny+nz),
and
Y,y 2) = ApAyA; sin <M$> sin <My> sin <MZ> .
a a a

We can normalize the three independent solutions separately
(which was done in Eq. I1I-32), giving A, = A, = A, = /2/a.
So the final solution is

(z,y,2) = (3)

3
2 sin (M:z:) sin (My) sin (Mz) :
a a a

_ (2 2 2\ .
E = 7 Q(nx+ny+nz),

2ma

Ng, Ny, n, = 1,2,3,..

(b) Call the distinct energies Ey, Eo, Fs, ..., in order of increasing en-
ergy. Find E1, Es, Es3, Ey, BE5, and Eg. Determine the degeneracy
of each of these energies (that is, the number of different states that
share the same energy). Note that degenerate bound states do not
occur in one dimension, but they are common in three dimensions.

Solution (b):

Set up the following data table:



1 1 1 3

1 1 2

1 2 1 6

2 1 1

1 2 2

2 1 9

2 2 1

1 1 3

1 3 1 11
1 1

ng ny n, (ni+n)+n?)

2 2 2 12
1 2 3
1 3 2
2 1 3
2 3 1 14
3 1 2
3 2 1

The number of degenerate levels is given by the number of rows
available for each energy (i.e., n 4+n; +n2). As such, the first 6



8.

energy levels are

By = 3ZL. degeneracy (d) = 1.

2ma?’

B, = 650, g—3

2ma?’

By = 90 -3

2ma?’

E, = 11720, g=3

2ma?"?

Bs = 1250, g—1.

2ma? "’

By = 1470 4—¢.

2ma?”?

The Angular Equation.
a) Taking Eq. (V-15) and multiplying by Y sin®# gives

.0 (. 0\ 0% ,
sinf — <sm«980> - e —(+1)Y sin®6 . (V-16)

00

b) Once again, use separation of variables:
Y(0,0) =0(0) 2(¢) . (V-17)

Plugging this into Eq. (V-16) and dividing by ©® gives

.0 [, 0 9? . o
sin 6 50 lsm 9@ (@@)] + 952 (0P) = —(({+1)OPsin” 0
.0 (. 00 0*® . o
(I) Slntg@ <Sln0@> —f—@W = —f(f%—l)@@sm (9
1 9, 00 1 9*®
P . : - - - — _ 1 s 2
68111«980 <Sm(98<9>+(138¢2 (04 1)sin“ 0 ,
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d)

f)

or

1 7. ,d (. ,dO "
{6 lsmH@ <sm«9@>] + ¢({ + 1) sin «9}+

Lie
¢ dg?
(V-18)

The first term of Eq. (V-18) is a function only of 8, and the
second is a function only of ¢, so each must be constant.
Let’s choose the separation constant m? (m will later be
called the magnetic quantum number), then

1
- lsinai <sin9 @ﬂ + 00+ 1)sin?0 = m?,  (V-19)

© do do
and 1 d&*®

The equation for ¢ is easy with the solution
D(g) = e (V-21)

(actually, there are two solutions: €™ and e~ but we
will fold the negative exponents into the positive solution
by letting m be negative as well as positive). We also will
fold the integration constant into the solution for ©.

Since Eq. (V-21) is nothing more than trigonometric func-
tions in complex space, note that

O(p + 27) = () . (V-22)

In other words, exp[im(¢p+27)] = exp(ima), or exp(2mwim,)
1. From this it follows that m must be an integer:

m=0,+1,+£2, ... (V-23)
The equation for # becomes

. ,d (. dO 9 9 o
8111(9@ <sm«9@>+[€(€+1)sm 0—m*O=0. (V-24)
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g)

h)

The solution to this differential equation is not trivial. It
is

©(f) = AP"(cosb) , (V-25)
where P" is the associated Legendre function, defined
by

d \ M
Pr(z) = (1 — 22)mi/2 <d—> Plz),  (V-26)
x

and Py(x) is the ¢-th Legendre polynomial.

