Green’s Function for Regular Sturm-Liouville Problems

We are interested in in solving problems like

Ly:=(py) —qu=f (1)
By = fy(a) +ny'(a) (2)
Byy = Bay(b) + 72y (D). (3)

To this end we define the operator
Ly = (py") — qy
under the assumption that A = 0 is not an eigenvalue of L and where p, p/, and ¢ are continuous on [a, b],

p(z) > 0 on [a,b] and |v;| + |B;] # 0 for j = 1,2, in the Hilbert space H = L?*(a,b) with inner product

(9) = [ Fa)gfa)da

and the induced norm \
117 = [ 1) da.
To do this we first need a couple of basic results from the theory of ordinary differential equations.
One is a consequence of the fundamental existence uniqueness theorem for ordinary differential equations

which guarantees the unique existence of a solution to the following initial value problem

Ly=(y) —qy=0 (4)
y(a) =
y'(a) = o

for any a; and ay. Among other things this allows us to ensure that we can find two linearly independent

solutions to the equation (1) by taking functions u; and uy satisfying

Ly = () — qu; = 0 9
1 j=1
uj(a) = .
0 7=2
0 7=1
() = {1 ’
j=2
Now it is useful to rewrite equation (1) as follows. Expand the first term and divide by p to get
y//_‘_ply/_gy:o
p p



Now let us denote P = p'/p and @Q = ¢/p to get

y'+ Py —Qy=0. (6)

For this equation we derive the well known Abel formula for the Wronskian. Let y; j = 1,2 be two

linearly independent solutions of (5). Then the wronskian is defined by

Y1 Y2

Wix) =
() Yy Vs

Then Abel’s formula is
W) = Wiaeww (- [ P©) o) @

To verify this we expand the Wronskian determinant and differentiate to obtain

W'(x) = (155 — y192)' (8)
= Y1Ys + Y1Ys — V1¥Ys — Y1Ys
= 91Y5 — 1Yy
= y1(=Pys + Qua2) — y1 (= Py) + Qy1)
= —P(y1ys — y1y2) = —PW(x).

Thus we consider the differential equation
W' = —-PW

which is readily solved by separation of variables. At this point we also recall that P = p’/p We have

aw _ _dp
W o op

so that
In|W|=—-In|p|+C

which gives C'= W (a)p(a) and we have

Taking into account P = p’/p this is exactly what we get in (6).

Lemma 1. Under our assumption that A = 0 is not an eigenvalue of L, it is always possible to find a basis

of solutions u; of Lu = 0 satisfying Bju; = 0 and Bju; =0 forit=1,2 and i # j.
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To see this we note that this assumption implies that we cannot find a function v # 0 such that Byu = 0
and Byu = 0. So we first choose the functions y; in (5) and note that every solution of Ly = 0 can then

be written in the form v = c;y1 + coyo. Now we find ¢4, ¢3 so that Byu = 0. We have

0 = Biu = yi(cy;(a) + coys(a)) + Bi(ciya(a) + caya(a)) = yico + ficr.

This is easily satisfied by 74 = —(; and ¢y = 5 so we obtain

ui(r) = —=friyn(x) + vy ().

Note that by our assumption Bs(u;) # 0.

For us we need to do a bit more work. Once again we look for u in the form v = c¢1y; + coys.

0 = Biu = ya(c1yy (b) + coy5(D)) + Ba(cryr (b) + caya(b))
= ¢1 [7241 (D) + Bay1(b)] + ca [12y5(b) + Baya(D)]
=C (Bgy1> + 02(323/2)

Then, for example, we can set ¢; = —Bsys and ¢y = Bsy; and we have

uz () = —(Bay2)y1(x) + (Bay1)ya().
A Green’s function for the problem (1)-(3) is a function satisfying
Definition 1. A Green’s function is a function g(z,§) for (z,€) € [a,b] X [a, b] such that
1. The following hold

(a) g(-,-) is continuous on [a, b] X [a, b],

dg

(b) a—x(-,ﬁ) is continuous on [a, &) x (&, b], and,
dg(x, &) " _ g 0 oo oy 1
() =5 e %(F,S) 5,8 8= G

2. for all € € [a,b], g(z,&) solves L(g) =0, = #¢&.
3. for all £ € (a,b), Bi(g) =0.

