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Solving Quartic Equations

Assume the original 4th degree or quartic equation is of the form:

+B  ,B  -B  .B  / œ ! + Á4 3 #  where 0.

We can factor out the leading coefficient  and rewrite the polynomial equation in the form:+

+Ò B  B  B  B  Ó œ !Þ
, - . /

+ + + +
% $ #

Since  we can divide by  and thus assume that our quartic is a monic polynomial of the form:+ Á ! +

B  FB  GB HB  I œ !4 $ #

where  and  and  and F œ G œ H œ I œ Þ, - . /
+ + + +

Next we will make the change of variable  We do this to derive a new quartic equation inC œ B  ÞF
%

which the  term will be missing. It not be obvious why or how this works so we must show the details.B$

Note that  so that the above equation becomes:B œ C  F
%

ÐC  Ñ  FÐC  Ñ  GÐC  Ñ  HÐC  Ñ  I œ !F F F F
% % % %

% $ #

C  % † C  'C  %C  % $ #F F F F
% % % %

# $ %       
FC  $FC  $FC  F $ # F F F

% % %

# $     
GC  C  HC  I œ !# FG F G FH

# "' %

#

C  FC  C  C  % $ #$F F F
) "' #&'     # $ %

FC  C  C  $ #$F $F F
% "' '%     # $ %

 GC  C  HC   I œ !# FG F G FH
# "' %

#

C   G C   H C    I œ !% #$F F FG $F F G FH
) ) # #&' "' %     # $ % #

This shows that we can reduce our quartic equation to one that is of the form:

C œ QC RC  T% #

Theoretically, to solve this equation we must find all points of intersection of the quartic polynomial C%

with a general quadratic. Another paper by this author discusses the theoretical basis for finding these
solutions.
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Now we continue by positioning  on the other side of the equation:T

C  T œ QC RC% #

We will continue by essentially completing the square on the left side. To get the form we need, we will
add  in the middle of both sides of the last equation. To do this we temporarily assume # T C T  !Þ #

Then we can continue and write:

C  # T C  T œ QC  # T C RC% # # # 
    C  T œ Q  # T C RC# #

#

Next, we introduce an auxiliary variable  that will be determined later by adding the termD

# C  T D  D # # to both sides of the last equation.

          C  T  # C  T D  D œ Q  # T C RC  # C  T D  D# # # # # #
#

Then we can again complete the square on the left side and write:

        C  T  D œ Q  # T C RC  # C  T D  D# # # #
#

Now we will choose any value of  that will also make the right side into a perfect square. However, weD
note that the right side is also a quadratic expression in the variable CÞ

        C  T  D œ # T Q  #D C  RC  # T D  D# # #
#

Now specially writing the right side as a perfect square is the same as thinking that the quadratic on the
right has a repeated root and we know that can happen if and only if the discriminant of the quadratic is

zero. Thus we choose  so that the discriminant D R  % # T Q  #D # T D  D œ !Þ     # #

This of course means  is a solution to some cubic polynomial in  because to solve that equation is toD D

solve the cubic:         ) D  %Q  #% T D  "'T  )Q T D  R œ !Þ$ # #

Then we can continue and show the right side with a perfect square that will be in the form:

    C  T  D œ WC  X#
#

#

Now we can finish solving the quartic by taking square roots on both sides of the last equation.

    C  T  D œ „ WC  X#
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We can try to temporarily ignore one of the signs on the right and rewrite this equation as:

C  WC  T  D  X œ !#  
Since this last equation is a quadratic in the variable  we will find two solutions to the original quarticC
equation if we can always guarantee finding two solutions to this last quadratic.

The astute reader will realize this depends in part on being able to always find an appropriate -value.D
That of course requires solving the above cubic polynomial in . Such a polynomial can always beD
guaranteed to have at least one real solution.

Now let's see an example of how we might apply the above techniques. The equation to be solved is:

B  %B  #B  $B  " œ !% $ #

We substitute B œ C  "Þ

ÐC  "Ñ  %ÐC  "Ñ  #ÐC  "Ñ  $ÐC  "Ñ  " œ !% $ #

C  %C  'C  %C  "  %C  "#C  "#C  %  #C  %C  #  $C  $  " œ !% $ # $ # #

C  %C  C  " œ !% #

C  " œ %C  C% #

C  #C  " œ 'C  C% # #

ÐC  "Ñ œ 'C  C# # #

ÐC  "Ñ  # C  " D  D œ 'C  C  #ÐC  "ÑD  D# # # # # # # 
   ÐC  "Ñ  D œ Ð'  #DÑC  C  D  #D# # ##

Now we compute the discriminant for the quadratic in  on the right and we set that discriminant equalC
to zero.