Legendre polynomials are determined with the Rodrigues
formula:

l
Py(x) = 24%' <%> (z? — 1)%. (V-27)
For example,
d 2
P()(SU):L Pl(SU): %(33—1):33,
) =1 () P-12=502-1),

()

and so on.

Py(z) is a polynomial (of degree ¢) in z, and is even or
odd according to the parity of /. However, F;" is not, in
general, a polynomial, since if m is odd, it carries a factor

V=2

Pix) = 5 (30>~ 1),
Py(x) = (1—;52)1/2% %(3:&—1)] =3z V1 — a2,
Pi(z) = (1 —332)% %(3332 - 1)] =3z (1 —2?),

etc. Since x = cosf in the associated Legendre functions
here, P;"(cos f) is always a polynomial in cos 6, multiplied
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j)

Table V-1: Some associated Legendre functions, P;"(cos6).

Pl =sind

P} =15sin6 (1 — cos®6)
P) = cosf

P} = 15sin?6 cosf
P? = 3sin*0

P} =3sin6 (5cos*0 — 1)
Py = 3sinfcosb

P) = 1(5cos® 0 — 3cosb)

1
2

P) = 1(3cos?0 — 1)

(if m is odd) by sinf (since /1 — cos? 6 = sinf). Some
associated Legendre functions of cos @ are listed in Table
(V-1).

Notice that ¢ must be a non-negative integer for the Ro-
drigues formula (Eq. V-27) to make any sense. Moreover,
if |m| > ¢, then Eq. (V-26) says P;" = 0. For any given /,
then, there are (2¢ + 1) possible values of m:

0=0,1,2,..; m=—,—0+1,..—1,01,..0—1¢.
(V-28)

Eq. (V-24) is a second-order differential equation: It should
have two linearly independent solutions, for some values
of £ and m. Where are the other solutions? Well, they
exist as mathematical solutions to the equation, but they
are physically unacceptable because they blow up at 8 = 0
and/or = 7, and do not yield normalizable wave func-

tions.

Example V-2. Show that
©(f) = A Inftan(0/2)]
satisfies the 6 equation (Eq. V-24) for /{ = m = 0. This
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k)

)

is the unacceptable “second solution” — what's wrong with
it?

Solution:
® A 18602@)_& 1 A
dd  tan(6/2) 2 2) 2 sin(0/2)cos(A/2)  sinf

So,
d do d

With ¢ =m =0, Eq. (V-24) reads

d (. dO
@<sm«9@> =0.

So, A Inf[tan(6/2)] does satisfy Eq. (V-24). Note, however,
that if 6 = 0, then tan(6/2) = 0 and

©(0) = Aln(0) = A(—o0) = | Blowsup at § =0 .

Also,

O(m) = Alnftan(w/2)] = Aln(oco) = A(oc0)

—> | Blowsupatf=m.

The volume element in spherical coordinates is

dr =r*sinfdr df de (V-29)
so the normalizable condition of Equation (V-6) becomes
[P r*sin0drdode = [|RPr*dr [|Y]*sinfdfdg=1.
It is convenient to normalize R and Y individually:

00 27w .
/O IR|?>r?dr =1 and /O /O|Y|2s1n«9d9dgz5:1.
(V-30)
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m) The normalized angular wave functions are called spher-

ical harmonics:

(20+1) (£ —|m|)!

Y0, ) = e Pt (cos 0

l ( 7¢) e\l A (€+|m|)'€ l (COS )7
(V-31

where e = (—1)" for m > 0 and € = 1 for m < 0. Note

from this equation that

Y = (—1)" Y (V-32)
Spherical harmonics are orthogonal such that

[ 0,0 [V (6,0)] sind d8d6 = G
(V-33)

Example V-3. Use Equations (V-26), (V-27), and (V-31) to
construct Yy and Y,!. Check that they are normalized and orthogo-

nal.