Let us first construct the Green’s function and then we will show that it does indeed lead to a formula
for the inverse of L. One way to construct the Green’s function is to use the properties given in Definition

1. To do this we first construct the functions u; in Lemma 1.
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We then seek g in the following form

Aui(z), a<z<¢

g(x,§) = :
Buy(x), &<z <b

In order to satisfy the Assumption 1 of Definition 1 (continuity) we need

Auy (€) — Buy(€) = 0.

To satisfy the jump condition we would need

Bu(€) — A (€) = ]%

This gives a system of two equations in two unknowns with determinant of the coefficient coefficient given
by
A —

(@) —use)
() —u;<£>“ W

(the Wronskian). Using Cramer’s rule we can find A and B as

Ao T

W |=1/p(§) —us(©)]  p(OW(E)
and
B— _i uy () 0 ’ _ uy(§)
W ui(§) —1/pE)]  p(E)W(E)
We have computed g in the form
1 u(z)uz(§), a <z <E

9(@,8) = p(E)W(E) wi(E)us(z), €<z <b '

Next we recall that using Abel’s formula (see (9)) we can simplify this formula since p(§)W (§) = p(a)W (a)

for all £, so we arrive at the final formula.

1 ur(z)u(§), a <z <

g(xvf) = (10)

p(a)W (a) ur(ug(x), €<z <b '

Theorem 1. The operator K on H defined by

sz/ g(w,§)p(€) d§

1s a compact operator. Furthermore, it is self-adjoint since

9(x,€) = g(&, ).



The proof of this result follows from a pair of Lemmas.

Lemma 2. The collection of functions

or(z) = (b—a) % exp (QWik((i:Z))) , k=0,+1,£2,---

forms an orthonormal basis in L?*(a,b). Furthermore, the functions

Urj(2, &) = or(x)@;(€) k,j = —00,---,00

form an othonormal basis for L*([a,b] x [a,b]). Indeed, if g(x,€) € L*([a,b] x [a,b]) then

9(x,8) = D iy,
k,j=—00
where
Z |exj|? < o0
k,j=—o0
and

s = [ s 90t 9 i

Proof: After a change of variables mapping the interval [a, b] to the interval [0, 27] the functions are
precisely the basis that gives the Fourier series for functions defined on [0, 27]. We need only note that if

f L o for all k£ implies that f = 0 since

Tr—a

/a fe)oue) do = (b — a) / ) exp (amk .

T = IBQMkS a —a)s)ds
) do= [ sas 0 w9

where we have changed variables using s = (z — a)/(b — a). Let us denote g(s) defined on [0,1] by
g(s) = f(a+ (b—a)s), then f L ¢4 is equivalent to

1
/ A g(s)ds =0 k=0,41,42,--- .
0

By elementary Fourier series we know that g(s) = 0 a.e. and therefore f = 0 in L?*(a,b). The second part

follows from a well know result on multivariable Fourier series and the fact that

L*([a,b] x [a,b]) = L*[a,b] ® L?|a,b].



Lemma 3. If k(z,t) satisfies

/ab/ablk(x,f)lzdgdx P

Kp= / Kz, €)p(€) de

then the operator K

is a compact operator in L*(a,b).

Proof: Using Lemma 2 we have

o0

Ko, 8) = D (b trg)tn(, ).

k’j:—oo
Furthermore, we have

n(,8) = Y (ke (@, €)

K], <N
satisfies
||]€N — kHL?(a,b) — O N — OQ.
Since
> k)P < o0
k,j=—o0

for a given € > 0 we can find NV so that
|(k, ;)| < e forall |kl,|[j|>N+1.