"  %Ð'  #DÑÐD  #DÑ œ !#

)D  %!D  %)D  " œ !$ #

Now we must solve this cubic for a real value of . The technique for solving a cubic is in anotherD
paper, but we begin by dividing by 8 to first make a leading coefficient of 1 on the  term. D$

D  &D  'D  œ !$ # "
)
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Now make the change of variable  or let A œ D  ß D œ A  Þ& &
$ $

     A  & A   ' A   œ !& & & "
$ $ $ )

$ #

A  $ A  $ A   &A  A  'A  "!  œ !$ # #& & & &! "#& "
$ $ $ $ * )

# $     
A  &A  A  &A  A  'A  œ !$ # ##& "#& &! "#& )"

$ #( $ * )

A   A  'A  œ !$ "#& #& "#& )"
#( $ * )

A  A œ !$ ( ")(
$ #"'

A œ $ † A  # †$ ( ")(
* %$#

Now using the result from the paper on solving cubic equations we can write a mostly symbolic answer
for .A

A œ          $ $")( ")( $%$ ")( ")( $%$
%$# %$# (#* %$# %$# (#*

# $

We then have D œ A  Þ&$

D œ       Þ     $ $")( ")( $%$ ")( ")( $%$ &
%$# %$# (#* %$# %$# (#* $

# #

Although the square roots involve complex numbers, when the two cube roots are added the imaginary
parts cancel and we can arrive at real solutions. Using a computer, we can find three different real
decimal approximations for .A

A ¸ "Þ#)*!)%**$$!#)# A ¸ !Þ$*)!'$*(#&*#$&% A ¸ "Þ')("%)*'#"'*)*          

These answers lead to three approximations for :D

          or       or      D ¸ #Þ*&&(&"'&**( D ¸ #Þ!'%($!'$*#' D ¸ !Þ!#!%)##*&&

Next we factor the quadratic as a perfect square.

   '  #D C  D  #D œ Ð'  #DÑC  # '  #D † C D  #D  D  #D# #
#

# #

œ Ð'  #DÑC  # Ð'  #DÑÐD  #DÑ † C  D  #D# ##
œ Ð'  #DÑC  % † #D  "!D  "#D † C  D  #D# #$ # 
œ Ð'  #DÑC  )D  %!D  %)D † C  D  #D# #$ #
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œ Ð'  #DÑC  " † C  D  #D# #
œ Ð'  #DÑC  C  D  #D# #

Then C  "  D œ „ '  #D C  D  #D# #  
If we take the  sign then

C  '  #D C  "  D  D  #D œ !# #  

If we take the  sign then

C  '  #D C  "  D  D  #D œ !# #  

Because these last equations are quadratics in  we can solve both of them using the good old quadraticC
formula.

C œ

'  #D „ '  #D  % "  D  D  #D

#

    #

or

C œ

 '  #D „ '  #D  % "  D  D  #D

#

    #

This example demonstrates just how difficult it is to write an explicit expression for the answer for ,C
especially when  is so complicated. Since we found three approximations for , we should check thatD D
none of the radicals involving  contain negative numbers. We can only use -values that make all theC D
radicals appropriate. For this example, we compute the following table .=

D '  #D D  #D
#Þ*&&(&"'&**( !Þ))%*'')!!' #Þ)#%*'%&&&%)
#Þ!'%($!'$*#' "Þ)(!&$)(#"%) !Þ"$$'&"$$%")
!Þ!#!%)##*&& 'Þ!%!*'%&*" !Þ!%"$)%""&%$

#

D '  #D  % "  D  D  #D '  #D  % "  D  D  #D

#Þ*&&(&"'&**( "Þ"))%&!*(!* "%Þ'$%&&&''*
#Þ!'%($!'$*#' %Þ''("#(!''(' (Þ&*"(*&%*!#)
!Þ!#!%)##*&& "

    # #

Þ"%&$""*'#)% #Þ((#(&))&&")
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Finally we show the final four possible answers for :C

D C  C  C  C 
#Þ*&&(&"'&**( !Þ'*$)##%&)% !Þ$*'$$)&#*)) "Þ('%!"%*#&)" #Þ!'"%*))&!&)
#Þ!'%($!'$*#' "Þ('%!"%*#&)" !Þ$*'$$)&#*)) !Þ'*$)#

" # $ %

#%&)% #Þ!'"%*))&!&)
!Þ!#!%)##*&& "Þ('%!"%*#&)" !Þ'*$)##%&)% !Þ$*'$$)&#*)) #Þ!'"%*))&!&)

Of interest here is that all three values of  lead to the same set of answers for .D C

Finally, if we want to write the answers for  then we can simply subtract  from  and here is the finalB " C
set of four answers to the equation  .B  %B  #B  $B  " œ !% $ #

B ¸ $Þ!'"%*))&!&) B ¸ "Þ$*'$$)&#*))     or     

B ¸ !Þ$!'"((&%"'" B ¸ !Þ('%!"%*#&)"     or     

We haven't completed the original case where we assumed  Technically we should say what toT  !Þ
do in the case where , but we will leave that to reader!T  !

After reading this paper you may wish to read another paper that explains how the pure quartic can
intersect any general parabola. That paper is titled The Pure Quartic and Intersections With
Quadratic Polynomials. Just visit http://homepage.smc.edu/kennedy_john