Solution:

From Eq. (V-31),

1 0 1
Yy =, i an(COSQ) = P)(cos ),
where € = 1. From Egs. (V-26) and (V-27),

1
P)(cosf) = Py(cos ) = 0 1,
SO
1
Yy = —.
" Var

From Eq. (V-31),

5 1 . 5 .
Yl — i Pl — i Pl 0
5 \1r3.2¢ 5 (cos 6) \ 52 5 (cos ),
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where € = (—1)! = —1. From Eq. (V-26),
P)(z) = V1 —2? %Pg(:zs).

Then using Eq. (V-27)

Py(z) = b <i>2 (2% —1)* =

SO

Substituting cos 6 for x gives

Py (cos) =1 —cos203cosf = 3cosf sind),

and
15 .
Yy = — éew cosf sind .
Normalization:
. 1 T 2 1
[ 1Y0) sin6 do do = - [ sino do| [/O dgs] = —@en=1 v
[V singdodo = g/wsinzﬁcoszﬁsinﬁdﬁ /2”d¢
2 &r J0 0
= 14—5 /Owcoszﬁ(l — cos”f) sin 6 db
15 _cos3<9+cos5«9 "
4 3 5 11,
1572 2 5 3
4 [3 5] 2 2 v
Orthogonality:
1 15 ™ 27 .
0 * 1 : _ i : 2 110)
J[x) (¥)) sinbdf dg = —— | [ sin?0cos 0.d0)| [/O e dgb].
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9.

But

™

.3
/ sin @ cos 0 dh = (sm 0) =0
0 3 .
and
’L¢ 27
27 id e . . At . .
/o e’dp=—| = (—icosp+sing)|, =(—i+i)=0.
7
0
So,

//(Yoo)* (V) sinfdfdp =0. /

The Radial Equation.

a)

b)

Note that the angular part of the wave function, Y (6, ¢)
is the same for all spherically symmetric potentials, and is
independent of this potential = V' only affects the radial
part of the wave function, R(r), which is determined by
the differential equation given in Eq. (V-14):
2
di‘i <r2‘;—f> _ 2% V()= E|R=(({+1)R. (V-34)

This equation simplifies if we change variables: Let
u(r) =r R(r), (V-35)

then using the quotient rule for derivatives we get
u

R = —
.

dR r(du/dr) — u

dr r2
72 <Cfl—f> = r(du/dr) —u

P - 202)-
drr dr - dr Tdr du

du v du d?u
— =r—.

ar Ta T ar dre
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c) Hence making the various substitutions for R in Eq. (V-

34) we get
d?u  2mr? U U
V-FE—- = /¢(l{+1)—
Tde K2 [ ]T (€+ )T
B2 d*u 2 2mur B2 U
_ . . V_F = —— . p¢t+1)=
2mr Tde + omr k2 [ ] 2mr (€+ )T ’
or simplifying gives
n? du vs h? L0+ 1) E (V-36)
_ — u= Fu . -
2m dr? 2m 12

d) This is called the radial equation (note that m in this
equation represents mass, and not the magnetic quantum
number, as was the case in the angular equation).

i) It isidentical in form to the one-dimensional Schrodinger
equation (Eq. I1I-8), except that the effective po-

tential,

h? L(0+1)

Va=V+ — : V-37
T + 2m  r? ( )

contains an extra piece, the so-called centrifugal

term, (h?/2m)[((¢ +1)/r%).

ii) This centrifugal term tends to throw the parti-
cle outward (away from the origin), just like the
centrifugal (pseudo-) force in classical mechanics.

e) Meanwhile, the normalization condition becomes

| luffdr =1 (V-38)

10. We cannot proceed any further without providing a specific po-
tential. As an example, let’s consider the infinite spherical
well:

V(r)=

{ 0, ifr<a; (V-39)

co ifr>a.
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b)

Outside the well the wave function is zero; inside the well
the radial equation says

d*u {f(f +1)

dr? r2

—kﬂu, (V-40)

where

(V-41)

