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« Principle of subordination Reilly type formula and its applications =

Taylor expansion of metric
Posted on 16/03/2012 by KKK

This is an exercise in Riemannian geometry. In this note | Taylor-expand the
Riemannian metric in a normal neighborhood around a point in a Riemannian
manifold A7. What | have done is nothing except providing a few more terms
than most standard textbooks. Hopefully the computation is correct. (I haven’t
checked against other sources. )

Theorem 1 In a normal coordinates neighborhood of p € M, the
Taylor series of g around p is given by
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Proof: In normal coordinates, fix r = (x!.--. . z™) for the moment and let
v = (tz', .- tz") be a radial geodesic, then .J(t) = tWW*#; is a Jacobi field on ~(t),
where 117t ¢ ®. (This can be seen by observing that 117 is the variational vector

field of the s-family of geodesics ~.(i} = exp,(t{x + s1)), with a slight abuse of
notations. ) Let f = (.J..J}.

We will use - to denote a covariant derivative w.r.t. + and define RX :=
then (R(+, X}, Y} = (R(7.Y )4, X) implies g is a symmetric operator.
Differentiating (RX, Y} = (RY, X) implies g f. ... are also symmetric. Also, the
Jacobi equation simply becomes

R(3. X )

J=RJ

We compute (a way to test the correctness of the following computation is to
note that each g carries two derivatives)

fo= (.

o= 20J,J).

o= 2RI+ 200, 0.

F i 2(RJ.J)+ B(RJ, J).

F 2(RJ,J) + (4 +8)(RJ. J) + 8(RRJ,J) + 8(RJ..J)
= 2(RJ.J)+12(RJ..J}) +8(RJ. RJ) —I-&RI Jy

2(RJ.J) + (4 +12)(RJ. J) + 12(RRJ.J) + (12 + B)(RJ.J)
+H16(RJ. RI} + 16(RJ, RJ) + 16(RRJ. J) .
= 2RI+ lot,f?,}_J, + 28(RJ, R} + Q[L,RJ_ Jy 4 32(RJ. RIY
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FO = 20RJJY+ (4 +16)(RJ.J) + 16(RRJ. J) + (16 + 20)(R]. J} + 28(RJ, RJ)
+(28 4+ 32)(RJ, RJ) + 28(RJ. RJ} + (28 + 32)(RJ. RJ) +40(RRJ. J}
+32(RRJ,RJ) + 32(RJ. RJ)

= 2(RJ.J)+ 20( 7.1, J)+ IG{RRJ J)+ SG{RJ JY) 4 28(RJ. RJ} —I—SD(RJ RJ)
+28(RJ. RJ) +60(RJ, R} +40(RR.J, J) + 32(RRJ, RJ) + 32(RJ. RJ}

= 2RJI)+20(RI,J) +44(RI, RI) + 36(RJ, J) + 100(RJ, RJ) + 28(RJ, RJ)
+60(RJ. RJ) + 32(RRJ. R} + 32(R.J. R.J)

+{44 + IDD)(RJ RJI) + {44 + 56)(R.J. RJ} (44 + 60) (7.7, RJ} + TZ{RRJ J}
+(100 + 32)(RRJ, RJ) + (100 + 56 + 6[}}(RJ RJY 4 (100 + 60 + 64)(RJ. RJ)
+5[}(RJ’ RRJ} + G4(RR.J, RJ) +64{RRJ, RJ} + 64{RHJ RJ}
+IDD(RJ RI) + 104(RJ RJY) + 72(RRJ Jy+ ISE(RRJ HJ} +{216{RJ RJ’}
+224(RJ. RJ) + 60(RJ. RRJ) + 64(RRJ. R.J) + 64(RRJ. RJ) + 64(RRJ, R.J)

= ARV J)y 4+ 24(RJ. J) + 20({RRJ.J) +56(RJ.J) +44(RJ. RJ) + 216(RJ, RJ)
+100(RJ. BRI} + 104(RJ, R} + 132(RRJ. RJ) + (216{RJ. RJ) + 224(R J. RJ)
+60(RJ, RRJ) + 64(RRJ. RJ} + 128(RRJ. RJ)

(Actually to compute f(#{0) we don’t have to compute all the terms of f(#(t): we
can omit the term containing any J = .7(0) = 0). It follows that

f0) = 0.

£1(0) = 0.

f10) = (wWwh

fm{[}) — D
FUND) = B(W,RW) = —8(R(W, )3, W
FON0) = 20(W, RW) = —20(V, R (¥, W)W, 4.
FE(0) = 32RW,RW) +36(W, RW) = 32(R(W. 4, )3, R(W,4)3} — 36(VZR(W,4)3, W),
FON0) = B6(RW, W) + 224(RW, RW)

= —56{V]R(W,4)y, W 4+ 224(V, R(W, %), R(W, )

FEN0) = (24 456) RW, W) + (216 4 104 4 224)(RW, RW') + (216 + 224)(RW, RW')

+128(RRW. RW) o
= 80(RW, W) + 544(RW, RW) + 440(RW, RW) + 128( RRW, RW')

All the above expression are evaluated at (), noting that.7(0}) = 0. So we have
(all repeated indices are summed over):

t2gi; (tx )W

= 25000 +0()
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We thus conclude that

giilx) = 8 = JRiyja*a’ — § Ragjma®a'a™
-l-{_ﬁﬂu'ma Ripgk — 55 Rty e
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Here |z| = r is the radial distance from p. O
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« Principle of subordination Reilly type formula and its applications -
5 Responses to Taylor expansion of metric

< " Ken Leung says:
17/03/2012 at 5:58 am

The lengths of the formulae are remarkable. Thanks for KKK’s hard work
in typesetting them.

Reply

Salem says:
25/08/2012 at 9:20 pm
in other places (for example http://arxiv.org/abs/1206.1092) the O(x"2)

term has the opposite sign to the result here (j and | exchanged)

Reply

il KKK says:

el 27/08/2012 at 4:23 pm
While | haven’t checked the higher order terms, the terms up to the
forth order are correct, see e.g. Hamilton’s Ricci Flow p.59. The reason
for the difference is that | have used a different convention for the

Riemannian curvature tensor (my apology for not stating it): my
definition is Ry = ((V., V., = V., V., = Vi, o Je e
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BN 25052012 at 3:00 am

Thanks!

Reply

zidane says:

©
@l 29/05/2015 at 9:59 pm

which can answer to my question: how to calculate the inverse of the
metric g_ {ij}, in other words how to express g ~ {ij} -Thank you
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