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Abstract

A 1link 1s established between twistor theory and the structure of

Einstein's equations.
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Whilst investigating the twistor theory of hypersurfaces in spacetime, the
author discovered a symmetric covariant tensor of rank two on a three sphere
bundle over sggcetime, which, when restricted to a Hypersurface ga&e the
Fefferman conformal metric of the twistor C.R. structure of that hypersurface
(see below, for definitions).l Whilst writing thié work up for this year's
gravity prize essay contest, the author suddenly realized :rhat the symmetric
tensor was but the symmetric part of a naturally defined tensor of rank two,
whose skew part controls the Einstein equations and explains the origin of the
Witten argument for positive energy.2 The tensor is.similar.inynature to
the Kidhler ténsor of Kihlerian complex manifold, whose symmetric part gives
the Kﬁhier metric and whose skew part gives the Kihler symplectic structure.
Such a tensor may be regarded as defining an orthosynplectic structure for the
manifold. A discussion of its definition and basic properties follows.

Let M be a smooth four manifold with smooth Lorentzian metric g. Over M,

form the principal bundle K of orthonormal frames of M, Gi’ where 1 =>O, 1, 2, 3.

Take 60 to be null and the éi to have scalar products with g, gii b g(di,éj);
Bgy = Byg = 811 %~ gzz = 1; g.. = 0 otherwise. On K, construct the
canonical form 6~ and a connection form 6% = - 8dt. ¢ links the abstract

bundle K with the tangent geometry of M. gt represents a metric preserving

connection for M.3 The Lie algebra of the Lorentz group acts on K, giving six
Dij = D'i' Denote by D,L the four horizontal connection
N g

vector flelds. Then Oi, HLJ, ])ij and DL obey the relations:

vertical vector fields,

i i i
<@, Dj> = (Sj , <87, Dy = 0 (1)
i : i; 1, .13 j i
<6, D> =0, 8™, Dy e =S (8 5y - 88 (2)
i j i 1k m i _
de” = - 207,87 - 5 0 .0 Ry (3)
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;; dgj' = -2 Qj A ek' _ %.@ A © kaj . (4)

| P50l = &3Py ~ 8 im k™ gjkDmi " 8Py (5) _
Psj> oy 1 = - BucPy *8pD; . (6)
(D> D1 = Rijkmnkm + Rijka | 7)

lere <, > denoteg the canonical rpairing of a one form with a vector field, d
is the exterior derivative, . the exterior product of forms and [ , ] denotes

the Lie bracket of vector fields. Indices are lowered with g, iy raised with

i,
its inverse g 13 and.the Einstein summation convention is used. 8§, i¢ the
J .

. i i
Kronecker delta. ka and Iﬂumj represent, respectively, the torsion and

. . ij
curvature of the connection determined by & 1.
Define on K a éeqond rank covariant tensor system Si’ which will be
called the Pau11 —-Lubanski spin tensor, given by:

S |
si = > £

3  kn
1 ¢ @6 | (8)

. where tiJ)mliS totally skew and C0123 = 1. Denote by Pi the symmetric part of

S; and by L, the skew part of S., 808, =p. 4 L, and L, is the two form:
1 i i’ i i i 1
1 J k
= = 8
L =7 € (8 A ® (9)

1

The goal of this work is to discuss P and Lj. First take the exterior

derivative of L One finds, {rom LquatLona (3) and (4):
: P,
dL, = (- 8" o Jﬁ”’ + o gM g
i ijl m
- Ll g4 g + LI gp ga R o (10)
4, pq b Pq
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i P .4 lem . jpar km
0 = g X
Cijkm 07 .0 qu Lijkm € Yr qu

- P 4 T r P 4 q T <Py & k
2(85 8y St 8y 6 61+ 63 8y ) B R

9 (5 km km km 4 C‘m 5
(«m Rik -+ Zi R,k_m -+ Xk Rmi ) == 'i m (11)
m mk 1 jk _ m .
where G, £ R, - =R, §. is the Einstein tensor. Define
i ik 2 jk i
I j  km n m . j ko
s 6.0 -6 .0 .0
By f eypim (0020 20 = 00,700 (12)
Then (10) now reads.
o -1 A i g™y
4Li Ei 4 Eijkm 0¥ 0% .0 qu Gi Lm (13)

Einstein's vacuum equations for a connection preserving the metric are

R J=0,¢c"=0 (14)
Pa 1

4o from (13), one finds Ei is closed (and exact) if Einstein's vacuum equations

hold. This motivates onc to calculate dEi. From equations (3), (4) one finds
that the terms of dEi not explicitly involving the torsion or the curvature

identically cancel. The residual terms give:

1 P .4 m j kn r h kr
o= — & : 8 § + 0 ]
dl:i 2 Sijkr {7 87", qu (‘m 8 Aen o )
.k mpqr . m r
- 5 N : 9 X (1
znﬂe (e Rpqm o+ 2n 80 G (15)
. . j mpqr

¥rom (15) one sees that if dhi vanishes, then f{irst qu' must vanish, so ¢
qumj must vanish by a Bianchi identity, so the remaining term must vanish
also: Cir = 0.  This proves the theorem:
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E%_is closed if and oply if the Einstein vacuum equations hold. Ei is then
exact and Ei'= dLi.
A tighter formulation i1s obtained if one passes from K to an associated

b;ndle K/H with fibre 0(1,3)/H where H is a closed subgroup of 0(1,3). H will
be connected, with Lie algebra h. The action of H on K gives a system of

vector fields ﬁ on K corresponding to h. Dividing out by the action of %

gives the associated bundle K/H. The aim is to pfoduce geometrical quantities
on K that pass down to K/H. Tor example a form on K is the pullback of a form
on K/H, if it is Lie derived by the action of H and its inner product with any
vector of ﬁ is zero. Consider the bundles Ki " K/Hi, i=1, ... , 4, where

Y
the h, are spanned by:

1

%: D..,D.; N D ., D

15 Dgps Dops Byt Dgys Dyos Do

" SR

h,: D D D~ %; h,: D D and D, .

03 B4 Porr Poor Poo 03

The fibres of ‘the Ki at a point x of M are four copies of, respectively,

2 ' ‘
RP3 x R, 87 x R, RP3 and SZ. K2 and K4 are, respectively, the bundles of null

vectors and null directions, regarded as either future or past pointing,

with either of two orientations, accounting for the four copies. Kl and K3

are Hopf fibred over K, and K, with fibre the circle. The extra circular

2 4

degree of freedom is that of (twice) the phase of a spinor that is ignored

when the spinor is represented as a null vector, So Kl and K3 are spinorilal

in nature, K2 and K4 are not (when M has a spin structure, the bundle of

1

Weyl splnors maps 2:1 to K., the spinor yp and - ¢ mapping to the same point

l’
of Kl).
Consider now Do, So = Po + Lo and EO. DO passes down to hl, K2, and,

up to proportiopality, to K3 and Ka.ln each case it represents the null

geodesic spray. SO passes down to K1 and, up to scale, to K3. EO passes down

to Kl. One now obtains:
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