For the boundary condition u(a) = 0 for ¢ = 0, we get
o
dr?

i) However, the actual radial wave function is R(r) =

= —k*u = u(r) = Asin(kr)+ B cos(kr) .

u(r)/r, and [cos(kr)/r] blows up as r — 0. So in
order for the wave function to be normalizable, we
must chose B = 0.

ii) This boundary condition then requires sin(ka) =
0 or ka = nm, for some integer n. From this, anal-
ogously to the 1-D infinite square well, the allowed
energies that satisfy the boundary condition are

n271'2 h2

Ene = Eno = S

(n=1,2,3,..) . (V-42)

Normalizing u(r) yields A = \/2/a. Using the solution to
the angular part (see Example V-3), Y(0,¢) = 1/+/4m,
of the wave equation gives the complete wave equation:

1 sin(nnr/a)

Yoo = (V-43)

2ma r

i) Notice that the wave function of stationary states
are labeled by three quantum numbers, n, ¢, and

m: ¢n€m(rv (97 QS)
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ii) The energy, however, depends only upon n and
(. E,, = the m quantum states are said to be
degenerate with each other since they give the same
energy.

d) The general solution to Equation (V-40) for an arbitrary
integer /£ is

u(r) = Arj,(kr) + Brny(kr) , (V-44)

where j,(x) is the spherical Bessel function of order /,
and n,(z) is the spherical Neumann function of order

l.

i) Bessel functions are defined as

1 d\' sinz
’ =(—z)' (= — : -4
i) = () (L) (V-45)
For example,
, sin x
Jo(z) = z

jl(gj) = (_:U) 2

1 d <sinaz> sinx  Ccosx

x dx T T T

ii) Meanwhile, Neumann functions are defined as

1 d\’ cosx
- JR— é - —_
m@)= (o) (L) . (v40)
For example,
COS T
no(xr) = — palt
(1) = —(— )li<cosx> __cos:z:_sin:z:
= Vede\z )T 2 x

iii) Note that the notation (%%)é has the following
meaning: if we set ¢ = 3, then

<£if_{Lilﬁ«£i>
rdr) \xdr |zdr \xdx
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f)

iv) For small x, note that sinz ~ x — 23 /3! +2° /5! —
~-~and cosx ~ 1 —22/2 +x*/4! — ... as such:
z’ (20 — 1)

IR gy MR T o el
(V-47)

where the double “exclamation points” mean (2 +
DN =1-3-5-7-...-(2(+1) [e.g., for £ = 0, (20+1)!! =
M=10=120+1D =3 =1-3 = 3; and
¢ =2,(204+ 1N =5l =1-3-5 = 15, and note
for the n, equation that (—1)!! = (—1)! = 1 and
0! = 0! =1]. So,

x 1

;o) = o ) = —— .

Jo(z) = 1; mo(x) =~ 3; »

8=

v) As can be seen from these trends at small x, the
Bessel functions remain finite at the origin, but the
Neumann functions blow up there. Assuch, B, = 0,

R(r) = Aj,(kr) . (V-48)

Now using the boundary condition, R(a) = 0, we must
solve the equation

Je(ka) =0, (V-49)
that is, (ka) is a zero of the ¢*"-order spherical Bessel
function. Since spherical Bessel functions are oscillatory
(see Figure V-1 and Table V-2), each one has an infinite

number of zeros.

The boundary condition requires that

1
]{: —_- — ﬁné 5 (V'50)
a

h

where (3, is the n*" zero of the ¢th spherical Bessel func-

tion.

V-18



Table V-2: The first four spherical Bessel functions.

) sinx
Jo =
x
) sinx cosz
= 2
x x
. (3 1) . 3
Jo = — — — ) sinx — — cosx
3 2
. (15 6), (15 1)
= — — — ) sinx—|— ——) cosx
J3 4 z2 3

Table V-3: The first four spherical Neumann functions.

