I’ve defined a new map called f as the following:

f'EXM—> M
| Im(p( ® 1))

(@, x) =n'(rx)

M

Where 7’ is the natural epimorphism z’: M — (PGS

that sends rx to its coset. (note that it’s different than 7: R —

R/I that is used in the proof by the book).
f is well-defined, because:
n=rn-on-1n=0->1-1=0
=fO0,x) = fF=73,%) = 7' ((r1 —1)x) =1’ (rx —1px) = 7' (ryx) — 1’ (rpx) = f(0,x) = 7' (0x) = m(0) = 0
= w'(nx) =m'(rx) = f(7,%) = f(72, %)
Therefore f is well-defined.
f is a bilinear function as well because:
f+7,x) = +712,%) =" ((ry + 12)%) = 7' (nx + 120) = 7' (1) + 7' (%) = f(7, %) + f (7, %)
fEx+x)=n"(rx+x) =n'(rx+rx") =n'(rx) + ' (rx') = f(F,x) + f(7,x")
f(F.s,x) = f(rs,x) =n'((rs).x) = 7' (r.(sx)) = f (7, sx)
Note that 7. s = 7.5 is a well-defined scalar product because r € I and I is a right ideal of R.

Now, according to a theorem proved earlier, (or actually the definition of tensor product in some books), a unique
homomaorphism map ¢ is induced such that the following diagram commutes:

R®M
I I

/
/

Im(p( ® 1y))

Thistellsusthat op; @ = for 9; ® (7, x) = @1, (F ® x) = ' (rx). Now let’s define:

M R , - . : . g
¥y I ndr & M by ¢, (T[ (Tx)) =7 @ x. Note that it’s enough to prove that this function is well-defined,

because if so, then ¢, ¢, = @,p, = identity which tells us that ¢, is bijective and hence ?@ M= M

m(e(j®1y))

To prove that ¢, is well-defined, assume rx = r'x":
m'(rx) =n'(r'x)>n'(rx) —n'(r'x)=0-> a'(rx —r'x")=0->rx—r'x" € kern’

But according to the definition of 7', kerw’ = Im(@(j ® 1)) S ker((r @ 1))~ 1)



I’ve shown somewhere else that Im(¢(j  14)) S ker((r & 1,)¢ 1) but here | repeat it for convenience:
vx € Im(p(j ® 1y)),diy € IM:x =iy » @@ Lyl ' (i) =@ @ 1) ®@Y) =n() @y =0y =0
Where i € I,y € M. (Note that the book itself has shown that Im(@(j ® 15)) = IM).
OK. Now, let’s return to the proof that ¢, is well-defined,
m'(x)=n'(r'x)>rx—r'x' ekern’ > rx —r'x' €ker((m ® 1)~ 1)

@1~ rx —1'x) = @@ L) (7' (rx) — 7' ("'x)) = (@@ LN ®x—1" @x)=F@x— 1" ®x=0
> TQx=1" ®x - ¢,('(rx)) = (' (r'x"))

M

i i it R ~ 7
OK. ¢, is well-defined. And it’s now proved that ; M = oGS

but Im(@(j @ 14)) = IM, finally:

R
—® M =M/IM

QE.D