Therefore, the finite rank operators

Kyplz) = / (@, 0 dE = 7 (i) (0, 05 0n(a)

k], l7| <N

satisfy

2

IEy =E)@IP = Y (ke eiden(@)

|k,j|>N+1

=< PRI ICERENENEINEY <k7¢k,j><90,¢j><pk(x)>

|E,j|>N+1 |k, j|>N+1
= Z |<k7¢k,j>|2|<% <Pk>‘2
[E],|51>N+1

< el



and we have

N—oo

Ky — K[| —0,

and as a uniform limit of finite rank operators we see that K is compact. O

An important feature of a Green’s function lies in the following. In order to solve
(L—=XNu=f, Bi(u)=0, Byu)=0

we want to find

u=(L—\"'f.

But then we see that finding (L — A\)~! amounts to solving (L — A)u = f, Bj(u) =0, By(u) =0 which is
a boundary value problem. Notice that the presence of A is, on the one hand artificial, and on the other
hand quite important. Notice that we could eliminate the term involving A by simply redefining ¢ = ¢+ A

and the defining Ly = (py’)’ — qy. The problem to solve then becomes
Lyu=f, Bi(u)=0, By(u)=0.

So what is the difference. Well remember the “small assumption” that zero is not an eigenvalue of L.
For general A zero could be an eigenvalue of L,. Indeed, the set of all eigenvalues A\ for L are extremely
important numbers in practical problems. Under the assumption that A = 0 is not an eigenvalue of L what
we will show is that L™" is compact and therefore has at most countable collection of eigenvalues p; whose
only accumulation point is zero. Then we see, from the spectral mapping theorem, that the eigenvalues of
L are precisely \; = 1/p; which tend to infinity.

We now turn to the main application of Green’s function in this section. Namely, we consider the

nonhomogeneous BVP.
La(y) = (0y) —q(@)y + Ay = f(z), a<az<b
Bi(y) =0, Ba(y) =0
where
By = piy(a) + ny'(a), Bay = Bay(b) + 729/ (b),

and k € Cl(a,b),p(x) > 0,z € [a,b].
First we recall a classical formula whose general counterpart has far reaching consequences in the theory

of ordinary and partial differential equations and the theory of weak solutions. At this point we will only



consider a very special case. Namely, given any two functions v and v, a straightforward calculation gives

the so-called Lagrange Identity:

vLy(u) —uLy(v) = %P(u, v)

where

P(u,v) = p(u'v —uv’)

and we note that integration gives the so-called Green’s formula
’ =b
[ L) — abaw)] = Pluo)Z

Let g(x, &) denote the green’s function for the homogeneous problem (1)-(3). From Lagrange’s identity,

for v # & ;
9(x, &) La(y) — yLa(g(x,€)) = E[p(gy’ )

which implies
& _
/ gLA(y)dz = plgy’ — g'v)I5

and

b
/ gLx(y)dz = p(gy’ — g'v))¢+
13

+

Hence .
+
/ gLa(y)dz = pgy’ — 9o — plgy’ — g'v)li--

Note that our boundary conditions By, By have the property that if w, v satisfy Bi(u) = 0 = By(v), then

p(gy’ — g'y)lo =0

Thus we have
/ gLa(y)dz = — [p(gy' — g'y)]E
—p | 22610 - ge 0] ue
=y(§).

b
Therefore if y satisfies L(y) = f, then we should have y(z) = / g(x, &) f(&) d¢. Thus we have

b b
/ 92, €) La(y) (x)dx = / Lag(z, €) () (2)dzx = y(€)
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which suggest that Lyg(z,&) = o(x — &), i.e., the solution to

La(y) = f
Bi(y) =0

would be given by ,
o) = [ o) (6)ag

provided that A is not an eigenvalue.
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