CcoST
ng = —

T

cosr sinz
n1 = — 5 —

T T

3 1 .
ng = —|—3——)cosr— —sinx

T T T

(15 6) (15 1),
ng = —|(———)cosz—|———)sinz

4 z2 3
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g)

h)

(x) 1
0.6
0.5
0.4
0.3
0.2

0.1

o

-0.1

-0.2

-0.3

Figure V-1: Graphs of the first four spherical Bessel functions.

The wave functions that result from the 3-D Schrodinger
equation are

¢n€m(ra (97 ¢) = Ané je(ﬁner/a) }/ém(ev ¢) 3 (v_51)

with the constant A, to be determined by normalization.

The allowed energies of these wave functions are
h2
By = 2 V-52

Each energy level is (2¢ + 1)-fold degenerate, since there
are (2¢ + 1) different values of m for each value of ¢ (see
Eq. V-28).
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B. The Hydrogen Atom.

1.

2.

The Potential Function.

a)

b)

d)

The hydrogen atom consists of a relatively massive, essen-
tially motionless, proton (placed at the origin) of charge
+e, together with a relatively small mass electron of charge
—e that circles around it, held in orbit by the mutual at-
traction of opposite charges.

From Coulomb’s law, the potential energy (in SI units) is

V=L (V-53)

4re, T

We can use this potential then in our radial equation (Eq.
V-36), giving
h? d*u e 1 KLU+ 1)

- = _ - = Fu. (V-4
2m, dr? + Ame, T + 2m  r? “ u- )

We will solve this equation using the analytical solution
technique used for the harmonic oscillator. Note that the
Coulomb potential admits both continuum states (with
E > 0), describing electron-proton scattering and pho-
toionization, and discrete bound states (with F < 0), rep-
resenting the hydrogen atom.

The Radial Wave Function.

a)

We will now determine the bound states for hydrogen. To
do this, we will simplify the notation by letting

K= —— (V-55)

(note that x is real since E < 0 for bound states) and
dividing Eq. (V-54) by E which gives
1 d?u me? 1 ((0+1)

Rl . (V56
K2 dr? ome. i’k (k) i (k)2 " ( )
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b)

d)

f)

g)

Then let
2
me
= d p, = , V-57
p=FKr anc p ome B’k ( )
so that » -
Cu_{y_pe WD) (V-58)
dp* P p?

Next we examine the asymptotic form of the solutions.
As p — o0, the constant term in the brackets dominates,
so (approximately)

d*u

d—pzzu.

The general solution to this equation is
u(p) = Ae ” + Be’ |
but e” blows up as p — oo, so B = 0. As such

u(p) ~ Ae”” for large p . (V-59)

In the other extreme, as p — 0, the centrifugal term dom-
inates (when ¢ > 0, though the result will still apply even
when ¢ = 0), so (approximately) then
d?u (04 1)
u

dp? p?

The general solution to this equation is
u(p) = Cp™ +Dp™",
but p~¢ blows up as p — 0, so D = 0. Thus

u(p) ~ Cp™  for small p . (V-60)

The next step is to peel off the asymptotic behavior, by
introducing the new function v(p):

u(p) = p e u(p) | (V-61)
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h)

j)

k)

in the hope that v(p) will turn out to be simpler than
u(p).

Starting out, we get

du ¢ —p dv]
o 1— °r
0 p e [(f - p)v + pdp

1
— = pe_p{{—2€—2+p+f(€: )

|0

dv d?v
2 1—p)— — .
(£ + p)dp+pdp2}

In terms of v(p), the radial equation (Eq. V-58) becomes
d*v dv

— +2 1—p)— o — 2 Djv=0. (V-62
P H2ACHI= D)+l 2L+ Vv =0 (V-62)

Finally, assume the solution to v(p) can be expressed as
a power series in p:

o)=Y a;p . (V-63)
§=0
Differentiating gives
dv . . &= -
=y jap =Y G+ e
P j=0 =0

In the second sum, we replaced 7 with 5 + 1. Note that
these two sums are still equivalent, even though they both
start from 7 = 0, since the 7 = —1 term equals zero in the
second sum. Differentiating again gives

d?v .. i—1
d—pzzzjoj(JﬂLl)ajHP] :

Inserting these into Equation (V-62) gives

ij(ﬁl) G +2(0+ 1) i(jﬂ) Gt
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D)

—2 ijajpi+[po—2(f+1)] iajpjzo.

Equating the coefficients of like powers gives
j(j—f—l) aj+1+2(f+1)(j+1) aj+1—2jaj+[po—2(f+1)] a; =10,

or
W2 —pe |
G+ +20+2) 7

To determine each coefficient, start with ap = A and de-

(V-64)

termine A through normalization.

i) You might wonder why we didn’t just start by us-
ing the series solution for u(p) in the first place.
This is done primarily because a three-term recur-
sion relation (a;y2, a;41, and a;) would result if the
asymptotic e™” term was not included in the solu-
tion. Such a recursion relation is much more dif-
ficult to handle than the one derived in Equation
(V-64).

ii) For large j (this corresponds to large p), the re-

cursion relation becomes
27 2

Qi = a; = ——a; ,
TG+ T i

SO

iii) Suppose for a moment that this were the ezact
result, then

0 2j .
v(p) =AY o = Ae,
j=0J"

and hence



which blows up at large p!

iv) This is precisely the asymptotic behavior we didn’t
want at large p, since the wave functions would no
longer be normalizable. There’s only one way out
of this dilemma: The series must terminate. There

must be some maximum integer, jmax, such that
W1 =0 (V-65)

beyond which all coefficients vanish automatically.

v)  With this definition, Equation (V-64) becomes

2(Jmax + €+ 1) —po=0.

vi) Defining
n = Jmax + 0+ 1 (V-66)

(the so-called principal quantum number), we

have
Po =21 . (V-67)

The energy F is determined from p, from Eqs. (V-55) and
(V-56), so
R K2 me*
p=-1r_ . V-68
2m 8m2e2h? p? ( )

and the allowed energies are

) 2
En:[m(e )] L b 193

oK% \ dre, n2 n?2’

(V-69)
i) This is the famous Bohr formula — by any mea-
sure the most important result in all of quantum
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mechanics. This equation (written in SI units) is
equivalent to Equation (I-67), which is the Bohr
formula given in the cgs unit system.

ii) Bohr obtained this result in 1913 by a serendip-
itous mixture of inapplicable classical physics and
premature quantum theory (the Schrodinger equa-
tion did not come until 1924).

Combining Eqs. (V-57) and (V-67), we find that

K:(mez)lzi, (V-10)

47?607’12 n an

where

drre h?
2

a =

=529x 10" m =0529A | (V-71)
me

is the so-called Bohr radius — the orbital radius of the
ground state electron in hydrogen.

It follows from Eq. (V-57) that

o= (V-72)
an

From Eq. (V-12), the wave functions that describe the
hydrogen atom are labeled by 3 quantum numbers (n, ¢,
and m corresponding to the “principal,” “orbital angular
momentum,” and “magnetic” (also called “azimuthal”)
quantum numbers, respectively):

¢ném(7“, 0, QS) - Rné(r) Yém(‘gv ¢) ) (V-73)
where (referring back to Egs. V-36 and V-61):
Lo -
Ru(r) = —p" e v(p). (V-74)
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To determine v(p), we use Eq. (V-67) in Eq. (V-64), which

gives
2 +0+1—n)

G TGN 120+ 2)

aj . (V-75)

The ground state is defined to be the state that has the
lowest energy. This occurs when n = 1, so

m (e
22 4re,

This means that one would ionize the atom from the

By = — = —13.6 V. (V-76)

ground state if a photon energy of at least 13.6 eV is
imparted on the atom.

i) From Eq. (V-66), the n = 1 state forces both jpax
and ¢ to 0 (as such, m = 0).

ii) The wave function for the ground state then be-
comes

¢100(T, (9, gb) = RlO(T) }/00(9, (;5) . (V—??)

iii) The recursion formula of Eq. (V-75) truncates
after the first term (j = 0 yields a; = 0), so v(p) is
a constant (ag) and

a
Rip(r) = ;O el (V-78)

iv) Normalizing this equation gives
2
> 22, laol® o oy 9 0@
/0 |Ryo|“rdr = 3 /0 e TdT—|CL0|4—1,
so ag = 2/4/a.
v) Meanwhile, Y = 1/v/4m, which gives the final
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ground state wave function of

1
Proo(r, 0, ¢) = - e (V-79)
ma
If n = 2, the energy is
—13.6 eV
By= 2% 346V, (V-80)

4

this is the first excited state — or rather, states, since we
can have either ¢ = 0 (in which case m = 0) or £ = 1 (with
m = —1,0, or +1), so there are actually four different
states that share this energy.

i) If £ =0, the recursion relation gives
a; = —ag (using j = 0), and as =0 (using j = 1),
so v(p) = ap(1 — p), and hence

ap r —r/2a
S . 81
Foo(r) 2a < 2a> c (V-81)

ii) If ¢ = 1, the recursion formula terminates the

series after a single term, so v(p) is a constant, and
we find

a —Tr/ia
Roi(r) = 47?27“6 /2 (V-82)

For arbitrary n, the possible values of ¢ (consistent with
Eq. V-66) are
¢(=0,1,2,...n—1. (V-83)

For each ¢, there are (2¢ 4 1) possible values of m, so the
total degeneracy of the energy level E, is

n—1

din) =S (20+1)=n?. (V-84)



Table V-4: The first few Laguerre polynomials, L,(x).

Ly = 1

Ly = —x+1

Ly = 22—4x+2

Ly = —2%4+922—-187+6

L, = z*—162%+4 722% — 962 + 24

Ls = —2°+425z% — 2002 + 60022 — 600z + 120

L¢ = 2% — 362+ 4502* — 240023 + 540022 — 4320z + 720

Table V-5: Some associated Laguerre polynomials, L?__ ().

o= 1 2 o= 2
LY = —z+1 L} = —6z+18

LYy = z2—4z+2 L3 = 122% — 96z + 144
Ly =1 L3 = 6

Li = —2r+4 L3 = —24x+96

Ly = 32> —18z+18 L} = 60z — 600z + 1200

The polynomial v(p) (defined by Equations V-63 and V-
75) is a function well known to applied mathematicians;
apart from normalization, it can be written as

v(p) = L7505, (20) (V-85)
where
d \P
=1 () L@ (V-86)
is an associated Laquerre polynomial (see Table V-5),
and
L(z)=e @) (e~ 21 (V-87)

is the ¢-th Laquerre polynomial (see Table V-4).
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Figure V-2: Graphs of the first few hydrogen radial wave functions, R,,(r) (note that
the Bohr radius ‘a’ in the calculation of R,(r) set to unity in this plot).

w) With these associated Laguerre polynomials, we can now

easily determine the radial wave equation (see Table V-6
and Figure V-2).

x) From these polynomial functions, we can now write the fi-
nal, “complete,” normalized wave functions for hydrogen:

Yt = J (2) o Dt e (20 g2ty (2 v,

na) 2n[(n+0)3 na na

(V-88)

y) Even though this equation is complicated, keep in mind
that hydrogen is the only atom for which an analytic solu-
tion exists for its wave function. All other atoms require
perturbation theory to describe their states.
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Table V-6: The first few radial wave functions for hydrogen, R, (7).

Rig = 2a73* exp(—r/a)
L ( lf)
Ry = \/Ea 1 5 exp(—7/2a)
1
Ry = ﬂa_g/z—exp(—rﬂa)
2 s 2r 2 (7’)2
et R 1——— JR— — —_
Rs \/ﬁa [ 32 + T exp(—r/3a)
_ 8 —3/2( lf) (f)
Rs = 27\/6a 1 AW exp(—r/3a)
4

_ a2 (T _
Rsy = exp(—7/3a)
a

—Q
81v/30

z) Of course, these wave functions for hydrogen are orthog-
onal:

[ ot v $i00 dr df dp = 8GOy . (V-89)

3. With these complete wave functions for hydrogen and their asso-
ciative eigenvalues, we can derive all of the equations that were
presented in §I of the notes concerning the spectrum of hydrogen
(see Egs. I-14 through I-17 and Egs. I-67 and 1-68).

Example V—4. What is the probability that an electron in the ground
state of hydrogen will be found inside the nucleus?

(a) First calculate the exact answer, assuming that the wave function (Eq.
V-79) is correct all the way down to r = 0. Let b be the radius of the
nucleus.

Solution (a):
2 o b .
P = [[wPdr=[" [ [C|W]r*sin6drdbd
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or

t/ d¢./’ SHl@d@t/ L———— o/l r? dr
1 —21"/@ 2 —27"/CL 2
(27)(2) (r i dr ) =y dr

0
P=1— (1+2b+2b>e‘2b/a.
a CL

(b) Expand the result as a power series in the small number € = 2b/a,
and show that the lowest order term is the cubic: P ~ (4/3)(b/a)3.
This should be a suitable approximation, provided that b is much less
than a (which it is).

Solution (b):

or

P

Q

Q

Q

1
1—<1+6+— 2) e ¢
2
12
1—<1+€+§ ) 1—6+———
2 3
€ € 6 6 6
lml4e—S 45 - e, E
temo Ty €+ e 2 2

g<1_1+1>_1g__<%>
6 2 2/ 6  6\a/’




(c) Alternatively, we might assume that 1)(r) is essentially constant over
the (tiny) volume of the nucleus, so that P ~ (4/3)7b3|¢(0)|>. Check
that you get the same answer this way.

Solution (c):
The ground state wave function is given by Eq. (V-79):
1 2 1

ST

(d) Use b ~ 107! m and @ ~ 0.5 x 1071 m to get a numerical estimate
for P. Roughly speaking, this represents the “fraction of its time that
the electron spends inside the nucleus.

Solution (d):

[(0)" =

thus

P =

32

1075 m \° 4
=~ (2x107°)°
(5><1015m> 3 (21077
.8 % 1075
3 !

1075 =

CO|H> Q| W~

or

P =1.07 x 1074,

Example V—-5. Use the energy eigenvalue equation (i.e., the Bohr formula
given by Eq. V-69) to deduce the empirically derived Rydberg formula (i.e.,
Eq. I-17) for the hydrogen atom.

Solution:




Energy is related to a photon’s wavelength by E = hc/A. Setting the
photon’s energy equal to the energy difference between two bound states:
hc

- E,— E

m (e <L_l>
oh? \ dre, g2 g2
m (e <l_1>
on2 \ dre, 2 42)7

where j is the principle quantum number of the upper state in the tran-

sition and ¢ is the lower state principle quantum number. Solving this for
the wavenumber (7;; = 1/);;) we get
_ 1 me? 1 1
s vad Cato)
To be more precise here, m represents the reduced mass between the
electron and proton and not the electron mass alone, so

meMy mem,  1.52367 x 107°7 kg
m = = =
me+ My me+my 1.67352 x 10727 kg

= 9.10460 x 1073 kg ~ m,.

Also, the other constants in this Rydberg formula are ¢, = 8.85419 x
10712 C%s%/kgm?® [farad/meter| and e = 1.60219 x 1071 C. Using the
values for these physics constants, we can define and evaluate the Rydberg

constant for hydrogen R to be

m€4

- 8e2h3c

and the Rydberg equation becomes

1 1 1
S oR(a-2).
Aji <i2 j2>

Hence proving the empirically derived Eq. (I-17) from quantum mechanics

R = 1.096776 x 10" m~* = 109,677.6 cm ™!,

for hydrogen where Z = 1.




